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4. The following table gives the electromotive force E, in miere-
volts, produced in a lead and cadmium thermo-electrie couple when the
difference in temperature between the junctions is §° C

0= —200 —100 0 100 200
E= 50 —140 0 475 1300

300
2425

5. The following table gives the number of grams S of anhydrous
ammonium chloride which dissolved in 100 grams of water make a
saturated solution at ¢° absolute temperature,

0=273 283 288 293 313 333 353 373
§= 204 33.3 8.2 87.2 4.8 552 65.6 77.3

6. The hysteresis losses in soft sheet iron subjected to an alternating
magnetic flux are given in the following table, where B is flux density
in kilolines per square inch, and P is watts lost per cubie inch for one
eycle per second.

B =20 40 60 80 100 120
P = 0.0022 0.0067 0.0128 0.0202 0.0289 0.0387

7. The observed temperatures 8 of a vessel of cooling water at times
{, in minutes, from the beginning of observation are given in the follow-

ing table: ‘
t= 0 1 2 3 5 ¥ 10 5 20
0=92° 85.3° 79.5° 74.5°

61° B0:5°  53.5° 45°  39.5°

8. Measurements showing the decay in activity of radium emanation
are given in the following table:

20.8
85.7

Timein hours = 0
Relative activity = 100

187.6° 354. 521.9

9 786.9
24.0 6.9 1.5

0.19

CHAPTER 6
POLAR COORDINATES
Art. 45. Definitions

We shall now define another kind of coérdinat-es called polfzr.
Let O (Fig. 45a) be a fixed point and 0X a fixed line. The point

F1a. 45a.

0 is called the pole, or origin, the line OX is called the ?Initial line,
or axis. The polar codrdinates of a point P are the radius r = OP
and the angle 8 from 0X to OP. _ . :

The ang{:e g is any angle extending from OX to the line OP, the
angle being considered positive when measured in the eountcr—clocl.c-
wisc)direchion (Fig. 45a, 1 or 2) and negative when measured in

cwise directi Fig. 45a, 3).
the clockwise direction (Tig )¢ . oy
The radius 7 is considered positive when OP is the terminal side
of 0 (Fig. 45a, 1 or 3) and negative when @ terminates on OF pro-
: )
duced. . e
A given point P is seen to have many pairs of polar coordln?.t-es',
§ being any angle from 0X to OP. A given pair of polar coor-dl-
nates, however, determines a definite point obtained by collstrue’r:111g
the a,ngle ] ‘mci laying off r forward or backward along the terminal
‘ i i itive or negative.
side according as r is positive or nega : L

The point whose polar codrdinates are 7, 9 is represented by Fhe
gymbol (r, #). To signify that P is the point (r, 8) the notation
v ) H

P (r, 0) is used. 55
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Example 1. Plot th int P(—1"-1 i
pairs of polar oo()rdinuie:.mmt e e -
The point is shown in Fig. 45b. The angle — %7 terminates on
. OP produced. The angle XOP is equal to ir.
X Any other angle terminating on OP or OP pro-
duced differs from one of these only by a positive
(J‘.<.¥ £ or negative multiple of 2. Any such angle then
N has one of the forms 2 nzr — iror2 - + i,
Fre. 45b. \.vlzr.'re n 18 a positive or negative integul‘:
Consequently any pair of polar coérdinates

of P has one of the forms
(], 2nr + j?.')

("I, 2nw —?r)
4 ’

iz, 2. P s point w Ardi
. 2. Plot the point whose polar codrdinates are (3 4)
Plo > (3, 4).
The cobrdinates of the point are

r=3 0=4.
rI‘hls r]no:ms that the circular measure of § is4. The angle is approx-
mmately 229° ine is drawn maki i h 03 '
¥ 229", A line is drawn making this angle with OX and on

the line ! SRl ;
e line the point P is located at g distance 3 from the origin

(Fig. 45¢).

