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G. Determine the locus of points in each of the following cases: 

(a) p = 2, O= ?r, (b) p = -2, ,t, = ¡, (e) o= i, ,t, = ¡-
7. _Determine the distances of a point from the coordinate axes in 

sphencal and cylindricai coordinates. 
_ 8. The spherical coorclinates of P are p = 2, o = 30º, ,t, = 45º. 

Find the angies between OP and the coordinate axes. 

CHAPTER 10 

SURFACES 

Art. 67. Loci 

An equation represents a locus if every pOint ou the locus has 
<!oordinates satisfying the equation and every point with coordi-. 
nates satisfying the equation lies on the locus. 

One equation between the coordinai,es of a point in space usually 
represents a surf ace. Thus, the equation z = O represents the 
xy-plane, for any point in the xy-plane has a z-coordinate equal to 
zero and every point with z-coordinate equal to zero lies in the 
xy-plane. Similarly the equation x2 + y2 + z2 = 1 represents a 
sphere with radius 1 and center at the origin. In particular cases 
onc equation may represent a straight line or curve. Thus, the 
only real points for which x2 + y2 = O are the points x = O, y = O 
on thc z-axis. 

Two simultaneous equations usual,ly represent a curve or straight 
line; for each equation rcpresents a surface and the two equations 
rcpresent the intersection of two surfaces, that is, a straight line 
or curve. Thus, the equations 

x2 + y2 + z2 = 3, z = I 

represent the circle in which a sphere and plane intersect. 
Three simultaneous equations are usually satisfied by the cqordi

nates o.f a definite number of points. These points are found by 
solving the equations simultaneously. In particular cases the 
equations may havc no solution or may be satisfied by the coordi
nates of ali points on a curve or surface. 

Art. 68. Equation of a Plane 

A line perpendicular to a curve or surface is called a normal to 
that curve or surface. 
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let a normal DN to a plane (Fig. 68a) have direction angles 

N 

D -----p 
Pi 

FIG. 68a. 

a, fJ, 'Y· Let Pi (xi, Yi, z1) be 
a fixed point and P (x, y, z) a 
variable point in the plane. 
The direction cosines of DN 
are cos a, cos fJ and cos -y. 
Those of PiP are proportional to 
x - x1, y - Y1, z - z1. Since 
DN is perpendicular to the plane 

it is perpendicular to P1P. Therefore, by Art. 65, 

(x - x1) cosa + (y - Yi) cos fJ + (z - z1) cos 'Y = O. (68a) 

This is the equation of the plane through (xi, Yi, z1) whose normal 
makes angles a, fJ, 'Y with the coordinate axes. 

let the direction cosines of the normal be proportional to A B C. 
Th~ '' 

cosa : cos fJ : cos-y = A : B : C. 

S_ince the cosines in equation (68a) can be replaced by any propor
tional numbers, that equation is equivalent to 

A (x - X¡) + B (y - Y1) + e (z - Z¡) = o, (68b) 

whic~ is therefore the equation of the plane through (xi, Yi, zi) per
pen~cular to the line with direction cosines proportional to A, B, C. 

First Degree Equation. -Equations (68a) and (68b) are of the 
first degree in x, Y, z. Therefore any plan.e has an equation of the 
first degree in rectangular coordinat,es. 

Conversely, any equation of the first degree in rectangular coordi
nates, re¡rresents a plane; for any such equation has the form 

Ax + By + Cz + D = O, (68c) 

A, B, C, D being constant. Let Xi, Y1, z1 satisfy this equation. 
Then 

Ax1 + By1 + Cz1 + D = O. 

Subtraction gives 

A (x - X1) + B (y - Y1) + C (z - z1) = 0, 

which is equation (68b). Therefore any equation of the form (68c) 

l 
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represents a plan.e whose normal has direction cosines proportional 

to A, B, C. 
Example l. Construct the plane with equation 2 x + 3 y + z = 6. 
The plane can be determined by its intersections with the coordi

nate axes. Where the plane crosses the x-axis y and z are zero 
and so x = 3. Similarly it crosscs the y-axis at y = 2 and the 
z-axis at z = 6. The intercepts on the three axes are 3, 2 and 6. 

