CHAPTER 5
GRAPHS AND EMPIRICAL EQUATIONS

The equation of a curve being given, any number of points on
the curve can be constructed by assigning values to either codrdi-
nate, caleulating the corresponding values of the other codrdinate
and plotting the resulting points. When enough points have been
located a smooth curve drawn through them may be taken as an
approximation to the required curve. We desire as quickly as
possible to obtain 3 satisfactory approximation. To-some extent
this is accomplished by plotting points rather sparsely where the
curve is nearly straight and more closely where it bends rapidly,
The following are some of the things it may be helpful to note:

(1) Points where the curve crosses the axes and the side of an
axis on which it lies between two consecutive crossings (Art. 36).

(2) Values of either codrdinate for which the other eodrdinate
is real and values for which it is Imaginary (Art. 37).

(3) Symmetry (Art. 38).

(4) Infinite values of the codrdinates. Asymptotes (Art. 39).

(5) Direction of the curve near a point (Art. 40).

Art. 36. Intersections with the Axes

The points where a curve meets the z-axis are found by letting
g = 0 in the equation and solving for z. Similarly, points on the
y-axis are found by letting z = 0 and solving for . The z-cotrdi-
nates of the points on the z-axis and the y-codrdinates of the points
on the y-axis are called the intercepts of the eurve on the codrdinate
axes,

Example 1. y = z (z — 1) (#+2). The eurve crosses the z-axis
where y = 0, that is, where z = 0, 1, —2. These points divide
the z-axis and the curve into four parts; namely, the part on the
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left of x = —2, that between & = —2 and z = 0, that between
# = 0and z = 1 and the part on the right of = 1. Construct
these parts separately.

On the left of z = —2, each factor of
z(@—1) (¢4 2) is negative and conse-
quently the whole produet is negative.
Hence on the left of z = —2, y is nega-
tive and the curve lies below the z-axis.
Between 2 =—2 and 2 =0,z and z — 1
are negative and z + 2 is positive. The
product is then positive and so the curve
lies above the z-axis. Similarly between
#=0 and z = 1 the curve is below the
z-axis and on the right of x =11t is Fia. 36a.
above. Using these facts and plotting a . :
few points on each part of the curve the graph of Fig. 36a is ob-
tained.

Ex.2, y—2 =2+ 2)%. The curve meets the line y = 2 at
z =0, —2. Bince2* (z + 2)? is never negative, y can never be less

than 2. Hence the curve touches but does
Y] not cross the liney =2 atx =0 and z = —2.
(Fig. 36b.)

Bz 3 e=y+2yP+3y+4y+2. The
curve meets the y-axis where ¢ = 0, that is, where
P +2P 432 +4y+2=0. Proceeding as

¥

|

[
|

F1c. 36¢.

in Art, 4 it is found that —1 is a root of this equation. Hence y + 1
is a factor of the polynomial. Division gives

=@+ +y+2y+2).
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In the same way it is found that

Py +2y+2=@+1) @ +2)
Consequently,

z=(y+ 1@ +2).

Since y* + 2 = 0 has no real roots, the curve meets the y-axis only
at ¥ = —1. The factor (y + 1)2is positive both above and below
Y = —1. Hence z is always positive and the curve does not cross
the y-axis. After plotting a few points the curve in Fig. 36¢ is
obtained.

Art. 37. Real and Imaginary Cobrdinates

When the equation of the curve is of even degree in one of the
codrdinates, that codrdinate may be real for certain values of the
other codrdinate and imaginary for certain others. The plane is

o then divided into strips (F ig. 37a) contain-

i / ing a part of the curve and strips not

i containing a part. These strips being de-

: termined the part of the eurve in each strip

: is plotted separately.

Examplel. » =z(z— 1) (z+2). The

curve crosses the z-axis at ¢ = -2, z = 0

and z = 1. The lines z = —=2,2=0and

z = 1 divide the plane into four parts. On

the left of z = —2, the product z (z — 1)

Fic. 37a. (+2) is negative and y is imaginary.

Between ¢ = —2 and & = 0 the product is

positive and y is real. Similarly, between z = 0 and z = 1,y is

imaginary and, on the right of z = 1,y is again real. The curve

therefore consists of two pieces, one between z = —2 and z = 0 and
the other on the right of z = 1. The equation can be written

Y= +Vz(r— 1) (z -ﬁ}.

To each value of = correspond two values of y differing only in sign.
The curve therefore consists of points at equal distances above and
below the z-axis (Fig. 374).