F1a. 4be. Fia. 454,

Equation of a L.ocus.—Tl;r* polar equation of a locus (like its
rectangular equation) is satisfied by a pair of codrdinates of every
[]Ofllt on the locus and not satisfied by the codrdinates of 'm.v
point not on the locus. %

]‘.I(UN‘])[(‘ 1. Find the polar equation of the line through 4 (a 0)
perpendicular to the initial line, i

Let P (r, ) be an i i

iy [y any pomt on the line. From Fig. 454 it i
, g ig. 45d it is
seen that : g

reosf = g,

Art, 46 DEFINITIONS
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Conversely, any point whose codrdinates satisfy this equation lies
on the line, for the equation expresses that the projection of OP on
0X is a. :

Ez. 2. Find the polar equation of the circle whose diameter 1s
the segment from the origin to
the point A (g, 0).

Let P (r,6) be any point on
the eircle (Fig. 45¢). In the right
triangle OAP

P (r,0)

A (a,0)

r=0P = 0A cos = a cosf.

Conversely, if r = a cos 0, the Fra. 45¢;

angle at P is a right angle and P
lis on the circle. Hence r = acos@ is the equation required.

Exercises

1. Plot the points (0, 30°), (1, 40°), (*'—’, "1)'(3! - ;)1 (—4 —730%).

2. Plot the points whose polar cobrdinates are (1,1), (-1, 2),

(2, —3), (V2, V3).
1 g ) 97 ¢ i
3. Show graphically that the points (2 V2, 0), (.2. -i)’ (.2 v 22)’
(0, #7) lic on a line. On this line what value of r corresponds to
0 =4§a? ’,
4. Show graphically that the points (0, 0), (§ V3,60, (3,90%,
(—3%, 210°) lie on a circle. What is its radius?

5. Show that (1, 71—,) and ( -1, — T,) are the same point. Give other

pairs of codrdinates of this point. . )
% 6. Given the point P (r,6), find the cobrdinates of the point @

if P and Q are symmetrical with respect to the initial line; symmetrical
with respect to the origin; symmetrical with respect to the line through
the origin perpendicular to the initial line.

7. Find the polar equation of the line through the origin making an

" . P i . 5 It X .
angle of Z with the initial line. Does (2. l'.'»w) lic on the line? Do its

feodrdinates satisfy the equation?

8. Find the equation of the circle, radius a, with center at the origin.
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9. Find the polar equation of the line parallel to the initial line and
passing through the point [ a, %)

10.- Find the polar equation of the circle, radius @, tangent to the
initial line at the origin.

Art. 46. Change of Codrdinates

The same point can be represented by rectangular or by polar

codrdinates. It is sometimes desirable to
i P use both systems simultaneously, In this
y  ¢ase the z-axis is usually coincident with

the initial line and the origin of rectangular
o ! ~ — codrdinates is the pole. A point P (Fig,
* 46a) then has four cosrdinates, z, , r, 8.

Fia. 46a,

These are connected by several equations
the most important of which are

T =rcosb, r=2xVat
i 4
y=rsind, tanf = % (46)

By the use of these equations (or, better, by the use of Tig. 46a)
any expression in rectangular codrdinates can be converted into one
in polar coirdinates and conversely.

Ezample 1. Find the polar equation of the ecircle 22 4+ =z
From Fig. 460 it is seen that
Pyt =1 24y =7rc080+ rsino,
Hence the polar equation of the ecircle is

™ = rcos 6+ rsing
or

r = cos § -+ sin .
Bz, 2. By changing to rectangular eodrdinates show that
r{2cos8+ 3sing) =4
is the polar equation of a straight line.
Since r cos 0 = z, rsin 6 = Y, the rectangular equation is
2r+3y =4,

which is the equation of & line whose intercepts are ¥ =2, y = $.

