CHAPTER 7
PARAMETRIC REPRESENTATION

Art. 62. Definition of Parameter
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Ez. 2. Find the locus of the point P, intersection of OB and MQ,
(Fig. 52b) given that MQ = arc A B.
Let the radius of the circle be a and ZA0Q = ¢. Letr, 0 be
the polar cobrdinates of P. Then
arc AB = af, MQ = asin¢.

Consequently, 6 = sing. Also
el OM, acosg
" cosf  cos (sing)

Polar parametric equations of the locus are therefore
§ =sing, r= acosdsec (sind).
Elimination of ¢ gives the equation conneeting r and 0 in the form
r =aV1 — 6 sech.

Almost any quantity that varies from point to point of a curve
can be used as a parameter. The equations connecting the co-
ordinates with the parameter naturally depend on the parameter.
There are then an infinite number of parametric equations of the
same curve. The codrdinate axes and the parameter must be
fixed before the parametric equations have a definite form.

Exercises

1. A cirele of radius a has its center at the origin. Express the
coordinates z, y of any point P on the circle in terms of the angle ¢
between the z-axis and OP and so obtain parametric equations for
the circle.

9. A (0,a) is a fixed point on the y-axis and M a movable point
on the z-axis. MP is perpendicular to AM and equal in length to it.
Express the cobrdinates of P in terms of @ and the angle ¢ from the
right end of the z-axis to MP. By eliminating ¢ find the rectangular
equation of the locus of P.

— 3. O is the center of a fixed circle tangent to AB at A. Through

any point @ of AB passes another line tangent to the cirele at B. On
RO determine the point P such that RQ = QP. Taking OA as T-AXis
and O as origin express the coordinates of P in terms of ¢ = £A0Q.
By eliminating the ‘parameter ¢ determine the codrdinate equation of
the locus of P.

— 4. A segment AB through the point C (2, 1) has its ends A and B
in the z- and y-axes respectively. If P (z,y) is the middle point of AB
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express z and y in terms of the angle ¢ = 0AB. By eliminating ¢ de-
termine the rectangular equation of the curve described by P as 4B
turns about C,

~ 8. A string, held taut, is unwound from a circle. Taking the origin
at the center of the circle and the initial line through the point whera
the string begins to unwind, express the polar coérdinates of the point
P at the end of the string in terms of the radius of the circle and the

angle at the center subtended by the arc unwound. Find the polar
equation of the locus of P.

Art. 63. Locus of Parametric Equations

Suppose the codrdinates z and y are given functions of a param-

eter ¢,

(1) 2=, y=r@).

If a value is assigned to ¢ the resulting values of z and ¥ are codrdi-
nates of a certain point. The totality of such points will usually be
found to form a curve. The above equations represent the curve
in the sense that if any value be assigned to ¢ the resulting point
lies on the curve and if any point (z, y) be taken on the curve there
is a value of ¢ such that z = hH(@),y =fa(9).

To plot the curve we assign values to ¢, considered as independ-
ent variable, caleulate z and y and plot the resulting points,

To find the codrdinate equation eliminate ¢ between the para-

metric equations. Let the result be
(@) f(z,y) = 0.
This equation, being a consequence of the parametric equations, is
satisfied by the codrdinates of any point on the curve. If, con-
versely, for every pair of values z, y satisfying (2) a value of ¢ can
be found such that z = Ji (@), y = fa(¢), then (2) is the codrdinate
equation of the curve. g Sy O

Ezample 1. Plot the curve whose parametric 1; Lt
equations arez =, y = # and find its rectan- | :f:__mi £ 4o
gular equation.

In the table values of z and y are placed after
the corresponding values of the parameter f, B *21
The points represented by these pairs of co- ———
ordinates are plotted (Fig. 53a) and a smooth curve drawn through

Art. 63 o
inati it ar equs 0
the resulting points. By eliminating ¢ the rectangular equation

the curve is found to be y
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the y-axis at t =0 and ¢ = 1 (D and E). When ¢ is a large
negative number 2 and y are both positive. As { inereases to =2,
z and y both decrease (4 to B). Ast goes from —2 to —1. yis
negative, z positive and decreasing (B to ). Between { = -1
and ¢ = 0, y is positive and increasing, z positive and decreasing
(C to D). Between t = 0 and ¢ = 1, z is negative, ¥ positive
and increasing (D to E). When t > 1, 2 and y are both positive
and increase with ¢ (E to F). If t is replaced by —t — 1, the
and y codrdinates interchange values (P to P"). Hence the curve
is symmetrical with respect to the line OQ bisecting the angle
between the axes, By subtraction

(1) Yy=2=41+2 or t=1(y—2z-2).
Substituting ¢ in the equation z = ¢ ({ — 1) and simplifying

(2 W—aP-8@y+z)+12=0.

