CHAPTER 8
TRANSFORMATION OF COORDINATES

It is sometimes desirable to move the axes to a new position
The codrdinates will then be changed and it is necessary to find thel
new codrdinates. There are two simple cases a combination of
wbu?,h 'gives any motion. These are translation, in which the
origin is moved to a new position without changing the direction
of the axes, and rotation, in which the origin is left fixed and the
axes turned like a rigid frame about it.
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F1a. 56a.
Art. 66. Translation of the Axes

rL({at 0xX ’an’d OY (Fig. 56a) be the axes in their first position,
0'X’ and O.}.’ thfz axes after motion. Let h, k be the codrdinates of
the new origin with respect to the old axes, z, ¥ and 2/, ' the old

and new cobrdinates of any point P. From Fig. 56a it is seen at
once that

t=x'+h y=y+5 (56)
These are the equations connecting the new and old codrdinates of
any point.
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Ezample 1. The origin is moved to the point (-1, 2) the new
axes being parallel to the old. Find the new equation of the curve
2+2z—y+3=0.

The equations connecting new and old coordinates are in this case
z=z -1 y=y +2
When these values are substituted for = and y the equation of the

curve becomes
=

Ez. 2. Find the equation of the curve r = a cos @ referred to a

new pole at the point (\—2 ; E) the new initial line being parallel to the
old.

The equations for transformation being given in rectangular
codrdinates, we change to rectangular codrdinates, move the origin
and then change back to polar codrdinates. The cobrdinates of

the new origin are

e (".E = ,ﬂ_isin@_ﬂ.
Syt Y BT

The rectangular equations for transformation are therefore

a

I:$‘+§)

@
y:y"—’—é.

The reétangular equation of r=a cos f is
2+ ¢ = az,
which transforms into
2?4+ y?+ay =0.
In polar codrdinates this is
¥ +asing =0,

which is the equation required. Fia. 56b.

Ez. 3. Transform the equation
2% + y* = 3 — 3y to new axes, parallel to the old, so chosen that
there are no terms of first degree in the new equation.
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Letz=2'+hy=y +k The equation becomes
Py 43+ 3hy 43 (h— 1) 2 + 3 (k+ 1) v
+ B+ B —-3h4+3k = 0.
If there are no terms of first degree
k—1=0, k+1=0,
Consequently, h = 1, k = —1 and the transformed equation is
2?4yt 4 327 —3 y*—=6=0,
» Art. B7. Rotation of
the Axes

X v

The rotation is
most easily express-
ed in polar cobrdi-

| nates. Let the ini-
{ tial line OX pe
rotated through an
angle ¢ to 0X" (Fig.
57a) the origin re-
X maining fixed. et
the old and new
cobrdinates of any point P be r,8 and +', . From the figure it is
seen that r=r, 8=§4¢.
Using these relations we get
z =rcosl =1 cos (0’ + ¢) = 1’ cos§’ cos ¢ — r'sin#’ sin ¢,
Yy=rsind =r'sin (¢ + ¢) = ' sin ' €08 ¢ + 7’ cos#’ sin ¢,
Replacing ' cos @’ and 1’ sin & by ' and 3,
x:x’cos;gb—y’sinqb,) B
Y :y'cos:ta-{—x’sinqb-s Vi)
Ezample 1. Find the new equation of the curve
PH+yp=2-— Y
after the axes have been rotated through an angle of 45°,

Fia. 57a.

i : L =y
In this case = 2’ cos (45°) — ¢/ sin (45°) = —¥

va '
. . '+
¥ =y cos (45°) + 2’ sin (45°) = = ‘t?f .
V2
Substituting these values and simplifying
¥ 432y + 2y = 0.

Art. 68 INVARIANTS

Ez. 2. Find the polar equation of the curve
=P =-2ayVv3=2

i i L g3y 1 the axes
after the origin is moved to the point [ — — — ) and the axes

rotated through an angle of —30°.

V6
The equations for moving the origin to (— =

09 ’

&

v = /e
y Y =y

If the axes are then rotated through —30°

/9 | 0 1A/ ot
z"V3+y , YIV3—a3
! - - .
R 9 »

Consequently,
2" \"'T} 1. ,U” — N8B
= i T

9

These values substituted in the original equation give
" —2v2 " — g2 1.=0i
Changing to polar coérdinates _
r*(2cos’@ —1) —2V2rcosf+1=0,

1 .
- ? —\/‘.;_cusﬂ_tl
The curves given by the positive and negative signs in this equa-
tion are identical. The equation required is then

1

s —————-
V' 2ecos0 + 1

Art. 68. Invariants

Quantities associated with a curve are of two kinds, t.Fmse (lcp.('r.zd-
ing on the position of the axes and those independent of t.h(j [1051.1 ion
of the axes. Quantities of the second kind are called invariant,
For example, the radius of a circle is invariant (does not depend on
the position of the axes) but the cobrdinates of its center are not
invariant (change when the axes change position).
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The equation of a curve is not invariant but there are some
things connected with it that are invariant. One of the simplest
is the degree of a rectangular equation. Wherever the axes a;'e
placed this degree is always the same. To see this it is only neces-

sary to note that the equations for ch.angc of axes always have the
form

e=ar' +by'+¢, yY=d'+ey +7,

where a, b, ¢, d, e, f are constants. A term *™y" is equal to a sum
of terms none of which are of higher degree than the {m + n)th in
a’ at}d y'. Hence through change of axes the degree of a poly-
nomial cannot be increased. Neither can it be diminished for. in
that case, changing back to the old axes would have to increa,sc; it
Therefore the degree of a rectangular equation is invariant. -
: If a rectangular equation can be factored so can the new equa-
tion resulting through a change of axes; for each factor of the
old will be changed into a factor of the new. Also since real ex-
pr-essions are replaced by real, if either has real factors the other
will have real factors also.