“ and let OD be the perpendicular upon it

Art. 48 Tar CoNic

Art. 47. Straight Line and Circle
( (Fi line
Polar Equation of a Straight Line. — Let LK (Fig. 47a) be the

from the origin. Let
0D =p, XOD=a.
It P (r, 6) is any point on the line, OP = 1, 33
XOP = 6. In the right triangle DOP,
OP cos (DOP) = 0D, that is, |
reos (0 — o) = P, (47a)
ich is the equation required. F )
WT,CI; lef;iaEicilon of a Circle. — If the circle passes through t.llmlontg‘;z
# i r (d Let A be th
i s radius be @ and its center (a, o). 5
g e end of the diameter through the origmm
and let P (r, ) be any pomnt on the
cirele. In the triangle AOP,

0A=2a, OP=r, AOP=0—a

Fia. 47a.

P (r8)

Since OP = OA cos (AOP), the equation
of the circle is then

r = 2acos (@ — ). (47b)

s igin (Fig. 47c) let its
If the circle does not pass through the origin (Fig.
radius be a and its center (b,.ﬁ}. Let
P (r, ) be any point on thg circle. nIn
the triangle COP, CP* = QP2 4+ 0C? —
200 + OP cos (COP), that 1s,
7 at =rt4 b — 2breos (8 — B),

P

which is the equation required.

Art. 48. The Conic

The locus of a point moving in such a
’ its distai com a fized poinl 18 :
that its distance from a fize : o , 3
8y Ifionul to its distance from a fizved shraight line 18 callw? a cfmi:he
ortion its dis : e
%TS fixed point is called a focus, the fixed line a direciric O

Tig. 47c.
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conic. The constant ratio is
The ellipse, parabola and hy Ther i
i ‘ ypert lame conie
refers to the fact that any section of a cone is a conie
Let P be any point on a conic w

called the eccentricity of the curve
perbola are all conics,

. hose focus is F and directrix RS
(‘I:g.‘ ‘.{;\a,-_ If ¢ is the eccentricity, the
definition of the curve js

FP = ¢NP,
Take F as prigin and the line through F
perpendicular to RS as the

z-axis. Let
DF = [, Then

FP=yp NP-= DF +FM = + reosé.
Hence

P e ke

Fro. 48z r=e(k+rcosh), or r 21 -H—( = (48a)

T%lis is the equation of the eonic with

trix perpendicular to the initial line
Change to ree

7-axis. Then

focus at the origin and diree-
at the point (-, 0),

tangular codrdinates, usi " as origi
I srdinates, using F as origin and DF as

r=vg+ ¥, reosf = z.

Equation (48a) can be written

: r=ike+recosd=e(k+ 2.
Consequently, }

P4yt = (k+ z)2. (480)
The l?l]ipse. — Suppose ¢ < 1. Let g be greater than b and
hy 1/ a* — h? b?

B
. —— k

=——————, (48
; vEsp T e
{quation (48b) is then equivalent to =
= Va=Ty =

a* T 1)3 ¥ 7
s Fra, 48b,
This is the equation of an ellipse

with semi-axes  and 3 :
axi : AXE band o
axis horizontal. najor

Since @ and b can haye any values

it follows, con-
rorselv g ' Ings e n * : A
versely, that any ellipse is a conie with eccentricity less than unity,
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The center of the ellipse is (\/ a* — b, 0). Since the origin is
the focus the distance from the center to the focus is then

c=Va— B (48d)

This shows that FB = a. By symmetry there is another focus at
the same distance on the opposite side of the center. Hence an
ellipse has two foci on the major axis at a distance from the ends
of the minor axis equal to the semi-major axis.

The Parabola. — Suppose ¢ = 1. Let
k = 3 a. Equation (48b) is then equiva-
lent to

y¥=a(z+13a).