R e

SYMMETRY

Bz 2. a2 —4zy+4y* —y —1=0. - Solving for ,
=2y £Vy+1
The value of # is real if y > —1, imaginary if y < —1. ; The curve
therefore lies ahove the line y = —1. It consists of pairs of points
at equal distances right and left of
the line » = 2 y (Fig. 370).

Art. 38. Symmetry

Two points P, P’ are said to be
symmetrical with respect to a line if
the segment PP’ is bisected per- 7
i fig. 38 nd P’ are symmetrical
i by that line. In Fig. 38q, P and 3 :
ol with respect to the z-axs,
” i 0 P P and P”,Q and R with
Z / respect to the y-axis.

Two points P and P’

are called symmetrical with

X
\/f” respeet to a point O if the
M) 1
- Iy

gegment PP is bisected
Fia. 38a. by 0,

A curve is called symmetrical with respect to an a.ris‘zf all chords
perpendicular to the axis meet the curve in pairs of points symn'.]et-i
rical with respect to the axis. The curve in Fig. 38a is symmeftrica
with respect to both codrdinate axes. : ‘

A curve is called symmetrical with respect to a center if all cho‘lds
through the center meet the curve in pairs of points symmetrl-cal

= . . B e s ok
with respect to the center. The curve in Fig. 38a is sy mmetrical
with respect to the origin. ' e
A curve f (z,y) = 0 is symmetrical with respect to the z-axis if

f (Ir y) = f (I‘, _y)

For then any point P (z1, 7) being on the curve the poin.t P (1, —u1)
is also on the curve. Hence any line z = @ pcrpe_ndllcular to _the
z-axis and meeting the curve in a point P will 1_neet it in tw:o points
P, P’ symmetrical with respect to the ."{-!—&J.{IS.. In pi-tl't-l(’-l.llal',' a
curve 1s symmetrical with respect to the z-azis if ils equadion conlains
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only even powers of y. Similarly, the curve f (z y) =
; ; v "o )
rical with respeet to the y-axis if
f@,y) =1(=zy),

and, in particular, a curve is symmetrical with respect to the y-azxis if

0 18 symmet-

its equation confains only even powers of z.

; The curve f (z, y) = 0 is symmetrical with respeet to the
i

origin
I(@y) = £f (—z, —y).

For then if P ( is

v T 2 3 he ra o LI 44 — 4
vl - £ J|? 1s on the curve P ( Z1, =) is also on the

rve, and so any line through the origin meeting the curve in a
point P will meet it in two points P, P"" symmetrical with respect
to the origin. I i s sy ’

. In particul: U '
= g particular, a curve is symmetrical with respect to
e origin if all the terms in its equation are of even degree or if all are
U_f odd r_!{‘gru’.

e

Ezample 1, 1t = 5
;r’.' ..i_
curve crosses the z-axis at 7 —
Fia. 385, 1. The value of y is real only
when z is in absolute v, .
abs value equal

to or gres g Th i
gre atf‘r.rh.m 1. Thereare consequently two parts of the curve
one on the right of z = :

- Tt
I e

I, the other on the left of # = —1. Since

the equation contains only even powers of z
and y, the curve is symmetrical with respect to

both coérdinate axes and with r

¥
i espect to the
origin. Since 2? — 1 <a?+4 1, yis always less
than 1. When z is very large, however
nearly 1.

i R e
' Ez. 2. y =13 — 32 +3x+ 1. This equa-
tion can be written

y is

y=2=(z— 1)8,

The expressions 2 an
€xpressions y — 2 and z — 1 are the co- T, .

ordinates of a point P (z, y) relative to the lines y=2

z =1 used
: d powers of y — 2 and
& — 1 the curve is symmetrical with respect to the point (1, 2)

as axes. Since the equation contains only od

InFniTE VALUES

Art. 39. Infinite Values

In some cases a variable increases in absolute value beyond any
assignable bound. Such a variable is said to become infinite and a
fictitious value represented by the symbol % is attached to it.
But the symbol and the name infinity are used only to express
that a variable goes beyond all bounds.

Zero and infinity have the following relations:

= oo, if @ 18 not zero.

=w, —=0, a+0=0-a=0,if ais not infinite.

o0 a
a « 00

No definite value can be assigned to the symbols 0/0, % /%
0:% and @ — %,

These relations become evident when 0 and % are interpreted
as less than any assignable quantity and greater than any assign-
able quantity respectively.

A branch of a curve extending to an infinite distance can only
be traced until it runs off the diagram. In such cases the curve
usually consists of two or more
pieces not connected together.
Sometimes two pieces are related
as at A, B, Fig. 39a, the one go-
ing off in a certain direction, the
other returning from that direc-
tion. Sometimes they are re-
lated as at C, D, the one going
off one side of the paper, the
other returning from the other
side. Sometimes there is no

return branch.

