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6. Determine the locus of points in each of the following case

3.

@ip=20=5, () p=—-2 ="1 = e
s ()p 27¢ 67 (D}Eﬁd)ﬁt“*l

7. lDetermine the distances of a point from the codrdinate axes in
spherical and eylindrical codrdinates.
8. The spherical codrdinates of P are p=20=230° ¢ =45

Find the angles between OP and the coordinate axes,

CHAPTER 10
SURFACES

Art. 67. Loci

An equation represents a locus if every point on the locus has
coordinates satisfying the equation and every point with codrdi-
nates satisfying the equation lies on the locus.

One equation between the codrdinates of a point tn space usually
represents ¢ surface. Thus, the equation 2z = 0 represents the
ay-plane, for any point in the ay-plane has a z-codrdinate equal to
zero and every point with z-coordinate equal to zero lies in the
wy-plane; Similarly the equation 2?4 42+ 2 = 1 represents a
sphere with radius 1 and center at the origin. In particular cases
one equation may represent a straight line or curve. Thus, the
only real points for which 2? + 32 = 0 are the points 2 =0,y =0
on the z-axis.

Two simultaneous equations usually represent a curve or straight
line; for each equation represents a surface and the two equations
represent the intersection of two surfaces, that is, a straight line
or curve. Thus, the equations

24yi4-E=3 z=1

represent the eirele in which a sphere and plane intersect.

Three simultaneous equations are usually satisfied by the codrdi-
nates of a definite number of points. These points are found by
solving the equations simultaneously. In particular cases the

equations may have no solution or may be satisfied by the coordi-

nates of all points on a curve or surface.

Art. 68. Equation of a Plane

A line perpendicular to a-curve or surface is called a normal to

that curve or surface.
163
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Let a normal DN to a plane (Fig. 682) have direction angles
o, B, . Let Py (-'131, 1y z) be
a fixed point and P (z, y, 2) a
variable point in the plane.
The direction cosines of DN
BI P / are cosa, cosfB and cosy.
'1-’1/ Those of P,P are proportional to
T—Ty Y— U, 2—z. Sinee
DN is perpendicular to the plane
it is perpendicular to P,P. Therefore, by Art. 65,

(z —m)eosa + (y — 1) cos B+ (z — 2)) cosy = 0. (68a)

This is the equation of the plane through (zy, 1, 21) whose normal
makes angles «, (3, v with the codrdinate axes.

Let the direction cosines of the normal be proportional to ABC
Then

N

. Fic. 684.

cosa :eosfcosy =A:B:C.
Since the cosines in equation (68¢) can be replaced by any propor-
tional numbers, that equation is equivalent to
A@—w)+Bl—m+Cle—2a)=0, (680)
which is therefore the equation of the plane through (21, 1, 21) per-
pendicular to the line with direction cosines proportional to 4, B €.
First Degree Equation. — Equations (68a) and (68b) are of the
first degree in z, y, 2. Therefore any plane has an equation of the:
Jirst degree in rectangular codrdinates.
Conversely, any equation of the first degree in rectangular codrdi-
nates represents a plane; for any such equation has the form
Az+ By+Cz+ D =0, (68¢c)

4, B, C, D being constant. Let x;, yi, 2 satisfy this equation.
Then
4‘1.’[:1 “I" Byl + CZI + = .

Subtraction gives
Af—2)+Bly—m)+CE—2)=0,
which is equation (68b). Therefore any equation of the Jorm (68¢)
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represents a plane whose mormal has direction cosines proportional
B, (.

3 g,;:m?; ple1. Construct the plane with equatiqn 2z -I- 3y+ z"= 6
The plane can be determined by its intersections with the codrdi-

nate axes. Where the plane crosses the z-axis y and z are zero

and so z = 3. Similarly it crosses the y-axis at y = 2 and the

saxis at z = 6. The infercepts on the three axes are 3, .2 and 6.
Es. 2. Construct the plane represented by the equation z — 2y

“+z=0.

2
!

: Fic. 68b Fig. 68c.

The plane passes through the origin and s0 itslinterceptﬁ are all
gero. It can be determined by its intersections with the codrdinate
planes. It cuts the zy-plane in the line 2=0, 2z = 2y and the
ye-plane in the line ¢ =0, z=2y. In their respective planes

b 1 qop = s
these lines are constructed from the equations & = 2y aI.ld s =2y
as in plane geometry. The plane through these lines is the one
required.