This is a parabola. Since a can have any
value, it follows, conversely, that any
parabola is a conic with eccentricity
equal to unity. The vertex of the parab-
ola is (—% a,0). The distance from the
vertex to the focus is then equal to the
absolute value of }a. Consequently, a

Fic. 48c.

parabola 3* = az has a focus on its axis at the distance § a from
the vertex (Fig. 48¢).
The Hyperbola, — Suppose ¢ > 1.
Let

_Va+p
= ———— )

(48¢)

Va + b

Equation (48b) is then equivalent to

(z+ \/E'-'E bE 9t
a* b

Fra. 484. This is the equation of a hyperbola

with semi-axes ¢ and b and transverse axis horizontal (Fig. 48d).
Since @ and b can have any values it follows, conversely, that any
hyperbola is a conic with eccentricity greater than unity,
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The center of the hyperbola is (— Va? + b‘é, 0). Since the origin
is the focus the distance from the center to the focus is then

c= Va4 . (48f)

By symmetry there is another focus at the same distance on the
other side of the center. Therefore, a hyperbola has two foci on its
transverse axis at a distance from its center equal to half the diagonal
of the rectangle on its axes,

Exercises

Determine the loci represented by the following equations. Cone
struct the graphs. Change tq rectangular codrdinates.

1. reosd = —2,

T
), 1 — gl o =—=]|+8 =
2. rsing =3 10. 1 4rco (0 3) 3=0

: o 11. r* —2r(cosd +sinf) + 1 =0,
3. r=sec|o+=). o -

4 12. 7(2 — cosd) = 2.
4 0= —%nm. 13, r(2 —3cosd) = 6.
5. r=3ecosb, 14. r(1 —cosf) = 3.
6. r = 4sing. 15. r(1 +sing) = —2.
3 T r) lf_). r(l +8iné + cosd) = 4,

17. v = 2sec® — 3 cscd.

8. r=cosf —sin g, 18. reos(26) =sing,
9 r= -2

Determine the polar equations of the following loci:

9. y=22-1. 22 2y =1
20, i =4z,
21, 242 =22

23. B2—yr =1,
U4 P4y =4zx4 4y

25. Find the polar equations of the circles of radius @ tangent to
both eodrdinate axes.
26. Find the polar equation of the parabola with focus at the origin
and vertex (—2. ’I).
6
27. Find the polar equation of the ellipse with focus at the origin,
center on the y-axis, eccentricity 3, and passing through the point

3}

28. Find the eccentricity of the rectangular hyperbola 22 — 32 = g2,

lar codrdinates. - l
#, beginning with some definite value, to gradually increase and
determine at each instant merely whether r is increasing or de-

Art, 49 Graraing EqQuaTions 121

Art. 49, Graphing Equations

To plot the graph of a polar equation make a table of pairs of

values satisfying the equation, plot the corresponding points and
draw a smooth curve through them. It may be useful to look for
any of the things mentioned in connection with plotting in rectangu-

In most cases, however, it is sufficient to imagine

creasing, draw a curve on which r varies in the proper direction and
mark accurately the points where r is & maximum, minimum or

Fig. 49a.

zero. Proceed in the same way with 6 decreasing from the initial
value. i
Ezample 1. r =0+ 1. The curve passes through l‘h? origin
at 8= —1. As 6 increases from this value, r is positive and
steadily increases. While the angle makes a complete tll-I‘Il flb()llt
the origin, = is increased by 2 7. This part of the cm:ve (indicated
by the -crmtinuous line, Fig. 49a) thus consists of a series of oxplam?-
ing coils. Values of @ less than —1 give negative values of r (indi-
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cated by the dotted line). Angles 0 = —1 + & give numerically
equal values of 7. In particular, when  is an odd mult iple of % the
resulting points coincide. Hence the two sets of coils cross on the
line perpendicular to § = —1. A curve like this containing an
infinite number of coils is called a spiral.

Ez. 2. The ecardioid r = q (1 4 cos ).