Ex. 2. Construct the plane represented by the equati9n x - 2 Y 

+z= O. 
z 

z 

X 

y 

Fm. 68b. FIG. 68c. 

The plane passes through the origin and so its intercepts are all 
zero. It can be determined by its intersections with the coi:irdinate 
planes. It cuts the X1J-plane in the line z = O, x = 2 y and the 
yz-plane in the line x = O, z = 2 y. In their respective planes 
these lines are constructed from the equations x = 2 Y and z = 2 Y 
as in plane geometry. The plane through these lines is the one 

required. 
Ex. 3. Find the equation of the plane through (1, - 2, 4) per-

pendicular to the line through A (2, 1, O) and B (1, 2, 3). 
The direction cosines of AB are proportional to 1 - 2, 2 - 1, 

3 - o. Using these values instead of A, B, C in (68b) the equation 

of thc plane is found to be 

-(x - 1) + (y+ 2) + 3 (z - 4) = O. 

Ex. 4. Find the angle between the planes 

X - y+ Z = 1, 2 X+ 3 y - Z = 2. 
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. Be~ween two planes are two angles less than 180º It . h 
m solid geo t th · IS s own 
lines pe n: r~ at these angles are equal to the angles between 

planes :~:: ~u ar_ to the_ two planes. The normals to the two 
-1 1 d direct1on cosmes proportional to the eoefficients 1 

' an 2 3 -1 The e t · ' ' ' . xac cosmes of two normals are then 

1 -1 
COS Q¡ = - COS R = -V3' ~¡ V3' 

1 
COS-y¡ =-

V3' 
COS Q2 = ~ COS R _ 3 -1 v'i4' ~2 - _ ¡-, cos 'Y2 = --=· 

v 14 Vl4 
Bthye equatt!on (65a) the angle 8 between the two normals satisfies 

equa 10n 

-2 
cos8 = ---

V42 

The negative sign shows that this is the obtuse angle Th t 
angle (be:we)en the two normals or between the t~o pl:n:u: 

cos-1 --
\1'42 . 

Exercises 

Construct the planes d find the clir ti. . repres~nte by the following equations 
ec on cosines of their normals: 

and 

1. X + 2 Y + 4 Z = 4. 
2. X - y + 3 z = 5. 
3. X+ y+ z = 0. 

4. 2x - 3y = o. 
5. 3x + 4z = O. 
6. z + 5 = o. 

7 · Find the equation of the ¡ thr . . 
to the line with clir u· p ane ough the or1gm perpendicular 

. ec on angles a = 60º, fJ = 45° = o 
8- Fmd the equation oí the Jan thr ' 'Y 

60 
· 

the vector (3, -5, 4]. p e ough (l, 1, O) perpendicular to 

OZ :q::! tlhe2 equdat3ion oí the plane with intercepts on OX, OY antl 
' an . 

10. Show that the planes x + 2 _ z _ 
are parallel. Y - 1 and 2 x + 4 Y - 2 z = 3 

11. S~ow that the planes x + Y - z = O and 2 - 3 
perpendicular. x Y - z = O are 

124. Find the angle between the planes x + 2 y + 2 - O d 
x - y+ Sz = 9. z - an 
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13. Show tbat the angle betweeu a line antl a plane is füe comple
ment oí tbc angle between the linc and the normal to the plane. Find 
the angle between the plane x - 2 y - z = O and the line through the 
points (3, O, 1) and (O, 2, -1). 

Art. 6g. Equation of a Sphere 

A sphere is the locus of points at a constant distance from a 
fixed point. The fixcd point is the center, and the constant dis

tance the radius of the sphere. 
Let C (x1, Y1, z1) be the center of a sphcre with radius r. If 

P (x, y, z) is any point on the sphere, its equation is 

(x - x1)2 + (y - y1)2 + (z - z1)2 = r2. (69a) 

When expanded the cquation of the sphere has tbe form 

x2 + y2 + z2 +Ax+ By+ Cz + D = O. (69b) 

Conversely, any equation of this form represents a sphere if it rep
resents a real surface. To show tbis, complete the squares in x, y 

and z separately. The result will bave tbe form 

(x - a)2 + (y - b)2 + (z - c)2 = d. 