If a branch of a curve when in- i Dok
definitely prolonged approaches
a straight line in such a way that the distance between the two
approaches zero, the straight line is called an asymplote of the
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curve. Both codrdinate axes and the line CD
the curve, Fig, 394. If when indefinitely
between a branch of one curve g

are asymptotes of
prolonged the distanee
ind a branch of another approaches
zero, the two curves are called asymplotic.

Ezample 1. y % The graph is shown in Fig. 39a.

It crosses the z-axis at g = 1. The value of y is infinite when

T=0o0r2. Whenzis a little less than zero, z — | and 2 — 2 are
negative and so y is positive.  When z is a little greater than zero
¥ s again positive. In both cases y is very large.
thus goes up one side of the 1
When z is a little less than 2

The curve
-axis and comes down the other.
» ¥ 1s negative but when z is a little
greater than 2, y is positive. The curve then goes down the left
side of CD and reappears at the top. As 2 increases indefinitely,
¥ approaches zero. Consequently, at a great distance from the
origin the curve comes eloser and closer
to the z-axis. The two axes and the
line CD are asymptotes of the curve,

Ez.2. y =24+~ Whenzis very
z

small, * is very small and ¥ i1s ap-
proximately 1/z. Near the y-axis the
curve is then asymptotic to the hy-
perbola y = 1/z. The y-axis is an
asymptote to both curves. When z
Fra. 395, is very large, 1/z is very small and
¥ 18 approximately equal to 2*. Asz

urve therefore approaches the parabola
¥ = 2* to which it is tonsequently asymptotie,

increases indefinitely, the o

Art. 40. Direction of the Curve

To determine the shape of a curve ne;

r a particular point it is
often useful to find the

direction along which the curve or a branch
of the curve approaches that point.

In Fig. 40a, for exam ple, are
shown three ways that a br

anch of a curve ean approach a hori-

) o7
DigrecTiON OF THE CURVE

( ) : ( ( }1 il ular
d ll. 20 t\ an acute g !»ai[ ] m (3) hl Y al e p erper
a1 ne mntersec at an li angle and ‘ [t (hL l i

Fic. 40a.

As P

i y curve.
-ariable point on the cur
Let P be a variable po

to e -1(_‘1[ “l]I,L‘]', 2 . ‘ T i[] {[), B
h( ! th('- s ()]){\ ﬂf }!.[" lﬂll-‘ 4 1 1 “'l“ .lpsll 0al h ZEero \
ﬁp})l‘Oﬂ(‘- 8 A g B = 1

= oz g B
0 in (2) and an infinite value in (3). By finding
finite value not zero n (2)

th}S ql I(' il 1 ining 1ts 1[1]].] “ ]][ tion (i the curve ea
lnd & Il 4 t 1€ directlo ) 1 » Near
’ Blope ¢

’ ye determined. L
B ? = g3, The curve passes through the origin (Fig
B is imaginary. The curve therefore
is ative, y is Imaginary.
T 18 negative, 1 o -
E wches the y-axis at the origin but does
g 2t Sy . Laten 7 even
oss it. Since the equation contains only e
i TRy is symmetrical with re-
powers of ¥, the curve is symmetrics
IWers Y,

M 5 D “1
spect to the z-axis. The slope of OP is
tang = y/x.

8
. v curve. iy = +xs.
v From the equation of the curve,

Hence ) ¥

tang = Lai/x

As P approaches the origin, -
x approaches zero and con- /\
s sequently tan ¢ approaches _’b__;
zero. The branches of the curve above :n;(l
belgw the z-axis are thus tangent to the

z-axis and to each other at the orign. 7
Ez. 2. 4= 22(x+ 2). The curve crosses

. s 2 A (—2 0) '
the z-axis at the origin and at A (-2, t') F1G. 40c.
h ) e i f the eurve to
Fig. 40¢). There is no point of : s .
glgi }ltﬂv)f 2. Let P (z,y) be any point on the curve. T
e left of x = 4 )
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slope of AP is
U=0 " L V42 i

S e e ;
T+2 -+ 2 \//,’t:—i—z

= deﬁ‘il';p f%d}% 4,z appl.oachcs —2 and the slope of AP increas
mtely. The curve is therefore perpendicular to the mi
r-axis

. at A, The slope of OP is

s 2 “Evetl

y +xVzr4+2

/£ approba,chci the origin,  approaches 0 and the slope of OP
a ! : igi k
.pproacl‘les £V 2. At the origin the curve therefore makes with
the z-axis the angles tan—! (+V/2), g