The curve is shown in Fig. 49b. As @ increases from 0 to iw, v
decreases from 2a to a. As @ increases from 37 tor, r decreases
to 0. BSince cos f cannot be less than —1, r does not become nega-
tive. As 0 goes from = to 2, r increases from 0 to 2 a. Since

F1a. 49b.

cos (@ + 27) = cos 0, values of @ greater than 27 and negative
values give points already plotted.

Ez.3. The lemniscate r* = 24a%cos (26). To each value of @
correspond two values of r differing only in sign. The curve is
therefore symmetrical with respect to the origin. Also angles
differing only in sign give the same values of . Hence the eurve
is symmetrical with respect to the initial line. As @ inereases from
0to }, r varies from +=aV'2t0o0. When 0 is between $mand
cos (20) is negative and and r is imaginary. As  increases from ir
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to, r goes from 0 to +aV'2. Values of § greater than 7w and nega-
tive values of @ give points already plotted (Fig. 49¢).

Fia. 49c. F1aG. 49d.

Ez. 4. r = acos(26). Themaximum, minimum and zero values
: . : 1

of the cosine occur when the angle is zero or a multiple of §7.
The most important points on the curve are then the following:

T 3 o 7
" F F
20=0, -, T, 57 2, 5™ 3, oT, AW,
T T 3 5 3 7 _}
=0 — '.)". 4“3‘[‘, ™, = 2... ;Tn", LT,
r=aq [, —a, 0, a, 0, —a, 0, a.

Values of @ greater than 2 7 give points already plotted (Fig. 49d).
Ez. 5. r =asec(%0). If @is increased by 4 = the value of r is

not changed. For

asec [§ (04 47)] = asec(§ 0+ 67) = asec (3 6).
The whole curve is then obtained by plotting points from 6 = 0 to
0 = 4. The most important points are

3 T 3
- = = (" = ’ 67-',
29 0, 2 T 3
T 2
920, ?_’, 57"’ T, » 47"1
r=a, -+, —o, —g =—o, 4o, s a,
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where + 00, — as @ increases to 1 ) '

‘ ere + o0, — o0 means that as @ inereases to 5 7, r becomes indefi-
nitely large and positive, while as 8 decreases to 7, r becomes in-
definitely large and negative. The eurve is shown in Fig. 49¢.

F1c. 49, Fia. 49f.

Ez. 6. 1* = a®sin (f).

The curve (Fig. 49f) is symmetrical with respect to the origin.
When @ increases from 0 to 3, the positive value of r increases
from 0 to a. As @ increases from 37 to.m, r decreases to 0.
Between 6 = 7 and 6 = 27 the sine is negative and no point is
obtained. Negative values of @ and those greater than 2 give
points already plotted.

Art. 60. Intersection of Curves

If the polar codrdinates of a point satisfy the equation of a curve,
the point lies on the curve. A point may, however, lie on a curve
although its codrdinates (as given) do not satisfy the equation of
the curve. This happens because a point has several pairs of polar
codrdinates. One of these pairs may satisfy a given equation while

another does not. Thus the point B(l. - rg) lies on the eurve

1* = a?sin (0) (Fig. 49f) but its coérdinates do not satisly the equa-
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tion. The codrdinates (— 1 7,—;) represent the same point and satisfy

the equation.
To find the intersections of two curves we solve their equations
simultaneously. The pairs of eodrdinates thus obtained represent
points on both curves, There may, however, be other points of
intersection. This happens when some of the pairs of polar co-
ordinates representing a point satisfy one equation, other pairs
satisfy the other, but no pair satisfies both. In finding the inter-
sections of curves represented by polar equations the graphs should
always be drawn. Any extra intersections will then be seen.
™
9

Ezxample 1. Show that the point ({r, ) lies on the curve r* =

asin (3 0).

: ; . : s
The codrdinates given do not satisfy the equation, for § = 5 Eives
2 = asin (§7) = —at.

; L3 - 3 gudoed
The point (rr; —9) can, however, be written (—r’t. = 'n') and in this form

~ -

its codrdinates satisfy the equation (Fig. 50a).

