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4 Th fil · · 
I 
. e o º"'.mg table g¡ves the electromotive force E in mi 

vo ts, produced m alead a d dmº h ' cro­diff . n ca mm t crmo-electric couple when the 
exence m temperature between the junctions is Oº C. 

8 = -200 -100 O 100 200 
E= 50 -140 O 475 1300 

300 
2425 

5. The following tabl · h . e g¡ves t e number of grams s of anhydr 
ammoruum chloride which dissolved in 100 ous 
saturated solution at Oº absolute temperature. grams of water make a 

o= 273 283 288 293 313 s = 29.4 33.3 35.2 37.2 333 353 373 45.8 55.2 65.6 77.3 

::~:;e ;:;t;~:~~~~: ~:~!~!:!!r:b~:~~:~!: ~ ~n fl~!e~:~~; 

cycle pex ~e~;~;.quare mch, and p is watts Iost per cubic inch for one 

::w ~ oo ~ ~ rn 
- 0.0022 0.0067 0.0128 O.OW2 0.0289 0.0387 

.7· The observed tempexatures O of a v 1 . . 
t, m minutes from the be • . ess~ oí cooling water at tlfiles 
ing table: ' gmrurrg of observation are given in the follow-

t = O 1 2 3 5 7 10 15 "" 
9 = 92º 85.3º 79.5º 74.5º 67º ,w . 00 · 5º 53. 5º 45° 39. 5º 

8. Measurements s'howing tb~ decav in ct: . , . '· 
are given in the following table: • a mty of radium emanation 

~ein hours O W.8 187.6 354.9 521.9 786.9 
ativeactivity=lOO 85.7 24_0 6_9 l. 5 0_19 

CHAPTER 6 

POLAR COORDINATES 

Art. 45. Definitions 

W e shall now define another kind of coordinates called polar. 
Let O (Fig. 45a) be a fixed point and OX a fixed line. The point 
' 

º~h.~ 
Fxo. 45a. 

O is called the pol,e, or origin, the line OX is called the initial line, 
or axis. The polar coordinates of a point Pare the radius r = OP 

and the angle 8 from OX to OP. 
The angle O is any angle extending from OX to the line OP, the 

angle being considered positive when measured in the counter-clock­
wise direction (Fig. 45a, 1 or 2) and negative when measured in 
the clockwise direction (Fig. 45a, 3) . 

The radius r is considered positive when OP is the terminal side 
of O (Fig. 45a, 1 or 3) and negative when O terminates on OP pro-

duced. 
A given point P is seen to have many pairs of polar coi:irdinates, 

O being any angle from OX to OP. A given pair of polar coi:irdi­
nates, however, determines a definite point obtained by constructing 
the angle 8 and laying off r forward or backward along the terminal 

side according as r is positive or negative. 
The point whose polar coi:irdinates are r, 8 is represented by the 

symbol (r, O). To signify that P is the point (r, O) the notation 

P (r, 8) is used. 
113 
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~xample l. Plot the point p ( _ 1 , -br·) 
pa1rs of polar coordinates. ' 

Chap. 8 

and find its other 

The point is shown in Fig. 45b. The anglo -l 1r terminates on 

í' : produced. The anglo XOP is cqual to ¾ 11". 

Y other angle terminating on OP or OP 
duced diffcrs from one of these only b . _Pt~ ~ . yapo~11ve 

\' or negabvc multiple oí 21r. Any such angle thcn 
' has one of thc forms 2 mr - ¼ 11" or 2 mr + -ª 1r 

Fm. 45b. whcre n is ·t· ' ' a poSI ive or nogative intcgcr 
Consequently any · f · 

of p has one of the forms prur o polar coordinates 

(-1, 2 n1r-¡), (1,2mr+!1r)• 

Ex. 2. Plot tho point who,e poi .. din Th •· • ., ar coor ates are (3 4) 
e coordmates of the point are ' . 

r = 3, 8 = 4. 
This meaos that thc circular measur f 8 . 
imately 229° A r . e O 18 4- The angle is approx-
thc line the. po· tmPe ~ dlrawn making this angle with OX and on 

w. IS ocated at a d" t 3 (Fig. 45c). IS anee from the origin 

Fio. 45c. Fto. 45d. 