Exercises
Make graphs of the following equations:
Yy =a(z+1). 25. P4 =1
L r =32 (y — 2). 26. .7:?—41;z+é-2
Yy =(z—1) @+2) & -3 Tl
- y+1=a4+2z =
y=z(@+1) (2z—3).
cYy—8=2(z+1) 2z — 3). :
Y t2=@+1)22z—3).
L y=2 @+ 1) 2z — 3.
Ly =28 — 1.
& —2=(y+ 1P -1,
=y 4yt
2oz =y +yp — 42— 4y.
YP=z@+1).
4 = (22 — 1) (a2 — 4).
. (+ 1) = (22— 1) (4 —22).
2=y — 12 (y — 2).
=y 122 - y).
P+ x) (i —7) =0,
P2y =2t 422 — 1.
e+ yr -y =0 i
s (g:+a;)2=x2(z.— 1).
L =1 - ey
Y= 2ap 4 — 4 =0, AR
24, Y+ (22241) Ptat—at=0, OO '5’2=:5(.a1 1)"_;1:3'
= ) £ ‘

38, 2 + 36 = 497

WP R I TR SR

Art. 41 Smve Curves

46. o+ y® =L
_fﬁ(“_f}'i)_ 47, 224 y® = L
Y 48. 1 =t (z +2):

39. ¥
a4 &
W +2)° = (z—1) (& —4).

40. 2%y + o’y — ot +a* = 0. '49,
41, P =2t 50 @+y)?=9@+1).
42, 7 =1h ; 51 @+y—1) Rz —4y—2)=4
4. 2+t =2 52 p=z@—y @+y.

4, ot + gt =dt. 53 @+y—20=Q2z—y—1"
45. o + 4 st =1 =1

Art. 41, Sine Curves
When a, b, ¢ are constants, the graph of the equation
y = asin (bz + ¢)

is called a sine curve. As shown in Fig. 41b, the graph consists of
* g series of waves all having the same length and height. The sine
of an angle is never greater than 1 and so y is never greater than a.
The constant & therefore measures the height of the waves. Ifzis
increased by 2 /b, the angle br + ¢ is increased by 2 and ¥ is not
' changed. This is the smallest constant that added to z will leave
Hence ‘27 /b is the distance from any point of a

y unchanged.,
It is called the

wave to the corresponding point of the next wave.

wave length.
The equation y = @ ¢o8 (bx 4 c) also represents a sine curve; .

for

acos (br + ¢) = asin (T; — bx — {t) = g sin (b'z + ¢),

ity = =b, ¢ = 1211- — ¢. Thus a cosine curve is a sine curve with

different constants. Also
y = Asin (mz) + B cos (mz)

can be reduced to the form y = a sin (mz + b) and so represents &
sine curve.

In plofting sine curves angles should
A circle being drawn with the vertex of an angle as center,

be expressed in circular

measure. ’
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the cireular measure of the angle is defined as the ratio of the intep-
cepted arc to the radius (F ig. 41a), that is,
: : inte ted ar
Circular measure of angle = ]n_e_rcep_ejgqu_
radius of cirele

An angle of 180° has a circular measure equal tor = 3.14159 . , .
and other angles have proportional meas-
ures. For instance, the circular measure
of 360° is 2; 90°, }; 60° 1 r; 45°, 1 ;
30°% 3 w. An angle whose circular measure
Is 1 intercepts an are equal to the radius.
This angle, called & radian, is

Fra. 41a.

If z is a real number, sin & means sine of the angle whose circular
‘measure is . Thus sin 2 = sin (114%6— ),
Ezample 1. Plot the curve Y =2smn (3z). The sine of an angle
18 never greater than 1 nor less than —1. Consequently, on this
curve, y cannot be greater
than 2 nor less than —2.
The curve thus lies between
the linesy = —2and y = 2,
The most important points
on a sine curve are those
where the sine is a maxi-
mum, minimum or zero,
Between 32 = 0 and 32 =
2w, the important values are
shown in the following table:

s=10

This part of the curve extends from O to A (Fig. 418).
increased by 2 , 3 2 is increased by 2 7 and y is not changed. Be-

When # is

Art. 41 Smve Curves

101

yond 4 a new wave thus begins like that between_() sz\tldt;th fIn thj
i rave on the left of O is like that from

game way it is seen that the wave . ik 0 o

to0. The whole curve thus consists of an infinite number of waves

ea(jE}'I' OfEWExVi]ir(ftg iw— 3). Since the cosine is never greater than
1 nt:: Ie;ss thfml— 1, the curve lies between the linesz =1, 2 =—1.
At the point A (Fig. 41¢) where 2y — 3 = Oj T
has the maximum value 1. Between 'FhlS point
and B, where 2 y — 3 = 2, the most important
values are shown in the following table:

&
512

—1

When y is increased or df""
creased by m, the change In
the angle 2y — 318 27 and 2
is not changed. The curve
then consists of a series of
waves like that from 4 to B
placed end to end. . -

Ez.3 y+1=sn1(x—1). Ths equation

is equivalent to

g —1=gin(y+1).