A A

Fic. 50a. Fiac. 50b.
Ez. 2. Find the intersections of the curves r* = a*sinf, r = a.
Solving simultaneously, we get

a’sinf = a’.

14

Consequently sinf = 1 and 6 = One point of intersection is

e
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th( n .1 ({T, . t 18 se { oI fh(—‘ flﬂllIC ll af [g 7 154
l Seen Ir( = 18 ——, = S aiso a
pOlnt, Oi mtersec tion,

Exercises

Plot, the following pairs of curves:

9

l. r=gind, y=sinz. 3. r=tang, y
4 r=co8f, y=-cosz. 1

r=gecld, y
Sketch the graphs of the following equations:

b. r=29. 19. r =1+ cos (3 06).
6. r=1—0a. 20. r =4+ 5c08 (50).
LY 21. r=1—2cos (§6).

T = sin 6 cos @,

8 r=2° g

9. r=asin (20). e :'”j"m(é)'

10, r =acos(36). 24, 1 = 2a%sin (20).
11. r = a (1 +siné). 25. ?=14sine.
12 @ (2 + sin 8). 26. r* = tan (24).

13. r =a(l + 2&in ). : a a

27. r = —
14. 7 =asin (a ~ E)- cosd " &ind
3o 1 8. rsind =acos (26).
15. r=acos(30). i

r
16. r =atan (§0). o el 2l
17. 7=4a(1 +sin28¢). TN -
18. r=a(l +2cos36). 2 -1
30.. Show that the pmm (1, § 7) lies on the curve r = sin (2 8) but
that the codrdinates given do not satisfy the equation of the eurve.
- : O
31. Show that the point (] “T) lies on the curve r = —2 simr (9
3
but that the codrdinates given do not satisfy the equation of the curve
32. Show that if « is a constant the equations
' ] |
Foa—— — r s -
acosf+ 1 acosf— 1
represent the same curve.

33. SBhow that the equations 7% = a?cos? (26) and r = q cos (28
represent the same curve.

34. Why do the equations r* = ar cos g and r = @ 28 9 represent the
same curve?

Plot the following pairs of eurves and find their points of intersection :

3. ?"=2HCC(0-3}), r =‘25<-‘(‘.(ﬂ~}—§)-

Art. 51 Locus ProBLEMS

36, rsinf =a, rcosf =a.

37. ? =a’sing, 1 =a*sin(30).

38. r=asin(26), r=a(l —cos3f).
39. 2 =2acos (26), r=a.

Art. 61. Locus Problems

In finding the equation of the locus of a moving point, either
polar or rectangular codrdinates can be used. The system should

be chosen which seems to fit the
problem best, making a change of
coirdinates in the resulting equa-
tion if necessary. If the positions

of origin and axes are not specified
they should be placed in the most
convenient position. This is usually
(though not always) the most sym-
metrical position.

Ezample 1. Through a fixed point O draw a line intersecting a
fixed eircle in Q; and @, (Fig. 5la). On this line determine the
point P such that

Frc. 5la.

2 1 1
0P~ oG, T 0g,
Find the locus of P as OP turns about O.

Take the origin at O and the initial line through the center
(b, 0) of the fixed circle. Let @, @, and P be (, 8), (rs, 6), and
(r, 8) respectively. By hypothesis
[ 21,

o r= :L“
The equation of the fixed circle is * — 27b cos 8 + * — a? = 0,
that is et
r=becosf :L-\/rz"' — B sin® .
The two values of » in this equation are r; and r,. Hence

ri+ra=2bcos, nry="bcos’f — (a® — b?sin?f) = b* — q

Therefore
b — a? b — a*

i il e -sec
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1:}5 the equation of the locus described by P
t]g)ugil the points at which lines through O

.::‘. o A !)omb moves so that the produ
two fixed points is equal to the
them. Find its locus.