Equatio.n of a Locus. - The polar t. f 
t 

equa 10n o a locus (lik . 
rec angular cquation) is satisfied b . .. . e its • Y a pair of coordinates f 
pomt on the locus and not satisficd b .. . o every 
point not on the locus. Y thc coordinatc:i of any 

Example l. Find the polar equation of th r 
perpendicular to the initial line. e me through A (a, O) 

Let p (r, 8) be any point on the lm' e 
secn that · From Fig. 45d it is 

rcos8 = a. 

Art. '6 DEFI:SITIO:SS 

Conversely, any point whosc coordinatcs satisfy this cquation lies 
on the line, for thc equation cxpres.~cs that the projection of OP on 

OXis a. 
Ex. 2. Find the polar cquation of the circlc whosc dinmcter is 

the segmcnt from the origin to 
the point A (a, O). 

Let P (r, 8) be any point on 
the circle (Fig. 45e}. In thc right 0~~--,,----+--,--~X 

~~ruP A~ 

r = OP = OA cos 8 = a cos 8. 

Convcrscly, if r = a cos 8, thc Fm. 45e. 
an11:le at P is a right anglo and P 
lies on the circle. Hcnce r = a cos 8 Í:l thc equation rcquircd. 

Exercises 

l. Plotthcpoints(0,30º),(1,40º),(-2,¡),(3, -i),(-4, -730º). 

2. Plot the points whose polar coordino.tes are (1, 1), (-1, 2), 

c2, -3), c✓2. v'a>. 
3. Show graphically that the points (2 V2, O), ( 2, ¡), ( 2 V2, ;), 

(oo, ! T) lie on a line. On this line who.t value of r corrcsponcls to 

9 = !T? 
4. Show grnphically that thc points (O, O), (1 V3, 60°), (3, 90º), 

( -t, 210º) lic on o. circle. Who.t is its radius? 

5. Show that ( 1, ~) and (- I, - ~) are the same point. Give other 

pairs of coordina.te;; oí this point. 
6. Givcn the point P (r, 9), find thc coordinates of the point Q 

ü P and Q are symmetrical with re;pcct to thc initial linc; symmetrical 
with respcct to the origin; symmrtrical with respect to the line through 
thc ori~n perpendiculnr to the initial line. 

7. Find thc polar rquation of thc linc through the origin making an 

angle of i ";t h the initial line. Doc.-; ( 2, ¡ T) lie on the line? Do its 

tcoordinates satisfy thc equation? 
8. Find the cquation of the circle, radius a, with centcr at thc origin. 
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9. Find the polar equation of the line parallel to the initial line and 

passing through the point (a,;)-
10. Find thc polar equation of the circle, radius a, tangent to the 

initial line at the origin. 

Art. 46. Change of Coordinates 

The same point can be represented by rectangular or by polar 

y p 

11 

coordinates. It is sometimes desirable to 
use both systems simultaneously. In this 
case the x-axis is usually coincident with 
the initial linc and the origin of rectangular 

-.,0=l'--~
8
---=x,--~----=-=x coordinates is thc pole. A point P (Fig. 

Fra. 46a. 46a) then has four coordinates, x, y, r, fJ. 
These are connected by severa! equations 

the most important of which are 
x = r cosfJ, 

y= rsin e, 
r = :v'x2+y2,¡ 

tanfJ = -. 
X 

(46) 

By the use of these equations (or, better, by the use of Fig. 46a) 
any expression in rectangular coordinates can be converted into one 
in polar coordinates and conversely. 

