CHAPTER 11
LINES AND CURVES
Art. 73. The Straight Line

A straight line is the intersection of two planes. It is then rep-
resented in rectangular codrdinates by two first degree equations,
The line is best constructef] by finding two points on it. The most
convenient points for this purpose are usually its intersections
with two codrdinate planes. If the line passes through the origin
a second point can bhe found by assigning an arbitrary value to
one of the codrdinates and caleulating the values of the other two.

Ezample 1.  Construct the line represented by the equations

Y+z=3, 4a+3y—: z2=3,
and find its direction cosines,
The line cuts the yz-plane where z = 0, that is, where
¥y+z2=3, 3y—3z=3.

The solution of these equationsis y = 2, 2 = 1, The intersection
with the yz-plane is then 4 0,2, 1). In the same way the inter-
section with the zz-plane is found to be B (3,0,3). Draw the
line through 4 and B (Fig. 73a). Its direction cosines are

Cosa = J—_, cosf = -
V17
Line through a Point with a Given Direction. — Let the line
pass through P, (z,, y,, 2,) and have direction angles e, B, v (Fig.
73b). If P (z,y,2) is any point on the line
Z — 1, = P;Pcos % U=Y=PPosf z2=2= PP cos .

Hence
Al L g‘f_—*-.','l 2—2

e e (73a)
COS o cos 3 cos y
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These are the equations of the line. Since two quantities equal to
a third are equal to each other, they are equivalent to two inde-
pendent equations, ; ¥
If the cosines are proportional to A, B, C, equations (73a) are
equivalent to
(73b)

These are the equations of a Line through (z1, ¥, 21) with direction

cosines proportional to A, B, C.
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Fia. 73a.

Ez. 2. Find the equations of the line through (1, 0, 1) and
(=2, 1, 0). : :
The direction cosines of the line are proportional to 3 -1, 1.
Since the line passes through (1, 0, 1) its equations are then
r—1 ;,rg{)ﬁaw—ll
L igrTer e 1
These are equivalent to the two equations
=1 y-—=0 =0 . 21

v ]

3 -1’ -1 1
and consequently toz +3y=1, y+2=1.

Exercises

Construct the lines represented by the following equations and find
their direction cosines:
Laty=1 ym

2z 3. z4+y+z 2z —3y+4z=>5.
2.2-y=2 z+y=0 4 2=

. 2, y=3.




178 Lines anp Curves

5. Find the equations of the line through the points (2, 3, —1) and
(3, 4, 2).
6. Find the equations of the line through (0, 1, 2) parallel to the
veetor [3, 1, 5].
7. Find the equation of the line through (1, 1, 1) perpendicular to
the plane z + 2y — 2 = 3,
8. Find the angle between the lines 2 Ty —2=0, z4+2=0
ande —y=12—3y+2=0,
9. Find the angle between the line 3 — ¥y+z=1, =2 and the
planez = z — 3.
10. Show that the lines z -+ Yyt+z=1, 22 —y+32=2
3y —2=2 3+ 4z =1 are parallel.
11. Show that the lines z 4 2y=1,2y—2=14and  — yi= I
% — 22 = 3 meet in a ‘point and are perpendicular. ;

and

Art. 74. Curves

A curve is the intersection of two surfaces, It is then repre-
sented by two simultaneous equations, Since an indefinite num-
ber of surfaces can be passed
through a curve, it can he
represented in an indefinite
number of ways by a pair of
equations,

Ezample 1. Show that the
equations

x2+y2+23=1,
rty+z=1

represent a eircle.
The first equation repre-
sents a sphere, the second a

: plane. The two equations
represent. the circle in which the sphere and plane intersect,

Ex. 2, Determine the locus represented by the equations
x2+y2=a2, P2 =g

These equations represent, circular cylinders of radius a (Fig. 74a),
The locus required is the intersection of the cylinders. Subtraction
of the equations gives z? — 22 = (), Therefore z = + 2. All points

Art. 74 Cumves e

of the intersection thus lie in the two planes = 2 and z = —2.
The locus is two ellipses in which the planes cut the cylinders.

Projecting Cylinders. — If a rectangular codrdinate is eliminated
from the equations of a curve, the resulting equation usually rep-
resents the cylindrical surface with the curve as directrix and
generators parallel to the axis of the eliminated codrdinate, The
intersection of this eylinder with the plane of the other two codrdi-
nates is then the projection of the curve on that codrdinate plane.
These statements are illustrated in the examples solved below.

Ez. 3. Find the cylinders with generators parallel to the co-
ordinate axes and cutting the curve

gt e =g

Eliminating 2 we get 2* + 7® = 2. Since this equation contains
only = and y, it represents a cylinder with generators parallel to
the z-axis. BSince the equa-
tion of the eylinder is a con-
sequence of the equations of
the curve, all points on the
curve lie on the eylinder.
Furthermore, if z and y satisfy
the equation of the cylinder,
a value of 2z can be found
such that z, y, z satisfy the
equations of the curve. That
is, each generator of the cyl-
inder cuts the curve. There-
fore 2* 4 4* = 2 is the equa-
tion of the cylinder generated
by lines parallel to the z-axis
and cutting the curve. In
the same way the equation of
the cylinder parallel to the z-axis is found to be 32+ 2* = 2.
Lines parallel to the y-axis and cutting the curve lie in the plane
2 =a. They however generate only the strip of this plane in
which the curve lies. This shows that the elimination of a coér-

Fra. 74b,
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dinate may give more than the surface generated by lines eutting
the eurve and parallel to the axis of that cobrdinate.

