
CHAPTER 7 

PARAMETRIC REPRESENTATION 

Art. 62. Definition of Parameter 

In sorne ea.ses it is more eonvenient to 
a point on a curve in tcrms of a third . express the eoordinates of 
other. Such a third variable IS. ftcvariable than in terms of each 

. 0 n callcd a p . 
equations connccting the eoordinatcs . a, ameter and the 
parametric equation.s. w1th the parameter are ealled 

Example l. A rod 5 fcet long moves . . 
ordinate axes. Find the locus of th . with Its cnds in thc eo­
the x-axis. e pomt P, 2 feet from the end in 

y 

R 

o 

Fxo. 52a. F1c. 52b. 

Let QR be thc rod and ef> _ LOQR ( . 
PQ = 2 and PR = 3 Le - Fig. 52a). By hypothesis 
Fig 

5
2a ·t . · t x, U be the coordinates of p F • 1 IS scen that • roru 

X = 3 COS ef,, y = 2 sin ef>. 

These are the equaf . 
the parameter. To1:~ e;::esamg _the coordin_atcs of p in terrus of 

inate the paranieter. The ~~~ion eonneetmg x and Y we elim-

x2 y2 • 
g + 4 == sm2 ef> + eos' q, = l. 

The locus of pis therefore an ellipse. 
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Ex. 2. Find the locus of the point P, intersection of OB and MQ, 
(Fig. 52b) given that MQ = are AB. 

Let the radius of the circle be a and L AOQ = q,. Let r, 8 be 

the polar eoordinatcs of P. Then 

are AB = a8, .l!Q = a sin q,. 

Consequently, 8 = sin et,. Al.so 

O.lf. a cosq, 
r =--- = . 

cos 8 eos (sin et,) 

Polar para.metrie equations of the loeus are thercfore 

0 = sin q,, r = a eos q, see (s~ et,) . 

Elimination of et, givcs the equation eonnecting r and 0 in the form 

r = a'Yl - 02 see8. 

Alrnost any quantity that varíes from point to point of a curve 
can be uscd as a parameter. The equations eonnecting the eo­

ordinates with the parameter naturally depend on the parameter. 
There are then an infinite number of parametrie equations of the 
same curve. The coordina.te axes and the parameter must be 

fixed before the parametrie equations have a definitc form. 

Exercises 

l. A circlc oí radius a hns its ccnter at the origin. Express the 
coordinatcs x, y of any point P on the circle in terms oí the angle .; 
between the x-axh! and OP and so obtain parametric equations for 

the circle. 
2. A (O, a) is a fixed point on the y-axis and Jf a mova.ble point 

on the x-a.xis. MP is perpendicular to .AJ[ and cqua.l in length to it. 
Express the coordinate:; oí P in tcrms of a and the angle .; írom the 
right end oí the x-axis to Jf P. By climinating.; find the rectangular 
equation of thc locus oí P. 

- 3. O is the center of a fixed circlc tangent to AB at A. Through 
any point Q oí AB passes another linc tangent to the circle a.t R. On 
RQ determine the point P such that RQ = QP. Taking OA as x-a.xis 
and O as origin expresa the coórdinates of P in tcrms oí .; = LAOQ. 
By eliminating the ])ara.meter q, determine the coorciina.te cquation of 

the locus of P. 
--t A scgment AB through the point C (2, 1) has its ends A and B 
in the x- and y-axes respectively. If P (x, ¡¡) is the middle point of AB 



132 p ARAMETRIC REPRESENTA TION 

exprese x aod r, in terms oí the angle q, = OAB. By eliminating q, de, 
termine the rectangular equation of the curve described by P aa Ali 
turns about C. 

_ 5. A string, held taut, is unwound from a circle. Taking the origia 
at the center oí the circle and the initial line through the point where 
the string begins to unwind, express the polar eoórdinates of the poinl 
P at the end of the string in terms of the radius of the circle and the 
angle at the center subtended by the are unwound. Find the polar 
equation of the locus of P. 

Art. 63. Locus of Parametric Equations 

Supposc the coordinates x and y are given functions of a para.m­
eter</,, 

(1) X = !1 (</>), y = h (</>). 

If a value is assigncd to</, the resulting values of x and y are coordi­
nates of a certain point. The totality of such points will usually be 
found to form a curve. The abovc equ.ations represent the curve 
in the sense that if any valuc be 8S.5igned to </, the resulting point 
lies on the curve and if any point (x, y) be taken on the curve there 
is a value of </, such that x = !1 (ip), y = !2 (ip). 