The graph is a sine curve with axis r—1= {1)
The 'curve passes through the pomt y -
» = 1. extending above and below that pomnt n
2 = 1, extend . : :
q series of waves each of vertical length 2.
(Fig. 41d.) :

: 1 =
Fie. 41d. Ez.4. y = 2sin (32) + 6cos (g z). To co

struct this curve, draw the curves

S |
g = 2sin (3 %), y2 = 6 cos (3 )
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and on each vertical line determine the
that is,

.U{P = .1[])1 + .‘IP-_'.

To leave sin (2 (
eave sin (3 z) and cos (} z) both unchanged, z mu

iy : st be increase
by 87 or a multiple of 87, i

Hence a section AB from z = 0 to

Fia.

=8 8 I
8 must be plotted. The whole curve is a series of
S o B0 ]

tions placed end to end (Fig. 41¢) o

Art. 42. Periodic Functions
The equations considered i i
equations considered in the previous article have the peculi
: ceuliar-
ant is adde
other variable is not changed

f@y) =0 If

ity that when a certain cons
: certain const 1 to one of the variables the

Let the equation of a curve be

FE+ky) =1y, o f @y +k) =f(z,yp)

the curve consists of a series of pieces (extending from z to 2 k
or from y i‘u Y + k) each obtained by moving the prv(-s-(m gl

dlstarli('(r k in the direction of a codrdinate 1\1- In t} 18 ”*I K(””" :
funetion f (z, y) is called periodie and k is its period 'lI‘; PN .
the curve from z to z +kor fromytoy + kis a'u]](-‘(‘l a u‘i ‘p‘”t'“f
ex:llmpio, in Ex. 4 of the previous :1I‘ti['l|u | ('\'('].L; v\'-tf‘rl;f!ff '{' e
point (z, y) of the curve to the point (z 4 37.—‘":;) P

‘ of th . To plot a curv
whose equation is periodie wep=

it is necessary to plot
. : SSATY » one eyele.and skete
the others from periodicity., e

EQUATIONS Chap. b

point P such that y = g, 4 e
2y

Art, 42 Periopic Fuxncrions 103

Ezample 1. Plot the curve y = tan (2z). If the angle 2z is
increased by (z increased by 3 ) the tangent is not changed. The
curve therefore consists of a series of parts each obtained by moving
the preceding onea distance § =
to the right, One of these
branches passes through the
origin. As z increases from
0to2x = %,y increases from
0 to infinity. The linez =}«
is therefore an asymptote. As
 decreases from 0 to —3m, ¥
decreases to —oo, the line

z =—1%7 being an asymptote.

The branch through the origin
; P o T

thus extends from z=-—g, Fra. 42a.

y=—o to z=1%m y=2=2.

The whole curve consists of a series of such branches at horizontal

distances § = apart (Fig. 42a).

Ez.2. y =secz. The secant of an angle is in absolute value
never less than 1. Consequently the curve lies outside the lines
y = 1. Since sec (—z) = sec 7, the curve is symmetrical with
respect to the y-axis. Since sec (z + 27) =secz, & complete
eycle of the curve is contained between z = 0 and z = 27. The
most important points on this part of the curve are given in the
following table:

3

z=0 * 2™

9
2 F

w

gl 85, = =1 om0

the expression %, — % meaning that on the left of this point ¥ is
indefinitely large and positive but on the right indefinitely large
and negative. The curve is a series of U-shaped branches alter-
nately above y = 1 and below y =—1 (Fig, 42b).

Ez.3. z =sec® y. In this case z is never less than 1. The
curve consists of a series of U-shaped branches on the right of

3 -
y= %, ete. (Fig 42¢).

; T
z = 1 with asymptotes y =.+

Sr
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4 calzy
Ez. 4. y = sin (;) The curve

crosses the z-axis where

®m, +27, <3,

- il

Tox! Fger viEy
Between each pair of consecutive
crossings it reaches one of the lines
¥ = x1. The curve has an infinite
number of waves whose horizontal
lengths approach zero near the y-axis
(Fig. 424).