Example I. Find the polar equation of the circle x2 + y2 = x + y. 
From Fig. 46a it is seen that 

x2 + y2 = r2, x + y = r cos 8 + r sin 8. 

Hence the polar equation of the circle is 

r2=rcos8+rsin8 
or 

r = cos 8 + sin 8. 

Ex. 2. By changing to rectangular coordinates show that 

r (2 cos 8 + 3 sin 8) = 4 

is the polar equation of a straight line. 
Since r cos IJ = x, r sin 8 = y, the rectangular equation is 

2x +3y = 4, 

which is the equation of a line whose intercepts are x = 2, y= 1· 
' 
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Art. 47. Straight Line and Circle 

. L' - Let LK (Fig. 47a) be the line Polar Equation of a Stra.ight me. . 
. and let OD be the perpendicular upon it K 

from the origin. Let 
OD = p, XOD = a. 

If p (r, fJ) is any point on the ~e, OP = r, oLJ.:.....---'"<;--v 
XOP = fJ. In the right triangle DOP, 

OP cos (DOP) = OD, that is, L 

r cos (fJ - a) = P, (47a) F.ro. 47a. 

which is the equation required. h . 1 asses through the origin 
. f a Circle _ If t e crrc e P 

Polar Equation o · . ( ) Let A be the 
·ts d'us be a and its center a, ex . 

(Fig. 47b) Jet i ra i d f the diameter through the origin 
en o . t the 

P Cr,8) and Jet p (r, fJ) be any pom on 
circle. In the triangle AOP, 

OA = 2 a, OP = r, AOP = fJ - a. 

• Since OP = OA cos (AOP), the equation 
~::._---r--X of the circle is then 

r=2acos(fJ-a). (47b) 
Fra. 47b. . 

t through the origin (Fig. 47c) Jet its If the circle does no pass 
radius be a and its center C (b,_(3). ~ P 

p (r 9) be any point on the crrcle. 
' - OP2 + OC'2 -the triangle COP, CP2 -

2 OC. OP cos (COP), that is, 
a2 = r2 + b2 - 2 br cos (0 - (3), 

which is the equation required. 

Art. 48. The Conic 
o 

· in such a The locus of a point moving . . !i'IG. 47c. 
. d . ta f om a fixed point is 

way that its is nce r ¡; ~,,d t a;nht line is called a conic. . . d' tance from a J"""" s r .,,, 
proportwnal to its is th fixed line a directrix of the 
The fixed point is called a focus, e 

X 
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come. . The constant ratio is callc<l thc eccerúricüy of the curve 
The cllipsc, parabola and bypcrbola are ali conics Tl .• 
refers to the fact that anv scction of a . . . ie name CODlc 

• J cone 1:; a come. 
Let p be any pornt on .ª conic whose focu:i is F and dircctrix RS 

R (Fig._ ~Sa). If e is the ecccntricity, the 
defimtion of thc cun·c is 

FP = eNP. 

Take F as ._origin and the line through F 
perpendicular to RS as thc x-axis. Let 

Dr---,1-~-M~ DF = k. Then 

FP=r, NP=DF+FM=k+rcos8. 

s Hcnce 

Frn. 48a. r=e(k+rcosO), or r= ~ -- . (48a) 
1 - eco:;8 

~ Íll the ~uation of the conic with focus at thc origin and direc­
perpeoclicular to the initial linc at thc point (-k, O). 

Change to rectangular coéirdinate; using F . . 
x-axis. Thcn , as origrn and DF as 

r = Vx2-+ y2, 

Equation (48a) can be writtcn 

r COSO= X. 

Conscqucntly, 
r = ke + recose = e (k + x). 

x2 + y2 = e2 (k + x)2. 

The Elli S pse. - uppose e< l. Let a be greater than b and 
~ b2 

e= a ' k = Va2 - b2. (4&) 

Equation (48b) is then equivalent to 

(x- V~)' y2 
a2 + b2 = l. 

R 

B ' 

FIG. 48b. 