Take the z-axis

s l:\( the z-axis through the fixed points and tl
! ay be t-“f_‘l"ll []1(.\111. Let the distance between the
2a. If P(z,y) is any point on the locus

AP AP = 042, or
\'(T’ _T): :f;_! 24/ L AVl ok 4
i‘-'(lliilring! ¥ (T4+a)+y =q

@+ 1 + a2 — 4 g2 =

= af,
Changing to polar cobirdinates
a*)* — 4 g% costh = a,

= 2a* (2 cos20 — 1)
2acos (20),

which is the i i
o4 " s the equation of a lemnis-
Exercises
1. LK is a fixed straight line
(a, U_,'. On any line through the
a point P such that 7 :

[l)(‘a'"pr-ncfic:xlur to the initial line at
origin, intersecting LK in Q, is taken
OP-0Q = a2,

Find the locus of P as 0Q turns

2. LK is a fix i
L, fixed straight line perpendicular to the initial line at

A (a,0). Any line
+0). Anj » through O intersects LK i
el B ersects LK in Q and a point P is

about 0.

: PQ = AQ.
Find the locus of P as 0Q turns about 0,

3. A point P
A (1) nzumpllim;n}(:‘\.v;' in ;l}:‘h & way that its distance from a fixed
: t A by 1ts distance fr fixed strai i 3
B Tt e om a fixed straight line LK is
~4. A segment of fixed length
Fmd_ the locus of the foot of th
moving segment,.

slides wit}‘l its ends in the z and ¥ axes
e perpendicular from the origin to the

11N A (o i 58
Ul\'lng I > pas 1g irou L+ € ’ 1 l
rev me SELT [[ I }.,11 ”H} enter (Pf a IL(CI, circie

Chap. 6
It is a straight line
are tangent to the cirele,

ct of its distances from
square of half the distance between

1e origin mid-
. fixed points be
(Fig. 51b), by hypothesis,
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intersects the circle in a point P; and a fixed straight line in Ps. Find
the locus described by the point midway between P; and Py
6. Let 04 be the diameter of a fixed cirele and let LK be tangent to
the circle at A. Through O draw any line intersecting the circle in D
and LK in E. On OFE lay off a distance OP equal to DE. Find the
locus of P as OF turns about O.

7. From a point O on a fixed circle perpendiculars are dropped upon

" the tangents of the circle. Taking O as origin and the diameter through

O as initial line find the polar equation of the curve generated by the
feet of these perpendiculars.
-~ 8 A circle rolls along the initial line and a line through the center
of the cirele turns about the origin. Find the locus of the intersections
of the moving line and circle.

9. A circle rolls along the initial line. A line through the origin
moves in such a way as to remain tangent to the circle: Find the locus
of the point of tangency.

~£-10. Take a fixed point O and a fixed straight line BC. Through O
draw any line intersecting BC in D and on this line lay off a constant
distance DP measured from D in either direction. Find the locus
described by P as the line turns about O.
¢ 11. Through a fixed point O on the circumference of a fixed circle
draw any line cutting the circle again at D and lay off on this line a
constant distance DP measured from D in either direction. Find the
locus of P as OP turns about O.

12. Astraight line OA of constant length revolves about 0. Through
A a line is drawn perpendicular to the initial line intersecting it in B.
Through B a line is drawn perpendicular to 04 intersecting it in P.
Find the locus of P.

13. MN is a straight line perpendicular to the initial line at A (a, 0).
From O a line is drawn to any point B of MN. Through B a line is
drawn perpendicular to OB intersecting the initial line at C. Through
C a line is drawn perpendicular to BC intersecting MN at D. Finally,
through D a line is drawn perpendicular to CD intersecting OB at P.
Find the locus of P.

14. Two circles whose centers are fixed and whose circumferences
touch rotate without slipping. A line through the center of one circle
and rotating with it intersects a similar line on the other circle in a
point P. TFind the locus of P. If the radii are incommensurable show
that the locus passes indefinitely near any point of the plane.