Fic. 42e. Fra. 42d.
Art. 43. Exponential and Logarithmic Curves

f a is a positive eonstant the funetion a” is called

function. Tt is understood that if z is a fraction a®
root.

an exponential
is the positive

If y = a* then, by definition, z is the logarithm of y to ba

: se a. Thus
the equations

y=a, z=Ilog,y

are equivalent and both represent the same curve,

Art, 43 ExroNeNTIAL AND Locarrramic Curves

A particular number of great importance is

1L gl L) o
e=l+-+s+mt -+ =278 ...
12" 13
Logarithms with e as base are called natural logarithms. The
functions e* and log, z are much used in higher mathematies.
In working with exponentials and logarithms the following facts
are often useful:

(1) a° log. 1 = 0, if @ is not zero or infinite,

(2) a® * =0, log,0 = log,0 = —, if a>1,

)

(3) a® * =, log, 0 = —», log,0 =, ifa<l.

Example 1. Plot the curve y = 27, or z = logy . The curve
crosses the y-axis at (0, 1). Since y is always positive the curve
lies entirely above the z-axis. As x decreases to — w0, y approaches
gero and the curve approaches the z-axis which is an asymptote.
As z increases, y increases. The
increase in y for a given increase
in z is greater the larger x; for, if
z changes to = -+ h, the change
inyis

9r+h_ 92 = 27 (9h — 1),

and this is larger for larger values
of z. If then zis increased by
equal amounts h, the changes in
g will form a series of steps of in-
creasing height. The curve is thus concave upward and becomes

more and more inclined to the z-axis as x increases (Fig. 43a).

; 2. 41 T 110

S 14+ 10¢ ’
Ez. 2. y = logw ( ]) or .= S- The logarithm of a

negative number is imaginary. Hence y is real only when z > 1 or
z2<—1. Whenz =1,

y = logn0 = —w,
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When 2 > 1, (x — 1)/(z + 1) is less than 1 but approaches 1 ag |

 increases indefinitely. Consequently y is negative but approaches
¥ | i
| part of the curve is thus below
i

1
)
/_J the 2-axis and has the z-axis and
|
|

- : the line =1 as asymptotes.
g When 2 = —1, y = logyyo = =,
i i fz<-1, @-1)/x+1) i
§ greater than 1 but approaches 1
: as z decreases indefinitely. This

: part of the curve is therefore
above the z-axis and has the z-axis and the
totes (Fig. 43b).

Fra. 43b,

line z = —1 as asymp-

1
e — 1
-

&+ 1

Fz.3. y =

When # is negative

Consequently 'y is then negative and the curve is below the z

When z is positive, y is positive and the curve is above the -
i

As 2 approaches 0 from the negative side, ¢® approaches ¢== = ()

and y approaches —1. As z

approaches 0 from the positive YK

1
side, ¢” approaches infinity and 0 X
Y, being the ratio of two very N

-axis,
aXIs,

large numbers whose difference
182, approaches 1. Hence, as z
passes through zero from the negative to the positive side, the
point (z, y) jumps from (0, —1) to (0, +1). The curve iy dis-
continuous at & = 0. When 2z becomes very large, whether it is
positive or negative, y approaches zero. The z-axis is therefore an
asymptote (Fig. 43c.)

F1a. 43c.

0 as = increases indefinitely. This "8

EmpiricAr EQUATIONS

Exercises
Plot the graphs of the following equations:

. =an2az) 19. y =seczcser.
o= 2ain (3y). 20. y =zanz.

T 1
: y=4cos(w—4)i 21. ytm}s(q—c)-
.y =2cosz + 3sinz. . y=xsh1(—1)
. & =sny+smn(2y). z
.y =cos (z—1)+sin(z+1). .y =ek
Ly —2=cos(224+1). A
.y = sin?z. 25, y= 10,
. y+1=cos(z—3). 26. ¥ =eTsinz.
. g =2tan (33). . 2=% (3 —3Y).
m b g =4 T e
Bu* =tzm(y+i)- 29, ylogwz = 1.
. 4y —1=cot (z — 3). 130. y=log. [z (z — 2)]
s =cot (2. %
4. y = tan’z. L y= 10
5. 3¢ =tanz. 105 — 1
.y =sec(2x). ;
. z=1+4csey. g y=1gi’.
.y =secx + tanw. L

. R

. Art. 44, Empirical Equations
Pairs of corresponding values of two variable quantities being
given, it is sometimes desirable to find an equation connecting
them. Let the pairs of values be plotted and draw a curve through
the resulting points. However many points are given, the section
of the curve between consecutive points can be arbitrarily drawn.
Consequently an infinite number of curves can be drawn through
the points. Each curve has an equation. An infinite number of
equations are then satisfied by the given pairs of values. From
a table of corresponding values it is not then possible to find the

exact equation connecting the quantities.