To plot the curve wc assign valucs to 'P, considered as independ­
ent variable, calculate x and y and plot the resulting points. 

To find the coórdinate cquation eliminatc </, bctwccn thc para­
metric equations. Lct the rcsult be 

(2) f(x,y)=O. 

This equation, being a consequence of thc paramctric cquations, is 
satisfied by the coórdinates of any point on the curve. If, con­
vcrscly, for every pair of values x, y satisfying (2) a value of </, can 
be found such that x = !1 (ip), y= !2 (ip), thcn (2) is the coordinate 
equ.ation of the curve. • 

Example l. Plot the curve whose parametric 
equations are x = t, y = t3 and find its rectan­
gular equation. 

t 
--

±00 
±2 
±1 
±1 
±½ 
o 

% r ----
±00 ±00 
±2 ±8 
±1 ±.Y 
±1 ±1 
±½ ±l o o 

In the table values of x and y are placed after 
the corresponding values of the parameter t. 
The points represented by these pairs of co­

ordinates are plotted (Fig. 53a) and a smooth curve drawn through 
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~ . f 
. . . t th rectangular equatlon o the resulting points. By elnrunatmg e 
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the curve is found to be Y = xi· 1r 

· "' Wh'ile "'iocrcascs from O to -2, Ez. 2. z = 3 cos 'P, Y = 2 sm .,,. .,, 

1 l'.l 
J! 

B 
1 ' t ' 

e A X 

D 
' 

Fw. 53b. 

J Q X 
1 

' 
1 

1 

Fio. 53a. • Fw. 53c. 

d increases froro O to 2 (AB, Fig. 53b). 
z decrcases_ from 3 to O an Y ses to O while x decreascs to -3 
As q, contmues to 'lf', Y decrca 

2 
t "' = i 7f' while x in-

F . 53b) Then Y dccrcases to - a .,, 
(BC, 1g. · . t 3 and y to O at <f, = 2 1r. 

0 F. lly x mercases o 
creases to . ¡~~ ' et to the x-axis could have bccn foresecn 
The symmetry ;"1t re~pe makes a change in the sign of y but 
since a change m the s1gnp of,)ip Thc sym.mctry with respcct to the 
I x unchangcd (P to · q, 
eav~ . . di ted by thc fact that a change from 4> to r -

f/-axJS 18 m ca · (P t P") 
. of x and roakrs no change m y o . 

changes the s1gn 1 = (t + 1) (t + 2). The curve crosses the 
Ex. 3. x = t (t - l), Y d B Fi 53c) It crosscs 

:e-axis at t = -1 and t = -2 (C an , g. . 
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th · p. 
e y-ax1S at t = O and t = 1 (D and E) ,.,.1 . f · ,t 1en t 1s a Iarge 

nega ive number x and Y are both positive As t . 
x and Y both decrcase (A to B) As t .. f mercases to -2, 
n r . . . . goe.s rom - 2 to -1 y is 

ega ivc, x pos1hve and dccrcasing (B to C) B . ' 
and t o · • • · ct"cen t = -l = , Y IS pos1tive and incrc• · · • 
(C to D) B . asmg, x posit1ve and dccrcasing 

• etwcen t = O and t _ 1 • . 
and increasing (D to E) TT'"l.. - ' x 18 ncgatn·e, Y positive 

. n ucn t > 1 x and y are both . f 
and incrcase with t (E to F) If . ' post ive 
and t .. . . . t lll rcplaccd by -t - 1, thc x 
. Y coordinates mterchange valucs (P t P') H 
is s~ t · I • 0 

· ence the curve 
/mme rica with rcspcct to the line OQ b. . . 

between the axes. By subtraction isectmg the angle 

(1) 4 Y - x = t + 2, or t = l (y _ x _ 2). 

Substituting t in the equation x = t (t - 1) and simplifying 

(2) (y - x)' - 8 (y+ x) + 12 = o. 
Conv~rsely, if (1) and (2) are solved for x and y the pnr t . 
equations are obtaincd Th . ... ame r1c 
of the curve It . . b lcrcforc (2) IS the rectangular cquation 

• IS a para o a. 
Ex. 4. x = cos (2 <J,) y - · "- W ' - sm 'I'· hen </> = O wc gct the int 

A (1 O) po ' · As <I> incrcascs x dccreascs and · ,r ' · Y mercases until <J, = _ 
at B (-l 1) As <J, f 2 

' . con mues to increasc the point turns back 

1 
retraccs the are BA and continu~ 
to C ( -1, ,-1) where <J, = ~ 1r. 