Ez. 3. TFind the equation of the plane through (1, — 2, 4) per-
pendicular to the line through A2, 1,0) an-d B (1, 2, 3). ;

The direction cosines of AB are proports.ogul tc_' 1-2, 2 -1,
3 — 0. Using these values instead of 4, B, € in (68b) the equation
of the plane is found to be

—e-1)+@+2)+3E—49=0..
Ex. 4. Find the angle between the planes
z—y+ez=1, 2x+3y—z=2.
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s }:)e]fi:een two planes are two angles less than 180° Tt is shown
]hmo it geomﬁtrgi' that these angles are equal to the angles between
= perpendicular to the two plines, " : |

W0 pianes, The normals i
o A g - als to the two
planes have direction cosines proportional to the coefficients 1
B >

=1 Liand g 3 — i
; » 9 —1. The exact cosines of two normals are then

] 1
COS ay =7§, C()Sﬁl =

-1 1
= ey =
V3 e
9
CoSay = —— cosﬁg——g—' COS B
3 e —, 08 it
V14 V14 S
By equation (65q) t}
] he angle @ between the tw s satish
5 g g tween the two normals satisfies
=l
cosf = ——
V4
Tho1 negative sign shows that this is the obtuse angle. The acute
angle between the two normals or between the two planeé is

cos™! (_E:)
V42

Ezxercises

Constru.ct t.he planes represented by the
find the direction cosines of their normals:

1 T+2y+4z =4, 4 22-3y=
4 r— y+3z=5 5 3" L

2 O o +4z=0,

.24+ y+ z=0. 6. z45 :g

following equations and

o s g il
theé?;;ecl::;d[ ;he_ (é(;]l;f}t'tiOH of the plane thr,()ugh ( s
5 iquillrni tf:egng:l(zlmt;?n of the plane with intercepts on OX, OY and
arel(})).arzlﬁglw“ that the planes 2 + 2y — 2 = 1 and 22 +dy —22=3
perlgéns,jilm;::]mt the planes z +y — 2z =0 and 22 — 3 Y —z=0are

12. Find the angle betwee
sy etween the planes # +2y 422 =0 and

1, 1, 0) perpendicular to
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13, Show that the angle between a line and a plane is the comple-
ment of the angle hetween the line and the normal to the plane. Find
the angle between the plane ¢ — 2y — z = 0 and the line through the

points (3, 0, 1) and (0, 2, —1).

Art. 6g. Equation of a Sphere
A sphere is the locus of points at a constant distance from a
fixed point. The fixed point is the center, and the constant dis-

tanee the radius of the sphere.
Let C (21, 1, %) be the center of a sphere with radius r. If

P (z, y, 2) is any point on the sphere, its equation i3
(£ — 2+ (@ — p + G — a2 =1 (69a)
When expanded the equation of the sphere has the form
24+ 2+ Az+ By +Ce+D=0. (695)
Conversely, any equation of this form represents a sphere if it rep-
resents a real surface. To show this, complete the squares in , ¥
and z separately. The result will have the form
(@ —aR+ly—bp+ e —0p=d.
If d is positive this represents a sphere with center (a, b, ¢) and
radius Vd. If d is zero the locus is the single point (g, b, ¢). 1 d
is negative there is no real locus. Hence, whenever the equation
represents a surface, that surface is a sphere.
Ezample. Determine the center and radius of the sphere
eyt —2e+3y=0.
Completing the squares,
@—1P+ @+ +2 =
The center is (1, —§, 0) and the radius is 3+ V13

Art. 7o. Equation of a Cylindrical Surface
A eylindrical surface is one generated by lines parallel to a fixed
line and cutting a fixed curve. The lines are called generators and
the fixed curve is called a directriz.
A eylindrical surface with generalors parallel to « codrdinale axis
is represented in rectangular codrdinates by an equation containing
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only two covrdinates. 'To show this let the generators be parallel to
the z-axis. Let the surface intersect the zy-plane in the curve
2=0,f(z,y) =0. Any point
P (z, y, z) on the surface hag
the same 2 and y as its pro-

jection @ (z, », 0) on the zy--

plane. Since the codrdinates

x and y of @ satisfy the equa-

tion f (z, ¥) = 0, so do the co-

ordinates x, y, zof P. Also, if

the codrdinates of any point P

satisfy the equationf (z,y) = 0,
P is in the vertical line through a point @ of the eurve and so
lies on the surface. Therefore (2, 4) = 0 is the equation of the
cylindrical surface.