(48b) 

This is thc equation of an ellipsc with semi-axes a ancl b d . 
· h · nn rnaJor 

axis or1zontal. S~cc ª. and b can have nny values it follows, con-
vcrsely, that any cllipsc U! a conic with cccentricity lcss than unity. 
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The center of the cllipse is (v' a2 - b', O). Since the origin is 
the focus thc distance from the ccnter to the focus is thcn 

e= v' a2 - b2. (4&1) 

This shows that FB = a. By symrnetry thcre is anothcr focus at 
the same distance on thc opposite side of the ccntcr. Hcnce an 
ellipse has two foci on the major axis at a distance from the cnds 
of the minor axis equal to the semi-major axis. 

The Parabola. - Suppose e = l. J...c-t 
k = ½ a. Equation (48b) is then equiva­
lent to 

y' = a (x +¼a). 
This is a parabola. Since a can have any 
value, it follows, conversely, that any 
parabola is a conic with eccentricity 
equal to unity. The vertex of the parab­
ola is (-¼ a, O). The distance from the 
vertex to the focus is then equal to thc 
absolute value of ¼ a. Consequently, a 

FIG. 48c. 

parabola y' = ax has a focus on its axis at the distancc ! a from 
the vertex (Fig. 48c). 

The Hyperbola. - Suppose e > l. 

Let 

Va1 +b' e=--- , 
a 

k = b2 
Va2+ b2 

(48e) 

Equation (48b) is then equivalent to 

(x + VHb2)2 y' 
a' - b2 = l. 

Frn. 48d. This is the equation of a hyperbola 
with semi-axes a and b and transverse axis horizontal (Fig. 4&1). 
Since a and b can have any values it follows, converscly, that any 
hyperbola is a conie with eccentricity greater than unity. 
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. The center of the hyperbola is (-v' a2 + b2, O). Since the origin 
JS the focus the distance from thc center to the focus is then 

{48/) 

By ~ctry thcre is anothcr focus at the same distance on the 
other s1de of the centcr. Thcrefore, a hyperbola has two foci on its 
transverse axis ata distance from its ccnter equal to half the diagonal 
of the rectangle on its axes. 

Ei:ercisea 

Determine the loci represente<l by the foUowing equations. Con­
struct the graphs. Change tQ rectangular coordinatcs. 

" l. TCOS9 = -2. 
2. rsin 9 = 3. 

3. r=sec(9+¡)· 

4. 11 = -h. 
5. T = 3cos9. 
6. r = 4sinll. 

7. r = 2sin(9 - ¡)· 
8. r = cos 9 - sin 11. 
9. T = -2. 

10. r2 - 4rcos( 11 - i) + 3 = o. 
11. r2-2r (cos11+sin11)+l=O. 
12. r (2 - cos 9) = 2. 
13. T (2 - 3 COS 11) = 6. 

· 14. r(l -cosll) = 3. 
15. T (1 + sin 11) = - 2. 
16. r (1 + sin 9 + cos 9) = 4. 
17. r = 2 sec 11 - 3 Cl!C 11. 
18. T COS (211) = sin 11. 

Determine thc polar equations of the following Joci: 

19. y= 2x - l. 
20. y! =h. 
21. x' + yt = 2 x. 

22. xy = 7. 
23. x2 - ¡/ = I. 
24. xt + yt = 4 X + 4 y. 

bo
25. 1:_in~ the polar equations of the circlcs oí raclius a tangent .to 

. th coorclinate axell. 