Conversely, if (1) and (2) are solved for z and y the parametric

equations are obtained. Therefore (2) is the rectangular equation
of the curve. It is a parabola.

Ex. 4. 2 = cos (2 $), y =sing. When ¢ = 0 we get the point
s
2
at B(—1,1). As ¢ continues to increase the point turns back,

A4(1,0). As¢ increases, r decreases and ¥ increases until ¢ =

retraces the are BA and continues
to € (-1, ~1) where ¢ = § .
As ¢ continues to increase the
point oscillates back and forth
along the path CAB (Fig. 53d).

Since z = cos (2¢)=1—2zgin? ¢

and y = sin ¢,

z=1-=2

Fig. 53d. . s -

This equation is not however equiv-

alent to the parametric equations. It represents a parabola ex-

tending to an infinite distance on the left, whereas the parametric

equations (since sin ¢ and cos 2 ¢ are never greater than 1) rep-
resent only the piece (AB,
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i es £ =acosl, y =
Ezx. 5. Find the intersections of the curves z = a Y

=08 = b sin (2 ¢).
beos (20) and z = asing, y : 5 S
A4 a point of intersection both pairs of parametric equations

are satisfied. Hence
sin ¢ = cosf, sin (2¢) = cos (24).

The general solution of the first of these equations 1s
T
¢==+2nr—0
2
ive i is value substituted
where n is any positive or negative integer. This value subs

in the second equation gives
gin (26) = cos (20).

nmw T
= — -. Hence
Consequently tan (26) = 1 and 8 = 5 - 3

™ . ™
T = =4acos (;‘) 3 =@ 81N (H),
) T\,
y= becos (;) —b L'ns(4—)

Art. 64. Parametric from Cogrdinate Equations

i f a curve are given its codrdi-
When the parametric equations of a curve are given it;lc
‘ i iminati » parameter. The con-
nate equation is obtained by eliminating the parameter. : E.' :
: cobrdinat ation ¢ » definition o
verse problem is, given the codrdinate equation and the d;ﬁmt
o V = e wo o
i : ic equations. To do this we use
rameter ] the parametric equations.
a parameter to finc I > o
the definition of the parameter to obtain at least one «qu'; iy
rameter. This and the e
necting the cobrdinates and the parameter. l]ml\ e
| i i y ations in three unknowns (tw
i U e two equations in
ordinate equation giv : . s
codrdinates and a parameter). By solving these equations
cobrdinates we obtain the paramet 1'1(?‘4*(;uat.mna.
Ezample 1. Find parametric equations of the curve
z+y =y,
using the ratio y/z as parameter. :
Call the parameter . Then by hypothesis

¥
(1) = =1,
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This and the equation of the curve, solved simultaneously, give

(2) ST

148 147
If we eliminate ¢ from these equations we get the codrdinate equa-
tion. Therefore the equations (2) are parametric equations of the
curve; for if z, y are the codrdinates of a point on the curve a value
¢ = y/x can be found such that z, y, ¢ satisfy the parametric equa~
tions and conversely if z, y, £ are any numbers satisfying the
parametric equations then z, y are the cosrdinates of a point on the
curvye.

Bz, 2, Find the parametric equations of the curve
vy=2x+4+2y—3§,

using as parameter the slope of the line joining (z, y) and (1)
Call the parameter t. By hypothesis

y—1
h i ey
® =1
This and the equation of the curve, solved simultaneously, give

@) I:2+%, y=t+2

Conversely, elimination of ¢ from (4) gives the equation of the
curve. Consequently, the equations (4) are parametrie equations
of the given curve.

Ez. 3. Find parametric equations of the parabola

Tl yﬁl

using the parameter ¢ defined by the equation y = sin ¢.

Substituting y = sin ¢ in the equation of the curve we get
© =1 —sin*¢ = cos*¢. The equations obtained are therefore

r=cos’p, Yy =sing.

Since z and y given by these equations cannot be greater than 1,
these are not parametric equations of the whole parabola but only
of a piece of it. This is due to the fact that when y is numerically
greater than 1 there is no parameter ¢ defined by the equation
y = sin ¢.
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Exercises

Plot the curves represented by the following Parametric equations and
determine the corresponding codrdinate equations:

=481 = tcost.
1. =142t y=2-—3t 8 z=tsing Y .
—2 z=18 y=2L 9. r=-cos(2¢), 0=smep.