Conversely, any equation in two rectangular codrdinates repre-
sents a cylindrical surface with generators parallel to the azxis of the
missing codrdinate. To show this let the equation be f (z, ) = 0.
Any point P with codrdinates satisfying this equation lies in a
vertical line through a point @ of the curve z = O féy)=80,
and any point in such a vertical line has codrdinates satisfying the
equation. Therefore the equation f (#, ¥) = 0 represents a cylin-
drical surface whose directrix is the curve z = 0,f(z,%) = 0in the
zy-plane.

Ezample. Find the equation of the eylindrical surface with
generators parallel to the z-axis cutting the yz-plane in the circle
with radius 2 and center (0, 1, 1).

In the yz-plane the equation of the circle i

W= 4ie— 1 w4

This considered as an equation in space represents the given cylin-
drical surface.

Art. 71. Surface of Revolution

The surface described by a plane curve revolving about an axis
In its plane is called a surface of revolulion.
In the z-plane let f (z, z) = 0 be the equation of a curve. Let

Art. 71 SurFAcE oF Revorurion

this curve be revolved about the z-axis. The cylindrical codrdi-
nates r, z of any point P on the resulting surface are equal to the
rectangular codrdinates z, z of a point Q

on the curve in the zz-plane. Since the

cobrdinates of @ satisfy the equation

I (z, 2) = 0, the eylindrical coérdinates

of P satisfy the equation

I,z =0.
This is then the equation of the sur-

face described by revolving the eurve
¥ =0,f (2 2) = 0 about the z-axis,

Since » = Vgt + %, the rectangular
equation of the surface is

F(V2+422) =0

Similar equations are found for the surfaces obtained by revolving
ahout the z- or y-axis. Therefore, to find the rectangular equation of
the surface described by rolating a curve in a codrdinate plane about g
codrdinate axis in that plane, leave the coirdinate corresponding fo the
axis of rolation unchanged in the plane equation of the curve and re-
place the other cocrdinate by the square root of the sum of the squares
of the other two.

Lzample 1. Find the equation of the surface described by
rotating the parabola 42 = 2 z about the z-axis.

This means that the parabola in the zy-plane with plane equation
¥* = 2z is to be rotated about the y-axis. The equation of the
resulting surface is obtained from 92 = 22 by leaving x unchanged

and replacing y by V42 + 22. The required equation is then
Y+ =2z
Ez. 2. Show that
@ PP+ 20+ =1
is the equation of a surface of revolution.

This is indicated by the fact that the equation contains 2 and
only in the combination 22 + ¥*. The surface is generated by
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revolving about the z-axis the curve with plane equation &' -+ 2%*
1 =
Exercises

Describe the surfaces represented by the following equations:
Lt =0 9. 22+t =2z :
at oyt P =4 10. 22+ 942 =2~
A =342y +2=0. 1l -y =2
L2242y +22—-504+8y 12 2 —-22=0.

—6z+4=0 13. r = acosd.
Bty =20, 14, r=az+40b
.2 — g =ak 15. p = acos ¢.
.t =az. 16. psing = a.
. 2 =GEinz.

Find the rectangular, eylindrical and spherical equations of the
following surfaces:

17. Sphere with radius @ and center at the origin.

18, Sphere with center (0, 0, @) passing through the origin.

19. Right circular cylinder with axis 0Z and radius a.

20, Right circular cone with axis OZ and vertical angle 90° (be-
tween generators in a plane through the axis).

Find the rectangular equations of the following surfaces:

21, Right cireular cylinder tangent to the zy-plane along the z-axis.

29, Parabolic cylinder with generators parallel to OY and direetrix
a parahola in the zz-plane with axis OZ and vertex at the origin.

23. Elliptical cylinder with generators parallel to the z-axis and
directrix an ellipse with axes along OX and OY.

924. Prolate spheroid generated by revolving an ellipse about its
major axis.

25. Hyperboloid of revolution generated by revolving a hyperbola
about one of its axes.

26. Paraboloid of revolution generated by revolving a parabola
about its axis.

27. Torus generated by revolving a circle about a line in its plane
not cutting the circle.

Art, 72. Graph of an Equation
To construct the graph of a given equation it is customary to
draw a series of plane sections and from these sections to determine
the appearance of the surface. The sections generally used are
those in and parallel to the codrdinate planes.