26. Find the polar equation oí the parabola with focus at the origin 

and vertex ( -2, i)· 
27. Find thc po~ equation oí thc ellipsc with focus at the origi 

(

cen~r on the y-8.XIB, eccentricity J, an<l passing through the po::t 
1, a)· 
28. Find the eccentricity of the rectangular hyperbola zt _ ,; • a•. 
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Art. 49. Graphing Equations 

To plot the graph of a polar equation make a table of pairs of 
values satisfying the cquation, plot the corrcsponding points and 
draw a smooth curve through thcm. It may be useful to look for 
any of thc things mcntioncd in connection with plotting in rectangu­
lar coordinatcs. In most cases, howcvcr, it is sufficicnt to imagine 
8, beginning with sorne definite value, to gradually increase and 
determine at each instant merely whether r is increasing or de­
creasing, draw a curve on which r varies in thc proper direction and 
mark accurately the points where r is a maximum, mínimum or 

Flc. 49a. 

zero. Proceed in the same way with 8 decrcasing from thc initial 
value. 

Example l. r = 8 + l. The curve passes through the origin 
at 8 • -1. As 8 incrcaBC$ from this value, r is positive and 
steadily increases. Whilc thc angle makcs a complete turn about 
the origin, r is increascd by 2 1r. This part of the curve (indicated 
by the continuous linc, Fíg. 49a) thus consists of a series of expand­
ing coils. Values of 8 less than -1 givc negative values of r (indi-
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cated by the dottcd line). Ang)cs 8 = -1 ± k givc nwnerically 
equal valucs of r. In particular, whcn k is an odd multiple of ½ ,r the 
resulting points coincide. Hence thc two sets of coils cross on the 
linc perpendicular to 8 = -1. A curve likc this containing an 
infinite number of coils is callcd a spiral. 

Ex. 2. Thc cardioid r = a (1 + cos 8). 

The curve is shown in Fig. 49b. As 8 increases from O to ½ ,r, r 
decreascs from 2 a to a. As 8 increascs from ½11' to 1r, r decrcases 
to O. Sincc cos 8 cam10t be less tban -1, r docs not become nega­
tive. As 8 gocs from 11' to 21r, r incrcases from O to 2 a. Since 

X 

FIG. 49b. 

cos (8 + 2,r) = cos 8, valucs of 8 greater than 21r and negative 
values give points already plottcd. 

Ex. 3. Thc lemniscate r2 = 2 a2 cos (2 8). To each value of 8 
correspond two valucs of r cliffering only in sign. The curve is 
thcrcfore symmctrical with respect to the origin. Also angles 
differing only in sign give thc same values of r. Hcncc thc curve 
is symmetrical with rcspcct to the initial line. As 8 incrcases from 
O to ¼ 1r, r varies from ±aV2 to O. Whcn 8 is bctween ¼ 1r and ¾ 1r, 

cos (2 8) is negative and and r is imaginary. As 8 increases from ¾ r 
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to r, r gocs from O to ±aV2. · Values of 8 grcater than ,r and nega­
tive values of 8 give points already plottcd (Fig. 49c). 

Fla. 49c. 

/T\ 
' ' 1 : 1 : 
' ' ' 
\ ! / 

' / ¡ \ 
' ' ' ' ' 1 1 • 1 \ ¡ : 
• ' I 
\ ' , ........ , 
Flo. 49d. 

Ex. 4. r = a cos (2 8). Thc maximum, minimum and zero values 
of the cosine occur whcn the anglc is zcro or a multiplc of ½ 1r. 
The most important points on the curve are thcn the following: 

11' 3 5 
3r, 

7 
41r, 28 = o, 2' 11', 211'' 21r, i,r, 211'' 

11' 11' 3 5 3 7 
21r, 8 = o, 4' 2' ¡11', 11', ;¡11', 211'' ¡1r, 

r = a, o, -a, o, a, o, -a, o, a. 

V alues of 8 grcater than 211' give points alrcady plotted (Fig. 49d). 
Ex. 5. r = a scc (il 8). If 8 is increascd by 411' the value of r is 

not changed. For 

asee rn (8 + 41r)] = asee (il 8 + 61r) = asee (il 8). 