If d is positive tbis represents a sphere with center (a, b, e) and 
radius Vd. If d is zero the locus is the single point (a, b, e). If d 
is ncgative there is no real locus. Hence, whenever tbe equation 

represcnts a surface, tbat surface is a sphere. 
Example. Determine the center and radius of tbe spbere 

x2 + y2 + z2 
- 2 x + 3 y = O. 

Completing the squares, 

(x - 1)2 + (y+ !)2 + z2 = 11. 
The ccnter is (1, -½, O) and the radius is ½ V13. 

Art. 70. Equation of a Cylindrical Surface 

A cylindrical surf ace is one generatcd by Iines parallel to a fixcd 
Iine and cutting a fixed curve. The lines are called generators and 

the fixed curve is called a directrix. 
A cylindrical surf ace with generators parallel to a coordinate axis 

is represented in rectangular coordinates by an equation containing 
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only two coordinai,es. To show this let the generators be parallel to 
the z-axis. Let the surface intersect the xy-plane in the curve 

z z = 0,f (:i;, y) = O. Any point 
P (x, Y, z) on the surface has 
the same x and y as its pro
jection Q (x, y, O) on the xy- · 
plane. Since the coordinates 
x and y of Q satisfy the equa

x , tion f (x, y) = O, so do the co-
Q ordinates x, y, z of P. Also, if 

FIG. 70. the coordinates of any point p 
satisfy the equationf (x, y) = O 

P is in the vertical line _ through a point Q of the curve and s~ 
lies on the surface. Therefore f (x, y) = O is the equation of the 
cylindrical surface. 

Conversely, any equation in two rectangular coordinates repre
sents a cylindrical surf ace with generators parallel to the axis of the 
missing coordinate. To show this !et the equation be f (x, y) = O. 
Any point P with coordinates satisfying this equation lies in a 
vertical line through a point Q of the curve z = O, f (x, y) = o, 
and any point in such a vertical line has coordinates satisfying the 
equation. Therefore the equation f (x, y) = O represents a cylin
drical surface whose directrix is the curve z = O, f (x, y) = O in the 
xy-plane. 

Example. Find the equation of the cylindrical surface with 
generators parallel to the x-axis cutting the yz-plane in the circle 
with radius 2 and center (O, 1, 1). 

In the yz-plane the equation of the circle is 

(y - 1)2 + (z - 1)2 = 4. 

This considered as an equation in space represents the given cylin
drical surface. 

Art. 71. Surface of Revolution 

The surface described by a plane curve revolving about an axis 
in ita plane is called a surf ace of revolution. 

In the xz..plane let f (x, z) = O be the equation of a curve. Let 
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this curve be revolved about the z-axis. The cylindrical coordi
nates r, z of any point P on the resulting surface are equal to the 
rectangular coordinates x, z of a point Q 
on the curve in the xz-plane. Since the 
coordinates of Q satisfy the equation 
f (x, z) = O, the cylindrical coordinates 
of P satisfy the equation 

f (r, z) = O. 

This is then the equation of the sur
face described by revolving the curve 
Y = O, f (x, z) = O about the z-axis. 

Since r = V x2 + y2, the rectangular 
equation of the surface is 

y 

f (-Vx2 + y2
1 z) = O. 

FIG. 71. 

Similar equations are found for the surfaces obtained by revolving 
about the x- or y-axis. Therefore, to ji,nd the rectangular equation of 
the surface des<:ribed by rot,a,ting a curve in a coordinate plane about a 
coordinate axis in that plane, leave the coordinate corresponding to the 
axis oj roto.tion unchanged in the plane equation of the curve and re
place the other coordinate '/,y the square root of the sum of the squares 
of the other two. 

Example l. Find the equation of the surface described by 
rotating the parabola y2 = 2 x about the x-axis. 