It 1s usually assumed that if a smooth curve is drawn through or
near the points, its equation will represent approximately the rela-
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tion of the two quantities. Such an approximate equation is called
empirical. A table of values being given, an infinite number of
empirical equations are approximately satisfied by these values,
The simplest equation should be chosen that has the required
degree of accuracy. The choice of such an equation is largely
a matter of judgment,

The following are types of equations it may be well to
congider:

(1) y=mz+b.

(@) y=ar+bx+e.
3) y= az™

4) y = ab®.

For convenience of plotting different unit lengths are often
used along the two axes. This amounts to a uniform contraction
in the direction of an axis. Equation (1) then still represents
a straight line and (2) a parahola, but the constants in the equa~
tions have a different geometrical meaning,

Ezample 1. Trom the following values find an approximate
equation connecting = and y:

=t 22 5D 7O W iR
y=383 40 60 65 84 11

These values are plotted in Fig. 44a. The points are seen to
. i T T lie almost on a line. A line is
= 1 | —=r drawn so that the points are
L | | about equally distributed on

10

IN

SnNEE ; na the y-axis at about (0, 3) and
2 ' | the line z = 10 at approxi-
mately (10, 8.4). The equa-
i ‘ , tion of the line through these
0 5 10 13 points is

Fra. 4a. y=054z+3,

which is the empirical equation required.

the two sides. This line crosses’
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Exz. 2. Measurements of train resistance are given in the follow-
ing table, where V = miles per hour, R = resistance in pounds

per ton.
V=20 40 60 80 100 120

R= 55 910 149 228 333 46
The curve (Fig. 44b) looks like a parabola with horizontal axis.

Let
R=A+BV+CVi

There being three coefficients, 4, B, C, in this equation, the curve
can be made to pass through only three

of the given points. By more advanced | 2
methods the parabola could be found which mol 71
fits closest to all the points. If a parabola : //

is passed through three properly chosen %}an T

points it will, however, usually be accurate é"“ //

spread over the whole curve and should g |
not include any that appear to be faulty.

I
! v}
O] 10 20 30 40 b0

enough. The points chosen should be m__if
7
I

In the present case numbers 1, 3 and 5 o
will be used. Substituting the codrdinates Fice. dib
of these points in the equation of the pa- i
rabola,

55=A+ 20B+ 400C,
149=A + 60B+ 3,600C,
33.3 = A + 100 B + 10,000 C.

The solution of these equations is
A =418 B=001, C=00028.
The empirical equation found is then
R =4.18 4 0.01 V 4 0.0028 V2.

The curve (Fig. 44b) drawn from this equation is seen to pass very

close to all the points.
Er.3. In the table below are given the loads which eause the

failure of long wrought-iron eolumns with round ends, in which
P/a is the load in pounds per square inch and /T is the ratio of the
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length of the column to the least radius of gyration of its cr
section. v T

ir Pla log (I/r

140 12,800 21 46{ ]:gl(g'f/g)

180 7,500 2.25653 3.8751

220 5,000 2.3424 3.6990

260 3,800 2.4150 3.5708

300 2,800 2.4771 3.4472

340 2,100 2.5315 3.3222

380 1,700 2.5798 3.2304

420 1,300 2.6232 3.1139

Try the formula P/a = C (I/r)". Taking logarithms of both
- sides, 7
8 \
o log (P/a) = log € + nlog (1/r).
. This is a first degree equation
8 connecting log (P /a) and log (I/r).
7 \ _l_ If t]ﬁ-lf_’. formula is correct, the
\ logarithms should then be codrdi-
\ nates of points on a line. Values
R TRCYR YR TRY) of' the logarithms are plotted in
Tog (14) Fig. 44c. The points are almost
Fie. M. on a line joining the first and last.
The equation of this line is

log (P/a) = —2.11og (I/r) + 8.62.

8.2

Consequently,
P/a = 417,000,000/ (/r)*,

which is the empirical equation required. This is approximately
Euler’s formula for the axial unit-load P/a which will cause a 1011-13
wrought-iron column with round ends to fail.