The whole curve is then obtaincd by plotting points from 8 = O to 
8 = 411'. The most import:mt points are 

3 11' 
-8 = O 2' 1r, 2 1 ... ' 61r, 

11' 2 
8 = o, 3' 311'' ... ' 
r = a, +oo, -oo, -a, -00 1 +oo, ... ' a, 
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where + oo, - oo meaos that as 8 incrcases to½ r, r becomes i~dcfi­
nitely large and positive, while as 8 dccreases to ! r, r becomcs in­
definitely largc and negative. The curve is shown in Fig. 49e. 

. 
\ . . 

\ 

\ . 

, , 
,' , , , , 

I 

Fto. 49e. 

Ex. 6. r2 = a2 sin (8). 

Á 

X 

Fio. 49/. 

The curve (Fig. 49J) is symmetrical with respect to the origin. 
When 8 increascs from O t-0 ½ 1r, the positive value of r increases 
from O to a. As 8 mercases from ½ 1r to .1r, r decreases to O. 
Betwecn 8 = 1r o.nd 8 = 2 1r the sine is negative o.nd no point is 
obtained. Xegative values of 8 and those grcater than 2 1r give 
points already plotted. 

Art. 60. Intersection of Curves 

H the polar coordinates of a point satisfy the equation of a curve, 
the point lies on the curve. A point may, however, lie on a curve 
although its coordinates (as given) do not satisfy the equation of 
the curve. This happens because a point has severa! po.irs of polar 
coordinates. One of thcse pairs may satisfy a given equation while 

another does not. Thus the point B(1, - ~) lies on the curve 

r2 = a2 sin (8) (Fig. 491) but its coordinates do not satisfy the equa-
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tion. Thc coordinatcs ( -1, i) represcnt the same point and satisfy 

the equation. . . 
To find the intersections of two curves we solve thcrr equations 

simultaneously. The pairs of coordinates thus obtained represent 
points on both curves. There may, however, be other points of 
intersection. This happens whcn sorne of the pairs of polar co­
ordinatcs representing a point satisfy one equation, other pairs 
satisfy the other, but no pair satisfies both. In finding the inter­
sections of curves represented by polar equations the graphs should 
alwayis be drawn. Any extra interisections will tlien be seen. 

· Example l. Show that thc point ( a, J) lies on the curve r2 = 

a2 sin (3 8). 
1r • 

The coordinatcs given do not satisfy the equation, for 8 = 2 gives 

r2 = a2 sin(~ 1r) = -a2• 

The point ( a, i) can~ however, be written (-a,~ 1r) and in this forro 
its coordinate.s satisfy the equation (Fig. 50a). 

X 

F10. 50a. · F10. 50b. 

Ex. 2. Find the intersections of the curves r2 = a2 sin 8, r = a. 
Solving simultaneously, we get 

a'sin8 = a2
• 

Consequently sin 8 = 1 and 8 = i ·. One point of intersection Ü! 

/ 
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thcn A (a,~). It is sccn f;om the figure that B (-a, ~ir) i, also a 

point of inter:;ection. 

Exercises 

Plot the following paira oí curves: 

l. r = sin O, y = sin x. 3. r = tan O, y = tan x. 
2. r = COd o, y = cos X. 4. r = sec o, y = isec x. 

Sketch the graphs oí the following equntions: 

5. r = O. -. 19. r = 1 + cois (18). 
6. T = 1 - 8. 20. T = 4 + 5 COS (5 8). 

7. r=!, - 21. r=l-2cos(t8). 
O 22. r = sin8cos8. 

8. T = 28
, (8) 

9. r = a sin (2 8). 23. r =. sinª 3 . 
10. r = a cos (3 O). 24. r2 = 2 a2 sin (2 8). 
11. r = a (1 + sin 8). 25. r2 = 1 + sin 8. 
12. r = a (2 + sin 8). 26. r2 = tan (2 8). 
13. r = a (1 + 2 sin O). a a 

•
14. r=asin(o-'!.4)· 27. r= coso+iime· 

28. rsin8=acos(20). 
15. T = a CO:; (} 8). 1 

16. r = a tan ( f 8). 20 + 1 
29. r= - • 17. r=a(l+sin20). 1 

18. T = a (1 + 2 COS 3 8). 2B - 1 

30. Sh?w that the point (1, t 1r) lics on the curve r = sin (2 8) but 
that the coordinates given do not satisfy the equalion oí the curve. 