This means that the parabola in the xy-plane with plane equation 
Y

2 = 2 x is to be rotated about the x-axis. The equation of the 
resulting surface is obtained from y2 = 2 x by leaving x unchanged 

and replacing y by Vy2 + z2, The required equation is then 

y2 + z2 = 2x. 
Ex. 2. Show that 

(x2 + y2)2 + z2 (x2 + y2) = 1 

is the equation of a surface of revolution. 

This is indicated by the fact that the equation contains x and y 

only in the combination x2 + y2• The surface is generated by 
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revolving about the z-axis the curve with plane equation x4 + z2x2 

;= l. 
E:i:ercises 

Describe the surfaces represented by the follo~ing equations: 

l. x2 + y2 + z2 = 9. 9. z2 + y2 = 2 z. 
2. x2 + y2 + z2 = 4 x. 10. x2 + y2 = z2

• 

3. x2 +y2 +z2-3x+2y+z=0. 11. x2 -y2=z2
• 

4. 2 x2 + 2 y2 + 2 z2 
- 5 x + 8 y 12. x2 

- z2 = O. 
- 6 z + 4 = O. 13. r = a cos 9. 

5. x2 + y2 = 2 x. 14. r = az + b. 
6. 
7. 
8. 

xz - y2 = a2. 
¡/ = az. 
z = sinx. 

15. p = a cos .¡,. 
16. p sin.¡, = a. 

Find the rectangular, cylindrical and spherical equations of the 
following surfaces: 

17. Sphere with radius a and center at the origin. 
18. Sphere with center (O, O, a) passing through the origin. 
19. Right circular cylinder with axis OZ and radius a. 
20. Right circular cone with axis OZ and vertical angle 90º (be-

tween generators in aplane through the axis). 

Find the rectangular equations of the following surfaces: 

21. Right circular cylinder tangent to the xy-plane along the x-axis. 
22. Parabolic cylinder with generators parallel to O Y and directrix 

a parabola in the xz-plane with axis OZ and vertex at the origin. 
23. Elliptical cylinder with generators parallel to the z-axis and 

directrix an ellipse with axes along OX and OY. 
24. Prolate spheroid generated by revolving an ellipse about its 

major a.xis. 
25. Hyperboloid of revolution generated by revolving a hyperbola 

about one of its axes. 
26. Paraboloid of revolution generated by revolving a parabola 

about its axis. 
27. Torus generated by revolving a circle about a line in its plane 

not cutting the circle. 

Art. 72. Graph of an Equation 

To construct the graph of a given equation it is customary to 
draw a series of plane sections and from these sections to determine 
the appearance of the surface. The sections generally used are 
those in and parallel to the coordinate planes. 
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Exarnple l. The ellipsoid, 

z2 y2 22 

2 + -b2 + 2 = l. a e 

The sections of this surface in the xz- and yz-planes are the ellipses 

x2 22 
-+-=1 a2 c2 

having a common axis on Z'Z (Fig. 72a). The section in a 

horizontal plane z = k is an ellipse 

:¡;2 y2 kZ 
-+-=1--, az b2 c2 

with axes parallel to OX and OY. Since the axes of this ellipse 
are in the xz- and yz-planes and end on the surface, they are chorfil 
of the ellipses in those planes. The surface, called an ellipsoid, IB 
thus generated by horizontal ellipses whose axes are chords of the 

two vertical ellipses. 

Frn. 72a. 

The quantities a, b, e, called the semi-axes, are equal to the 
intercepts on the coéirdinate axes. lf two of these semi-axes are 
equal the ellipsoid is called a spheroid. It is then a surface of 
revolution obtained by revolving an ellipse about one of its ax,. 
If the semi-axes are all equal the ellipsoid is a sphere. 
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Ex. 2. The hyperboloid of one sheet, 

xi y2 z2 
-+---=1 a2 &2 r:J . 

The !<ections in thc xz- and yz-planei; are hyperbolas 

x2 z2 

- - - = 1 and a2 c2 

Chap. 10 

with a common axis Z'Z (Fig. 72b). The scction in a horizontal 
plane z = k is an ellipse. 

x2 y2 1.-2 
.+ ·=l+ -a- &2 c2 

with thc ends oí its axes on thc two ·hypcrbolns. 

X 

Fw. i2b. FIG. i2c. 