Art. 72 Grapa oF AN EquarioNn
Bzxample 1. The ellipsoid,

a2 g 2

i L
The sections of this surface in the zz- and yz-planes are the ellipses

E"'72,-i-z—.2=1 and 3i+z-=1
aiy ot f e
having a common axis on Z'Z (Fig. 72a). The section in a
horizontal plane z = k is an ellipse
e yZ kZ
2tE-1-w

with axes parallel to OX and QY. Since the axes of this ellipse
are in the zz- and yz-planes and end on the surface, they are chords
of the ellipses in those planes. The surface, called an ellipsoid, is
thus generated by horizontal ellipses whose axes are chords of the
two vertical ellipses.

The quantities a, b, ¢, called the semi-axes, are equal to the
intercepts on the coordinate axes. If two of these semi-axes are
equal the ellipsoid is called a spheroid. It is then a surface of
revolution obtained by revolving an ellipse about one of its axes.
If the semi-axes are all equal the ellipsoid is a sphere. '
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Ez. 2. The hyperboloid of one sheet,
T

2 T Ja
L

The sections in the zz- and yz-planes are hyperbolas

a

t’; = 1
o2

x £ : Y

A 1 and T
with a common axis Z'Z (Fig. 72b). The section in a horizontal
plane z = k is an ellipse.

Fic. 72b.

If @ = b the surface is a hyperboloid of revolution obtained by
revolving a hyperbola about its conjugate axis.

Ez. 3. The hyperboloid of two sheets,

« 2’:
el
&

The section in a plane x = k is imaginary if | z| < a. The sur-
face therefore consists of two parts, one on the right of = a and
one on the left of # = —a. The surface cuts the zy- and zz-planes
in hyperbolas and is generated by ellipses parallel to the yz-plane
whose axes are chords of these hyperbolas (Fig. 72c).
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If b = ¢ the surface is a hyperboloid of revolution obtained by
revolving a hyperbola about its transverse axis.
Ez.4. The elliptic paraboloid,
z = ax? + by,
a and b having the same algebraic sign.
Qections in the zz- and yz-planes

are parabolas

z = qr® and z = by,

The section in a plane z = k is an

ellipse
at + byt =k

with axes parallel to OX and OY if
a, b and k have the same sign and
imaginary if k is opposite in sign from
a and b. The surface is thus gen-
erated by horizontal ellipses whose
axes are chords of the two parabolas.

If a = b the surface is a paraboloid of revolution obtained by
revolving a parabola about its axis.

Ez. 5. The hyperbolic paraboloid,

z = az? — byt

a and b being positive.

z
F1G. 72e.

The section in the zzplane is a parabola z = a2’ extending
upward. The section in the yz-plane is a parabola z = —by* ex-
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tending downward. The section in the xy-plane is a pair of lines
a2 — by® = 0. The section in a horizontal plane z = £ is a hyper-
bola az* — by? = & whose transverse axis is a chord of the parab-
ola (in the zz- or yz-plane) cut by that plane. The surface has
the general shape of a saddle. '

Ez.6. The hyperbolic paraboloid,

2= kxy.

This is a saddle-shaped surface similar to that in Fx. 5. The
hyperbolas in horizontal planes are however rectangular with
asymptotes parallel to the 2- and y-axes,

Ez. 7. The cone,
%P g
dtp=a
The sections in the zz- and yz-
planes are pairs of lines

= i—g, st 2= ey

a ¢ b ¢
The surface is generated by hor-
izontal ellipses the ends of whose
axes are on these lines,

Ez. 8. Describe the surface
with spherical equation

p = @&in ¢.

Sinee @ does not oceur in the equation the surface is one of revo-
lution about the z-axis. The section in the xz-plane is 4 circle
tangent to the zaxis at the origin. The graph is a doughnut-
shaped surface generated by revolving this eircle ‘about the z-axis.

Exercises

Draw the graphs and deseribe the surfaces represented by the follow-
ing equations:
L 2242924322 =6. B = -2 4y =4,
2. @-12+2@y-—2¢ Nt — ot == 3
32— 37 =8, L at =y
3 224402+ 2) =12, . P22 -4t =12
W doB—yr2 =1, - =222 22— 12y 119

22— y'3 =

L @24y - 1P

Grare oF AN EqQUuaTION

- 2y2

2

= (z — 3)%

L =2

;2 =xytat+y

15.
16.
17.
18,
19,
20.

r = acos26.
p =acosh.
peose = 2.
242 = dh
rg =
oYz = o4