31. Show that the point ( I, f 1r) líes on thc curve r = -2 ~in-a) 
but that the coordinatcs given do not satisíy the equation oí the curve. 

32. Show that if a is a constant the equations 

1 1 
T=acos8+1' T=acose=-I 

represeÍlt the same curve. 
33. Show that the equations r2 = a2 cos2 (2 8) and r = a cos (2 8) 

represent the same curve. 
34. Why do the equations r2 = ar cos 8 and r - a coe J represcnt the 

same curve? 

Plot the following paira of curves and find their points of interscction: 

35. r = 2scc(o -¡), r =.2s('c(o + i)· 
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36. r sin 8 .,. a, r cos 8 = a. 

37. r4 = a2 sin 8, r2 = a2 sin (3 O). 
38. r = a sin (28), r = a(l - cos38). 
39. r2 = 2 a2 c<ll! (2 O), r = a. 

Art. 61. Locus Problems 

In finding the equation oí the locus of a moving point, either 
polar or rectangular coordinatcs can be uscd. The systcm should 
be choscn which scems to fit thc 
problcm be.::;t, making a chango of 
coordinatcs in the resulting cqua­
tion if nCCP'-"Arv, li the positions 

-J O.é::----"'-+--+-----;-=x 
of origin and axes are not specified 
thcy should be placed in the most 
convcnient position. This is usually 
(though not always) the most sym­
mctrical position. 

FIG. 51a. 

Example l. Through a fixed point O draw a line intersccting a 
fixed circle in Q1 and Q2 (Fig. 51a). On this line determine tho 
point P such that 

2 1 1 
-=-+-· 
OP OQ1 OQ2 

Find tho locus of P as OP turns about O. 
Talco the origin at O and tho initial lino through the ccnter 

(b, O) of thc fixed circle. Let Q1, Q2, and P be (r1, 8), (r,, o), and 
(r, 8) rcspcctively. By hypothcsis 

2 1 1 2 T1T1 
-=-+-, or r=--· 
T T¡ T2 T¡ + T2 

Tho equation of thc fixcd circlc is r2 - 2 rb cos 8 + b2 - a2 = O, 
that is 

r = bcos8 ±V~2 - lrsin2 8. 

Tho two valucs of r in this equation are r1 and r2. Hence 
r 1 + r2 = 2 b cos 8, r1r2 = b2 cos2 O - (a2 - b2 sin2 8) = b' - a2• 

Therefore 
b2 - a2 bt - at 

r = --- = ---sec8 
bcos0 b 
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1S thc equation of the locus describcd b p I . . . 
through the points at which lin Y · t IS a strrught line 

E 2 es through O are tangcnt t th . l 
x. . A point moves so th t th o e Cll'c e. 

two fixcd poin• . . al a e product of its distances from 
""' IS equ to thc squar f h lf . 

them. Find it.s locu.s. e o a thc distancc between 

Takc thc x-axis till'ough the fixcd . 
wa.y between thcm. Let thc dist pomts and thc origin mid-
2 a. If p (x ) . . anee betwcen the fixed points be 

A'P. AP = '¿A2~ :ny pomt on thc locl.lli (Fig. 51b), by hypothcsis, 

Squaring, 
v' (x - a)2 + y2 V (.r + a)2 + y2 = a2. 

(.rt + y2 + a2)2 - 4 a2.r2 = ac 

Changing to polD.r coordinates · 
' 

QvC;S 
~X 

(r2 + a2)2 - 4 a2r2 cost O = ac , 
or r2 = 2 a2 (2 c~s2 O - I) 

= 2 a2 cos (2 O), 

Fxo. 51b. 
which is the cqua.tion of a lemnis­
catc. 