If a = b thc surfacc is a hyperboloid oí rcvolution obtaincd by 
rcvoh-ing a hypcrhola about its conjuii;ate axi:;. 

Ex. 3. The hyperboloid of two sheets, 
;r2 y2 22 

-- - --=l at bt e'- . 

Thc section in a planc x = /; is imaginary if I x 1 < a. Thc sur
face thcrcfore consists oí two parts, onc on thc right of x = a and 
onc on the left of X = -a. Thc surfacc cuts thc :ry- and xz-planr:1 
in hyperbolns and is gencrated by ellip,;c:; parallel to thc yz-plane 
whosc axes are chords of thcsc hyperbolas (Fig. i2c). 
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If b = e thc surfacc is a hypcrboloid oí rcvolution obtaincd by 
reYolving a hyperholu about it:s transver:;c axis. 

E.r. 4. The elliptic paraboloid, 

z = a;c2 + b-i}, 

a and b having the srunc algcbraic sign. 
Scctions in thc xz- nnd yz-planes z 

are parabolas 
z = ax2 and z = by2

• 

The scction in a planc z = k is an 
ellipse 

a:r2 + by2 = k 

\\ith axes parallcl to OX and OY if 
a, b nnd k have thc sume sign and 
imaginary if k i:s oppositc in sign from 

FIG. 72d. 

X a and b. The surfacc i:s thus gen- ;x' 
erated by horizontal ellipses whosc 
axes are chords oí the two parabolas. 

If a = b the surfacc is a paraboloid of rcvolution obtained by 
revolvi.ng a parabola about its axis. 

Ex. 5. The hyperbolic paraboloid, 

a and b being positivc. 

X 

z 

Fw. 72c. 

The section in the xz-planc is a parabola z = ax2 extending 
upward. Thc section in the yz-plane is a parabola z = -by2 ex-
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tending downward. The section in the xy-plane is a pair of lines 
ax2 

- by2 
= O. The section in a horizontal plane z = k is a hyper

bola ax2 
- by2 = k whose transvcrse axis is a chord of the parab

ola (in the xz- or yz-plane) cut by that plane. The surface has 
the general shape of a saddle. · 

Ex. 6. The hyperbolic paraboloid, 

z = kxy. 

This is a saddle-shaped surface similar to that in Ex. 5. The 
hypcrbolas in horizontal planes are howevcr rectangular with 
asymptotes parallel to the x- and y-axes. 

Ex. 7. The cone, 

x2. y2 z2 
~+b2=&· 

Y' The sections in the xz- and yz-

.X' 

Fw. 72f. 

X 

planes are pairs of lines 

~ = ±: and '!f. = ± : · 
a e' b e 

The surface is generated by hor
izontal ellipses the ends of whose 
axes are on these lines. 

Ex. 8. Describe the surface 
with spherical equation 

p = a sin <f>. 

Since 8 does not occur in the equation the surface is one of revo
Iution about the z-axis. The section in the xz-plane is a circle 
tangent to the z-axis at the origin. The graph is a doughnut
shaped surface generated by revolving this circle 'about the z-axis. 

Exercises 

Draw the graphs and describe the surfaces represented by the follow
ing equations: 

l. x2 + 2 y2 + 3 z2 = 6. 
2. (x - 1)2 + 2 (y - 2)2 

+ 3 (z - 3)2 = 6. 
3. x2 + 4 (y2 + z2) = 12. 

. , 4. x2-y2+z2=l. 

5. x2 -y2 +z2-2x+4y = 4. 
6. x2 - y2 - z2 = 3. 
7. x2 +z2 = y. 
8. y2 + 2 z2 

- 4 x2 = 12 . 
9. x = z2 + 2y2 + 2z -12y + 19 
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10. X= 2yz. 
11. x2 - y2 = z2. 
12. (x + 2)2 + 4 (y - 1)2 

= (z - 3)2• 

15. r = acos 28. 
16. p =acoso. 
17. pcos,t,=2, 
18. r2 + z2 = a2. 

. 13. y2 = z3• 19. rz = k • 
20. xyz = a3• 14, Z = xy + X + Y• 

'-'I - L IOTE:CA 
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