Ez. 4. Find the equations of the projections of the line

22+y—2=0, e—y+22=3

on the codrdinate planes.

Eliminating z, we get

Sbr+y=3.
This. is the equation of a plane through the line parallel to the
z-axis. The equation of the projection on the zy-plane is th
£=0, S5z4+y=3.

In the same way the projections on the zz- and yz-planes are found
to be g =0,3x+z=Sandx=0,3y—5z+6=0.

en

Exercises

Draw the following eurves and find their
nate planes:

L ztyta=1, 24pp42=1. 5
22+t =a, 2Lp=2 6. PPl =02 2itegy
=4, zty=1. T.r=2q §=g 5
4, 2z =qy, 2=2z, 8 ¢=141n, =4,
9. Show that the equations z? - i
sent a pair of lines,
10. Show that the circle 22 + 32 4 22
Yy —{-lz rl;"l,d:c -i}; ¥ + 2z = 2 intersect,.
. Find the intersection of the cf 2 2 .
z 4y =0and the plane z + z = l.t PG e i

projections on the codrdi-

L B=at 4 2= 42

._32=1,y—z=1—-rrf'pre—

=6,y 422z = 1 and the line

Art. 75, Parametric Equations

The locus of a point whose cosrdinates are given functions of 3,
parameter is usually a curve. For, if one of the equations is
solved for the parameter and the value substituted in the othe;'
two, two equations between the cosrdinates are obtained. Thus

r=1{f y=8£ z=p
are parametric equations of a curve, To plot the curve, we can
assign values to the parameter, calculate the correspond ng values

of the codrdinates and plot the resulting points, By eliminating

Art. 76 ParameTric EQUATIONS

the parameter the equation of a surface through the eurve is ob-
tained. If the parameter is eliminated between two of the para-
metric equations, the resulting equation con-
sidered as an equation in a codrdinate plane
represents the projection of the eurve on that
plane. For example the projections of the
curve given above have the equations
¥ gt gt =g

Example. — The helix is a curve traced on
the surface of a right circular eylinder by a
point that advances in the direction of the
axis of the cylinder while it rotates around
the axis of the cylinder, the amount of ad-
vance being proportional to the angle of
rotation.

To find the equations of the helix, let the
axis of z be the axis of the cylinder, @ the radius of the @glinder,
and let the z-axis pass through a point of the helix. If @ is the
angle of rotation,

¥ia. 75:

rz=acosl, y=asinf, z=Fkf,

% being the ratio of the advance in the direcion of the axis to the
angle of rotation.

Exercises

Construet the following eurves and find their projections on the
cobrdinate planes:

l.a=1+4tLy=2—4¢ 2=8L 3. z=1isin, y=tcosl, z=1

2. wxi=pogf, y = RiNe, r=129; 4. z =smi, y = cost, z=tant.

5. A conieal helix is described by a point moving on the surface of a
right circular cone, the distance of the point from the vertex of the cone
being proportional to the angle of rotation about the axis. Find para-
metric equations for the curve.

6. Find the equation of the twisted surface generated by perpen-
diculars from points of a helix to the axis of the cylinder on which it
lies.

7. Neglecting friction the position of a bullet starting from the ori-
gin with welocity [s, b, c] after ¢ seconds is given by the equations

z=al, y=>b, z2=c —16.12
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Construet the curve and find its projections on the codrdinate
if it starts with a velocity of 1000 ft. per
B = 45° y = 60°

8. The wheel of a
axis while the axis t

Natural Values of Trigonometric Functions

planes ‘ 5 . | Sin. l
second in the direction o = 60°, |

.0000/1.0000| .
.0175| .9998| .
.0349| .9994] .
.0523| .9986/ .
.0698| .9976, .
0872 .9962| .
.1045) .9945| .
1219 .9925) .
.1392| .9903| .14
L1564 .9877) .
1736 .9848) .
.1908| .9816| .
.2079| 9781 .
2250, .9744) .
.24191.9703 :
.2588 .9659] .
2756 .9613| .
-,2924| 9563 .
.3090( .9511| .
3256/ 9455 .
3420 .9397| .
.3584 .9336| .
3746|9272 .
.3907| 9205, .
4067 .9135| .

.4226! .9063] .
.4384] (8988l .
45400 .8910| .
.460%| .8829( .
4848 8746, .50k
5000 .8660| .ai
.5150| .8572
L8480

=

Cos. Tan.

gyroscope rotates with constant speed around its

urns with constant speed about a fixed point of
itself. “Find equations of the curve

‘deseribed by 2 fixed point on the
periphery of the wheel.
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