As_ </> continues to incrcase the 

------,k---4•i.·t ~ pomt oscillatcs back ancl forth 
x alo~g the path CAB (Fig. 53d). 

~mee x = cos (2 <J,) = 1-2 si112 <J, --e and y = sin <J,, 

FIG. 53d. X= 1 - 2y2
• 

alcnt to the ar . . This equation is not however equiv-
. p ametr1c _equahons. It represents a pnPnl I 

tcnding to · fi · . urn )0 a ex-

eq
uation ( ?n m _rute distance on the lcft, whercns the paramet;ic 

s smce ism <J, and cos 2 <J, 
resent only the picce CA.E. are nevcr grcater than 1) rep-
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Ex. 5. Find the intersections of the curves x = a cos 8, y = 
b cos (2 8) and x = a sin <J,, y = b sin (2 <J,). 

A~ a point of intersection both pairs of parametric equations 

are satisfied. Hence 

sin <J, = cos 8, sin (2 <J,) = cos (2 8). 

The general solution of the first of thcse equations is 

71" 
<J,= 2+2mr-8 

where nis any positive or negative integer. This vnlue substituted 

in the sccond equation givcs 

sin (2 8) = cos (2 8). 

n1r ,r 
Consequently tan (2 8) = l and 8 = 2 + 8. Hence 

x = ±acos(i), ±asin(i), 

y= bcos(¡). -bcos(¡)· 

Art. M. Parametric from Coordinate Equations 

Whcn thc parametric cquations of a curve are givcn its coordi­
nate equation is obtained by eliminating the pnrameter. The con­
verse problem is, given the coordinate equation and the definition of 
a parameter to find the parametric equations. To do this we use 
thc definition of the parameter to obtain at lcast one equation con­
necting the coordinates and the parametcr. This and the co­
ordinate equation give two equations in thrce unknowns (two 
coordinates and a paramcter). By solving thesc equations for the 
coordinates we obtain the parametric equations. 

Example l. Find parametric equations of the curve 

xi +113 = xy, 

using the ratio y/x as paro.meter. 
Call the parameter t. Thcn by hypothesis 

(1) !J. = t. 
X 
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This and the equation of the curve, solved si.multaneously, give 

t t2 
(2) X = 1 + t3 ' y = 1 + t3 • 

If we eli.minate t from these equations we get the coordinate equa­
tion. Therefore the equations (2) are parametric equations of the 
curve; for if x, y are the coéirdinates of a point on the curve a value 
t = y/x can be found such that x, y, t satisfy the parametric equa­
tions and conversely if x, y, t are any numb'ers satisfying the 
P?-rametric equations then x, y are the coordinates of a point on the 
curve. 

Ex. 2. Find the parametric equations of the curve 

Xy = 2 X + 2 y - 3, 

using as parameter the slope of the line joining (x, y) and {l, 1). 
Call the parameter t. By hypothesis 

(3) t = y - l._ 
x-1 

This and the equation of the curve, solved simultaneously, give 

1 
(4) X=2+¡, y=t+2. 

Conversely, eli.mination of t from (4) gives tbe equation of the 
curve. Consequently, the equations (4) are parametric equations 
of the 11:iven curve. 

Ex. 3. Find parametric equations of the parabola 

X= 1- y2, 

using the parameter <f, defined by the equation y = sin <f,. 
Substituting y = sin <f, in the equation of the curve we get 

x = 1 - sin2 et, = cos2 <f,. The equations obtained are therefore 

x = cos2 ct,, y= sin et,. 

Since x and y given by these equations cannot be greater than 1, 
these are not parametric equations of the whole parabola but only 
of a piece of it. This is due to the fact that when y is numerically 
greater than 1 there is no parameter et, defined by the equation 
y= sin <f,. 
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E:a:ercises 

Plot the curves represented by the following ~arametríc equations and 
determine the correspondíng coordinate equations: 

1. x = 1 + 2 t, y = 2 - 3 t. 8. x = t sin t, y = t coa_ t. 
--2. X= t2, y= 2t. 9. T = COS i2q,), 8 = ~</>• 

1 1 10 t + 8 - t - - · _3, x=t+t' y=t-t· · r= t' - t 

4. x = t2 (t _ 1), y= ti (t+l). 11. r = 4> sin</>,_ 8 = ,t, cos,t,. 
t + 1 t 12. x = a (8-sm 8), ~=a (1-coa 8). 

5. x=t-1' y=t-2° 13. r=tan,t,, 8=81Il(3if,). 

( 
1r) x=a(3cos<1>+cos34>), 

6. x=sin,t,,y=sin <1>+6 · 14· y=a(3sin,t,-sin34>). 