Exercises 
1 LK · • IS a fixcd straight linc pcrpcndicul . . . . 

(a, O). On any fine through th . . . ar _to the uutial !me at 
a point p such that e ongm, mt<'nscctmg LK in Q, is takrn 

0P·0Q = a'. 
Find the l°?us oí p as 0Q turns about O. 

2· LK is a fixcd straight li . 
A (a, O). Any linc through O~ctperpend1cula_r to thc initial linc at 
tak this . m ensccts LK m Q and . . en on line such that a pomt p is 

PQ =AQ. 

F~ind the lo~us of p as 0Q turns about O. 
3. A pomt p moves in such a . 

point O multiplied by its dista way that its distance from a fixed 
constant. Find the locus oí p nce from a fixcd straight line LK is 

"': 4. A segment of fixed length slid . h . . 
Fmd the locus of the foot of th~ ef!iJ w1t. its ends m the x and y axes. 
moving scgment. p rpend1cular from the origin to the 

5. A rcvolving line passing through the center of a fixcd circle 
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intcrsects thc circlc in a point P1 nnd a fixc<l straight line in P2• Find 
the locus de:.cribcd by the point midway bctwcen P1 and P2. 
_ 6. Let 0A be the diametcr of a fixc<l circlc and Jet LK be tangcnt to 
thc circlc at A. Through O draw any linc intcrsccting thc circlc in D 
and LK in E. On 0E lay off a distnncc 0P cqual to DE. Find the 

Iocus oí P as OE turas nbout O. 
7. From a point O on a fixed circlc pcrpcndiculars nrc droppcd upon 

thc tangents of thc circle. Taking O as origin and the diameter through 
O aa initial line find thc polar cquation of thc curve gcncratcd by the 

feet oí thcsc perpcndiculars. 
\ S. A circle rolls along thc initial line and a line through the ccnter 
of the circle turns about thc origin. Find the locus oí thc inten.cctions 

of the moving line and circlc. 
9. A circle rolls along thc initial line. A line through thc ori¡ñn 

movf!iJ in such a way a.~ to rema.in tangent to thc circle. Find the locus 

oí tbe point of tangcncy. 
-+ 10. Takc a fixcd point O and a fixcd straight line BC. Through O 

draw any linc intcrsccting BC in D and on this linc lay o!T a constnnt 
distancc DP mcasured from D in cither dircction. Find the locus 
describcd by P as thc linc turns about O. 

-+- ll. Through a fixed point O on the circumfcrcncc oí a fixcd circlc 
draw nny linc cutting thc circlc ngain a.t D and lay off on thi:; line a 
constant distancc DP measurcd from D in either dircction. Find thc 

locus oí P as OP turns about O. 
-+ 12. A straight linc 0..:1 of con.stant lrngth rcvolves about O. Through 
,1 a linc is drawn perpendicular to thc initial line inten;ccting it in B. 
Through B a line is drawn perpendicular to 0.-1 intcn;rcting it in P. 
Find the locus of P. 

..,. 13. JfN is a straight line perpendicular to the initial linc at ,-1 (a, O). 
From O a. line is drawn to any point B of .,tN. Througb B a line is 
drawn perpendicular to 0B intersccting thc initial line at C. Through 
C a Iinc is drawn perpendicular to BC intcn;ecting MN at D. Finally, 
through D a linc is drawn perpendicular to CD intcrsccting 0B at P. 
Find the locus oí P. 

14. Two circles whosc ccnters are fixcd and whose circumferences 
touch rota.te without slipping. A line through the center of one circle 
and rotating with it intcrsects a. similar line on the other circle in a 
point P. Find the locus of P. U the radii are incommensurable show 
that the locus passes indefinitely near any point of the plane. 