1 = 1
£5 3.x=i+%, Hi=d = 10,r=t+z, G_t_i

= — = 2 ({t+1). . r=¢sing, 0=d¢cosg.
5 tt—(;l Ha t(+ i 12; 2:=a(6—sin9),y_=a(1—cosa).
ik S B 13. r=tan¢, 6 =sin(3¢).
4 T z = a(3cosg + cos3e),
ik = an ik, y=5111(¢+6)' b y =a(3sing — sin 3 ¢).

6
7. x =seco, y =tang.

15. Plot two turns of the curve
e s
T =Cco8¢, Y =sm 2

and show that the complete curve passes indefinitely near any point

within a unit square. :
16. Find the polar parametric equations of the curve

z =lecost, y =1tsinl,
using the same parameter. '
17. Find rectangular parametric equations of the curve
r=8 6=1+4i

18. Show thatz = sint, y = cos (2f) and @ = gin (21), y = cos (41)
are the same curve.

1 i — Ob Ot g —OF bty a

19. Are:n=E+E,y=i—-t~:mdx72‘+2",1 2t — 2t the sam

curve?

1 | =t Pres e
20. Arem=t+;, y=£—zandz—cosfi+5ec9, y = cos

gec § the same curve? ) : :
Find the intersections of the following pairs of curves:
z=acosd T = aqmosgs‘
‘,$3+y3=83y, 23'ytasin8 ) g agsing )
z=1-+41}] r = 2acos? ¢
'y = - 24 Qacotpp, r=4acosh.
} y=2+t) y=_fr__cow%
sin ¢
95, Find rectangular parametric equations of the‘c_ircle, -radius a,
with center on the r-axis and passing through the origin, using as pa-
rameter the polar coordinate 6.
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26. Find parametric equations for the parabola
¥ =4z,

using the ratio j—": as parameter.

27. Find parametric equations of the ellipse

2t P
ETE=U

using the parameter ¢ defined hy the equation 2 = a cos b.
28. Find parametric equations for the hyperbola
2 i
a0t
using the parameter ¢ defined by the equation z = g sec @.
29. Find parametrie equations of the curve
ol gt =dl,
using the parameter ¢ defined by the equation z = @ gin? B.
30. Find parametric equations of the curve
Y¥+idy=28-2224z—4
using as parameter the slope of the line joining (z, y) and (1, —2).

?

Art. 65. Locus Problems

The Cycloid. — When a circle rolls along a straight line a point of its

circumference describes a curve called a eyecloid.
Let a circle of radius ¢ and center € roll along the z-axis (Fig.
55a). Let N be the point of contact with the z-axis and P (z, ¥)
X

X
Fre. 55a.
the point tracing the eycloid. Take as origin the point O found by
rolling the circle to the left until P meets OX. Take as parameter
the angle NCP = 4. Since the point of contact moves the same
distance along the circle as along the straight line,

ON = arc NP = ag¢.

Art. 66 Locus ProBLEMS

Consequently .
2=0M=0N— MN =O0ON — PR = ap — asin ¢,
y=MP=NC—-RC=a—acos¢.

The parametric equations of the cycloid are then :
z=alp—asing), y=a(l—cosd).
The Epicycloid. — When a circle rolls on the outside of a fixed circle
& point on its eircumference describes an epicycloid. ‘
Let a cirele of radius @ and center C roll on the outside of a circle
of radius b and center 0. Let N be the point of contact and P (z, %)
the point describing the epicycloid. Let A be the point obta:ined
by rolling the moving circle backward until P meets the fixed circle.

Fic. 56b.

Let O be the origin, 04 the z-axis. Let OCP = f§ and take as pa-
rameter the angle AOC = ¢. Since the point of contact moves the
game distance along both ecircles arc AN = arc NP and conse-

quently b¢ = af. Also iy
RCP:OCP—OCR:B—(’—;—qs) —0+¢-7-
Therefore
#=0M = 08 + RP = 0C cos ¢ + CPsin (RCP) o
; @
= (a+b)cos ¢ —acos (0 +¢) =(a+b)cosd — aeos(—a—qs).
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MP = 8C — RC = 0Csing — CP cos (RCP)