.E:n, 4. The following values were found for the amplitude of
Vlbra-t-iou of a long pendulum. Here A = amplitude in incheg and
¢ = time in minutes since the pendulum was set swinging.

t=0 1 2 3 4 5 6
A=10 497 247 122 0.61 0.30 0.14
logd= 1 069 0393 0086 —0215 —0523 —0.854

Art. 44 Empirican EQUATIONS

Assume an equation of the form 4 = ab". Then
log A = loga+tlogb.

Using ¢ and log A as codrdinates the points should lie on a line.
Fig. 44d shows this to be the case.
The line seems to pass through the l
points{ = Oand ¢ = 5. Its equation ot
is then 0.8

IOg A= — 0.305¢£. 0.4

Consequently, 0.2
loga =1, logb=—0.305, : 0

and so a = 10, b = 0495. The equa- —g.2
tion required is therefore xl
A = 10 (0.495)". e

Exercises -0.8

From the data in each of the follow-
ing examples find an empirical equation Pea. 44d.

connecting the quantities measured.
1. Test on square steel wire for winding guns. The stress is measured

in pounds per square inch, the elongation in inches per inch.

Stress Elongation Stress Elongation

5,000 0.00000 60,000 0.00216
10,000 0.00019 70,000 0.00256
20,000 0.00057 80,000 0.00297
30,000 0.00094 90,000 0.00343
40,000 0.00134 100,000 0.00390
50,000 0.00173 110,000 0.00444
A\ 2. Test on a steel column. The stress is measured in pounds per
square inch, the compression in inches per inch.

Stress
3,000
6,000
9,000

12,000

Compression Stress
0.00004 15,000
0.00011 18,000
0.00020 21,000
0.00030 24,000

Compression
0.00039
0.00053
0.00066
0.00087

3. The melting point 6, in degrees Centigrade, of a lead and zinc

alloy containing & per cent lead, is given in t

o= 40
f = 186

7

50 60 70
205 226 250

80
276

he following table.

90
304
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4. The following table gives the electromotive force E, in miere-
volts, produced in a lead and cadmium thermo-electrie couple when the
difference in temperature between the junctions is §° C

0= —200 —100 0 100 200
E= 50 —140 0 475 1300

300
2425

5. The following table gives the number of grams S of anhydrous
ammonium chloride which dissolved in 100 grams of water make a
saturated solution at ¢° absolute temperature,

0=273 283 288 293 313 333 353 373
§= 204 33.3 8.2 87.2 4.8 552 65.6 77.3

6. The hysteresis losses in soft sheet iron subjected to an alternating
magnetic flux are given in the following table, where B is flux density
in kilolines per square inch, and P is watts lost per cubie inch for one
eycle per second.

B =20 40 60 80 100 120
P = 0.0022 0.0067 0.0128 0.0202 0.0289 0.0387

7. The observed temperatures 8 of a vessel of cooling water at times
{, in minutes, from the beginning of observation are given in the follow-

ing table: ‘
t= 0 1 2 3 5 ¥ 10 5 20
0=92° 85.3° 79.5° 74.5°

61° B0:5°  53.5° 45°  39.5°

8. Measurements showing the decay in activity of radium emanation
are given in the following table:

20.8
85.7

Timein hours = 0
Relative activity = 100

187.6° 354. 521.9

9 786.9
24.0 6.9 1.5

0.19

CHAPTER 6
POLAR COORDINATES
Art. 45. Definitions

We shall now define another kind of coérdinat-es called polfzr.
Let O (Fig. 45a) be a fixed point and 0X a fixed line. The point

F1a. 45a.

0 is called the pole, or origin, the line OX is called the ?Initial line,
or axis. The polar codrdinates of a point P are the radius r = OP
and the angle 8 from 0X to OP. _ . :

The ang{:e g is any angle extending from OX to the line OP, the
angle being considered positive when measured in the eountcr—clocl.c-
wisc)direchion (Fig. 45a, 1 or 2) and negative when measured in

cwise directi Fig. 45a, 3).
the clockwise direction (Tig )¢ . oy
The radius 7 is considered positive when OP is the terminal side
of 0 (Fig. 45a, 1 or 3) and negative when @ terminates on OF pro-
: )
duced. . e
A given point P is seen to have many pairs of polar coordln?.t-es',
§ being any angle from 0X to OP. A given pair of polar coor-dl-
nates, however, determines a definite point obtained by collstrue’r:111g
the a,ngle ] ‘mci laying off r forward or backward along the terminal
‘ i i itive or negative.
side according as r is positive or nega : L

The point whose polar codrdinates are 7, 9 is represented by Fhe
gymbol (r, #). To signify that P is the point (r, 8) the notation
v ) H

P (r, 0) is used. 55