7. x=sec,t,, y=tan,t,. 

15. Plot two turns oí the curve 
. (7 'lf</>) x = cos,t,, y= sm 22 

and show that the complete curve passes índefinítely near any point 
within a unít square. 

16. Fínd the polar parametríc equations oí the curve 
x = tcost, y= tsint, 

usíng the same parameter. 
17. Fínd rectangular parametríc equations oí the curve 

r = t2, 8 = 1 + t. 
18. Show that x = sin t, y = cos (2 t) and x = sin (2 t), y = cos (4 t) 

are the same curve. 

19. Arex = t +{,Y= t -{andx = 2' + z--t, Y= 21 - z--t thesame 

curve? 

20. Are x = t + i' y = t - i and x = cos 8 + sec 8, Y = coa 8 -

sec 8 the same curve? 
Fínd the intersections oí the following pairs oí curves: 

x=acos8l x=a,t,cos</>l 
21. ;:;tl,x3+v3= 8xy. 23· y=asin8' y=a,t,sin,t,j ' 

x = 5cos9l x = 1 +t¡ x = 2acos2,¡, ~ 
22. y=5sin9 'y=2+t. 24. _2acos3,t, ,r=4acos9. 

Y - sin</> 

25. Find rectangular parametric equations oí the_ c~cle, _radíus a, 
wíth center on the x-axis and passing through the or1gm, usmg as pa.­
rameter the polar coórdínate 9. 
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26. Find parametric equations for the parabola 
y2 = 4x, 

using the ratio 1t as parameter. 
X 

27. Find parametric equations oí the ellipse 
z2 y2 
a2 + b2 = 1, 

using the parameter <J, defined by the equation x = a cos <J,. 
28. Find parametric equations for the hyperbola 

z2 yt 
a2 - b2 = 1, 

using the parameter <J, defined by the equation x = a sec <J,. 
29. Find parametric equations of the curve 

xi +yf = al, 

using the parameter <J, defined by the equation x = a sin3 <J,. 
30. Find parametric equations of the curve 

y2 + 4 y = x3 - 2 X2 + X - 4, 

Chap. 7 

using as parameter the slope of the line joining (x, y) and (1, -2). 

Art. 66. Locus Problems 

The Cycloid. - When a circle rolls along a straight linea point of its 
circumference describes a curve called a cycloid. 

wt a c¡ircle of radius a and center C roll along the x-axis (Fig. 
55a). wt N be the point of contact with the x-axis and P (x, y) 

y 

Fm. 55a. 
X 

the point tracing the cycloid. Talce as origin the point O found by 
rolling the circle to the left until P meets OX. Talce as parameter 
the angle NCP = <J,. Since the point of contact moves the same 
distance along the circle as along the straight line, 

ON = arcNP = aq,. 

Art. 66 Locus PROBLEMS 

Consequently 
x = OM = ON - MN = ON - PR = a</>- asin<J>, 

y = MP = NC - RC = a - a cos </>. 

The parametric equations of the cycloid are then 

x = a(</> - a sin</>), y = a (1 - cos </>). 
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The Epicycloid. - When a circle rolls on the out:side of a fixed circle 
a point on its circumference describes an epicycloid. . . 

wt a circle of radius a and center C roll on the outs1de of a circle 
of radius b and center O. wt N be the point of contact and P (x, y) 
the point describing the epicycloid. wt A be the point ob~ined 
by rolling the moving circle backward until P meets the fixed mrcle. 

Frn. 55b. 

wt o be the origin, OA the x-axis. wt OCP = 8 and take as pa­
rameter the angle AOC = <J>. Since the point of contact moves the 
same distance along both circles are AN = are N P and conse­
quently b<J> = a8. Also 

RCP = OCP - OCR = 8 - (~ - <I>) = 8 + <I> - i' 
Therefore 

x = OM =OS+ RP = OC cosq, + CPsin (RCP) 

= (a+b)cos<J>-acos (8+<!>) = (a+ b) cos</> .:.._ acose!b <I> )· 
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Y= MP = SC - RC = OCsinq, - CPcos (RCP) 

= (a+ b) sin</>- a sin (0+ q,) =(a+ b) sin q, - a sin(ª! b q, ). 

The parametric equations of the epicycloid are then 

X= (a+b) cosq,-a cos (ª 1 b q,), y= (a+b) sin q,-a sin(ª! b q, ) . 