(@+8) sin ¢ — asin (4 ¢) = (a + b) sin ¢ — ¢ sin (a bq&).
a

Chap. 7

@
Il
4

The parametric equations of the epicycloid are then

e a+b
.ru(a-{-b)cosd)—ac()s(f- ¢>), y:(a+b)sin¢v—asin(& -qb).
a

a

-4~

Exercises

1. A circle of radius ¢ moves with i i
: . dius > 1 1ts center in the z-axis and a
stra.lkg‘ht lme_ passes through the center of the circle and a fixed point
on t e Y-axis, Usmg as parameter the angle between the line and
y-axis, find parametric equations for the curves traced by the int
sections of moving line and eircle. b
9 . : ; -
Dr;. Let liB li}e a gu{xen line, O a given point  units distant from AB
aw any line through O meeting AB in M et P it o
g g 4 M and let P be the point on

OM - MP = p2,

Find the pammetric equations of the locus of P, using O as the origi
the perpendicular from O to AB as z-axis and the angle bety 0%
and OP as parameter. i s
3. Let,lOA be the diameter of a fixed circle and LK the tan ent at
A. A variable line through O intersects the circle at B and tLI%' at ?‘
Through B draw a line parallel to LK and through € a line perpendicul ;
to LK and call the intersection of these lines P. The Ioc{ls of I’G l'l'm.
curve called the witch. Find its parametrie equations ush;n' the tlb ;
gent at O as z-axis and the angle from the z-axis to OC as )aara.m ta :
Also find the rectangular and polar equations of the curw; 1 i
4'. Let '0 be the center of a circle, radius a, A a fixed pc;int and B
moving point on the circle. If the tangent at B meets the tan ent aéz
glf ;}1; ¢ gnd Phls the middle point of B, find the equations of‘thi‘locus
kol 0
equat;j;i_% the angle AOB as parameter. Also find the rectangular
5. OBCD is a rectangle with OB = a, BC = ¢. Any line is drawn
through €' meeting OB in E and the triangle EPO is constructed so that
the angles CEP and EPO are right angles. Find the Iueﬁs (;f P us,il:til
the angle DOP as parameter, OB as z-axis and O as ori ixll Alj ﬁjﬁ
the rectangular equation of the locus, i P
6.. A (0, .—CI.) and B (0, a) are two fixed points on the y-axis, H is
a Var‘labl-e point on the z-axis. BK is the perpendicular from- B‘to AH
meeting it in .K. Through K a line is drawn parallel to the z-axis ;md
through H a line is drawn parallel to the y-axis. These lines meet in P,

H
i
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Find the equations of the locus of P using the angle BAK as parameter.
Also find the rectangular and polar equations of the locus.

7 Let OA be the diameter of a fixed circle and LK the tangent at A.
Through O draw any line intersecting the circle in B and LK in € and
let P be the middle point of BC. Find the equations of the locus of P,
using the angle AOP as parameter, OA as y-axis and O as origin. Find
the rectangular and polar equations of the same eurve.

8 OA is a diameter of a fixed circle and LK the tangent at A.
Through O any line is drawn meeting the circle in B and LK in .
Through B & line is drawn perpendicular to 04 meeting it in M. MB
is prolonged to P so that MP = OC. Find the locus of P.

9. €D is perpendicular to OX and distant ¢ units from 0. A is a
moving point on €D. AB is drawn perpendicular to 04 meeting 0X
in B. BP is perpendicular to OX meeting 04 in P. Find the locus
of P.

10. Through a moving point B on a fixed circle lines from the ends
of a diameter are extended a distance equal to the radius to form the
sides of a square whose diagonal is BP. Find the locus of P.

11. The sides of a right angle are tangent to two fixed circles. Find
the locus of the vertex.

12. Through two- fixed points lines are drawn to form an isosceles
triangle with its base in a fixed line. Find the locus of their point of
intersection.

13. The angles of a triangle are A, B, € and the opposite sides are
a, b, e. 1If the vertex A moves along the z-axis and B along the y-axis
find the locus of C, using the angle between the side AB and the z-axis
48 parameter.

14. A string is wound around a circle and the end fastened at the
center of the circle. A pencil resting against the string keeps it taut.
Find the curve described as the string unwinds from the circle.

15. When a wheel rolls along a straight line any point in a spoke
describes 4 trochoid. Let the wheel roll along the z-axis-and use as
parameter the angle ¢ in the equation of the cycloid. Find the para-
metric equations of the trochoid described by the point at distance b
from the center of the circle.

16. A hypoeycloid is the locus described by a point on the circum-
ference of a cirele which rolls internally on the circuraference of a fixed
circle. Find the parametric equations of the hypocycloid when the
radius of the moving circle is £ that of the fixed circle, using a parameter
analogous to that in the equations of the epicycloid.

17. A circle with center at the point (2, 0) intersects a circle with
center (0, 2) in a point of the line z = 3. Find the locus of the other
point of intersection of the two circles.