Art. 69. General Equation of the Second Degree

An equation of the second degree in rectangular cotrdinates has
the form

(§h) A2+ Bey+ Cy»+De+ Ey+F = 0.
Rotating the axes through an angle ¢ the coefficient of z'y’ in the
resulting equation is
—2A cos¢sing + B (cos® ¢ — sin?¢) + 2 € cos ¢ sin ¢
= Bcos (2¢) + (C — A) sin (2).
This is zero if

(2) tan (2¢) = x. oy

2¢) i-o
If shen the axes are turned through an angle ¢ satisfying equation
(2), equation (1) takes the form

(3) A.’l_ﬂz + C"yfg + Dl$f + Elyl + FI — O.

Art. 59 GexeraL Equation oF THE Stconp DEGREE 147

If A" and € are both different from zero, completion of the squares
gives an equation of the form
A (= h24+C (y—k)*=R.
If R is zero this equation is reducible. If R is not zero the equation
can be written
@=hr =B
R/A’ R
The locus of this equation is an ellipse if the denominators are both
positive, a hyperbola if one is positive and one negative, and 18
imaginary if both are negative.
Let A’ = 0. Completion of the square in y' terms then gives
C'(y — k= —D (@& —h).
The locus of this equation is a parabola. Similarly if " is zero the
locus is a parabola. A’ and €’ cannot both be zero as the equation
would then be one of the first degree.
We have thus found that the second degree equation in rectangular
codrdinates is either reducible or else its locus s an ellipse, a parabola,
a hyperbola, or an vmaginary curve.

Exercises

1. What are the rectangular cobrdinates of the points (2, 3), (=4, 5)
and (5, —7) referred to parallel axes through the point (3, -2)?

T
=

2. Find the polar codrdinates of the points (3 3), (—2, g), (4, %ﬂ)

if the origin is moved to the point (2, z), the new initial line having

the same direction as the old.
3. Find the equation of the curve

P44y —22+8y+1=0
referred to parallel axes through the point (1, —1).
4. Find the equation of the curve
P—byr+322+12y—182+35=0
referred to parallel axes through (3, 2).
5. Find the equation of the circle
®—5V8rcosd—5rsinf +21=0
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g), the new initial line being

when the origin is moved to the point (.-3,

parallel to the old.

6. Find the equation of the parabola

el

1—cos@
when the pole is moved to (—p, 0), the direction of the initial line being
unchanged.

7. Find the equation of the line

22 —3y+7=0

referred to parallel axes through the point (— 5, —1).

8. Find the equation of the ellipse

25 g
atfi=1
when referred to parallel axes through the left-hand vertex.
9. Find the equation of the witch
o Eab
2 +aa
referred to parallel axes through the intersection of the y-axis and the

eurve,
10. Find the equation of the strophoid

]

ol Gt 0]
a+z

referred to parallel axes through the intersection of the z-axis and the
asymptote of the curve.

11, Find the parametrie equations of the cycloid
t=a(p—sing), y=a(l—-cos¢)

referred to parallel axes through the highest point of an arch of the
curve.

12. Find parametric equations for the cardioid
r=a(l 4+ cosh)

referred to parallel axes through the point z = {aq, y = 0.

13. Transform the equations

t+y—3=0, 20 —-3y+4=0

to parallel axes so chosen that the new equations have no constant
terms.

14. Transform the equation

Py -2 +dy—6=0

to parallel axes so chosen that the new equation has no terms of firat
degree in z and y.

P =

Art. 69 GenERAL EqQUATION OF THE SECOND DEGREE

15. Show that by a change to parallel axes the equation
P+4y—22z4+3=0
ean be reduced to the form
yr=2z,
16. Show that by moving the origin to the point (p, 0) and changing
to polar coordinates the equation
Y= 4px
can be reduced to the form z
2p

b — i——
~1—cosb'

-
17. Show that by a change to parallel axes the equation
@?+4r—-3z+5y==6
can be reduced to the form
2 +4y"? =1,
where b is a constant.
18. By a change to parallel axes reduce
272 — 6yt +3r—4y=12
o the form (z/a)? — (y/b)* = 1. ” :
: 19, What are the new codrdinates of the points (0, 1), €1, U_}, (10,?1),
(— 1. —1) after the axes have been rotated through an angle of 60
4 .
920. Transform the equation
2tay+if=1
to new axes bisecting the angles between the original axes.
91. Tind the equation of the curve
?sinfcosd = 1
e .
referred to the same pole but with the initial line rotated through 45°.
99. By rotating the axes through the proper angle transform the
iy : rm wit y-term.
squation xy = 4 to a form without 2y ‘
Pq23 By z‘g proper change of axesreduce 2* + 2y = 2 to the form (z'/a)?
— (¥’ /bR = 1. ;
24J. /By a proper change of axes reduce the equation
z+3y—4=0
o the form &' = 0.
i ‘}5@j If the curve 3t = 4 zis referred to new axes show that the second

i i ; plete square.
degree terms in the new equation fmm a comp.
Eg; 1f the curve 22 + 412 — 5 = 0 is referred to new axes show that
the s'enand degree part of the new equation has imaginary factors.
o7, 1f the eurve 22 — g2 — 1 =0 is referred to new axes show that

the second degree part of the new equation has real factors.