Ei:ercises 

~- A ~ircle of radius a moves with its center in the x-axis and a 
stra1ght line_ passes_ through the center of the circle and a fixed point 
on ~he y-ruas. Usm? as pa~ameter the angle between the line and 
y-at~' finfd par~me!nc equatíons for the curves traced by the inter­
sec 1ons o movmg line and circle. 

2. Let 1-B be a given line, O a given point k units distant from AB. 
D~a"'. any hne through O meeting AB in M and !et p be the point 
this line such that on 

OM •MP = k1• 

Find the parametric equations of the Iocus of p using o as th · · 
th di I f O . , e ongm, 

e perpen cu ar rom to AB as x-axis and the angle between ax 
and OP as parameter. 

3. Let _OA b~ the diameter ?f a fixed circle and LK the tangent at 
A. A variable line through O mtersects the circle at B and LK t c 
Through B draw a fu_ie parall~l to LK and through Ca line perpendi:ula~ 
to LK and call the mtersect1on of these lines P. The locus of p · 
curve called the witch. Find its parametric equations using the t~n~ 
gent at O as x-axis and the angle from the x-axis to OC as parameter. 
Also find the rectangular and polar equations of the curve. 

~- Let _O be the center of a circle, radius a, A a fixed point and B a 
m~vmg pomt ~n the circle. If the tangent at B mcets thc tangent at 
A m C ~nd P IS the middle point of BC, find the equations of the locus 
oí P _usmg the angle AOB as parameter. Aiso find the rectangular 
equation. 

5. OBCD is_ a rect~gle with OB = a, BC = c. Any line is drawn 
through C meetmg OB m E and the triangle EPO is constructed 80 that 
thc angles CEP and EPO are right angles. Find the Jocus oí p using 
the angle DOP as parameter, OB as x-axis and O as origin. & find 
the rectangular equation oí the locus. 

6._ A (O, ~a) and B (O, a) are two fixed points on the y-axis. H is 
a va~iabl? ~omt on the x-axis. BK is the perpendicular from B to All 
meeting 1t m _K . . Through K a line is drawn parallel to the x-axis and 
through H a line 18 drawn parallel to the y-axis. These lines meet in P. 

;.. 

.. 
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Find the equations of the locus of P using the angle BAK as parameter. 
Also find the rectangular and polar equations of the locus. 

7. Let OA be the diameter of a fixed circle and LK the tangent at A. 
Through O draw any line intersecting the circle in B and LK in C and 
Jet P be the middle point oí BC. Find the equations of the locus of P, 
using the angle AOP as parameter, OA as y-axis and O as origin. Find 
the rectangular and polar equations of the same curve. 

8. OA is a diameter of a fixed circle and LK the tangent at A. 
Through O any line is drawn meeting the circle in B and LK in C. 
Through B a line is drawn perpendicular to OA meeting it in M. MB 
is prolonged to P so that MP = OC. Find the locus of P. 

9. CD is perpendicular to OX and distant a units from O. A is a 
moving point on CD. AB is drawn perpendicular to OA meeting OX 
in B. BP is perpendicular to OX meeting OA in P. Find the locus 
oí P . 

10. Through a moving point B on a fixed circle lines from the ends 
of a diameter are extended a distance equal to the radius to forro the 
sides of a square whose diagonal is BP. Find the locus of P. 

11. The sides of a right angle are tangent to two fixed circles. Find 
the locus of the vertex. 

12. Through two fixed points lines are dra.wn to forro an isosceles 
triangle with its base in a fixed line. Find the Iocus of their point of 
intersection. 

13. The angles of a triangle are A, B, C and the opposite sides are 
a, b, c. lf the vertex A moves along the x-axis and B along the y-axis 
find the locus of C, using the angle between the side AB and the x-axis 
as parameter. 

14. A string is wound around a circle and the end fastened at the 
center of the circle. A pencil resting against the string keeps it taut. 
Find the curve described as the string unwinds from the circle. 

15. When a wheel rolls along a straight line any point in a spoke 
describes a trochoid. Let the wheel roll along the x-axis and use as 
parameter the angle (/¡ in the equation of the cycloid. Find the para­
metric equations of the trochoid described by the point at distance b 
from the center oí the circle. 

16. A hypocycloid is the locus described by a point on the circum­
ference of a circle which rolls internally on the circumference of a fixed 
circle. Find the parametric equations of the hypocycloid when the 
radius of the moving circle is ¼ that oí the fixed circle, using a parameter 
analogous to that in the equations of the epicycloirl. 

17. A circle with center at the point (2, O) intersects a circle with 
center (O, 2) in a point of the line x = 3. Find the locus oí the other 
point of intersectio11 of the two circles. 


