CHAPTER 4
SECOND DEGREE EQUATIONS

Art. 29. The Ellipse
If a circle s deformed in sy

from a fived ch a way that th

. e distances of its noi
diameter are all change v s pel

d in the same ratio, the resulling
¢ curve s called an ellipse.
For ex: 2, in Fig, 29q, i
s 1«). n{np.h, in I ig. 29a, if each
. 1 of the circle is moved to g
pont P such that

MP/MP, = | = constant,

the locus of P is an ellipse,

Let the center of the eire

- le be
the origin

and the fixed diameter
th-.J'—uxzs. Let z;, 3 be the co-
ordinates of P, and

1 z,

nates of P. Then

¥ the coordi-

F16. 20a.

=% th=MP,=MP/ik = y/k

- - s . : . ’ . .

If @ is the radius of the cirele, its equation is

.i.!ﬁ ,__ ;‘fi" — !l"’.

Replacing z, and th by their expressions in terms of

£ S &

yZ

i

and y,
z* 4

is f().und to be the equation of the ellipse
placing ka by b, the equation of the ellipse

Dividing by a? and re
becomes

(29)

When y is Z.l’:l‘['}, Z 18 & a, and, when 2z is zero,
b are the distances, 04

_ Y18 + b, Hence a and
and OB, intercepted on the axes
70 :
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Since the equation of an ellipse contains only the squares of z
and y, to each value of z correspond two values of y differing only
m sign. A line perpendicular to
the z-axis then cuts the curve in
two points P, P’ (Fig. 20b) equi-
distant from the axis. Similarly,

a line perpendicular to the y-axis
cuts the eurve in two points P, P”

equidistant from the y-axis. This
is expresséd by saying that the Fra. 20b.
curve is symmetrical with respeet to both of the cotrdinate axes.
They are called the azes of the curve.

Any line through O cuts the curve in two points P (z, ¥),
P (-z, —y) equidistant from O. For this reason the curve 18
called symmetrical with respect to the origin and the point O is
called the center of the curve.

The ellipse cuts the axes in four points A’, A, B, B. The seg-
ments A’A and BB are sometimes called the axes of the curve. The
longer of these is called the major azis, the shorter the minor azis.
The distances OA and OB; equal to a and b, are called the semi-axes
of the curve. The ends of the major axis are called vertices.

Art. 30. The Ellipse in Other Positions
" Equation (29) represents an ellipse whose axes are the cobrdinate
axes. The equation can be stated in a form valid in any pesition.
Infact, sincex = NP,y = MP,a = 04,
b = 0B, equation (29) is equivalent

to

NP* MP?

ox:t o~

(30a)

)

i that is, the ratios, oblained by dividing
F1G. 30a. : ;
the squares of the distances of any pownt
on the ellipse from the axes by the squares of the parallel semi-azes, have

a sum equal lo 1.
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For example, if the center of the e
axes of the curve are par

Chap. 4

Llipse is the point (A, k) and the
allel o the cosrdinate axes (Fig. 300),

X
P (z,)
‘

NP=g—h MP =y—k
and the equation of the eurve is
T=hp (- k)? :
pr e ——F—-— =], (306)

a and b
Fra. 30b,

Ezample 1. Find the o
4'(-3,2), 4 (5,2) and
to4 and 1.

The segment A’A is the major axis °
(Fig. 30c). Its middle point is the center
of the curve, Consequently, the center
18 C(1, 2). Also the semi-axes are

being the semi-axes parallel to
OX and OY respectively,

quation of the ellipse with vertices
semi-axes equal

C:l £ -f:, CB i

The equation of the ellipse is therefore
_(_:‘B _71*)2 (U__ 2)2 ]
16 i
Ezr. 2. Show that the equation 9% + 442 4 36 — 24y+36=0
B v represents an ellipse. Find its center and axes.
The equation can be written

9@ +42) +4 (2 —6y) +36 =0,

Completing the squares in the parentheses,
9(.v+2)3+4(y-3)2=36,

@+2r -3

e
Fia. 30d, 4 9

Comparing this with equation (30b) it
with center (-2, 3),
through the center,

is seen to represent an ellipse
The axes are horizontal and vertical lines
Their equations are z = -2, 4 =38 The
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jor axis is vertical, the minor axis horizontal. The vertices, at

ma, . ‘ ! 4t

the ends of the major axis, are B (:3_, 0), B (-2, 6). el
Ez. 3. Pind the equation of the ellipse whose axes are

2z + -y'— 38, r—2y =0, and whose ¥

=3,

semi-axes along those lines are 1 and 3

respectively. . :
Let P (z, y) be any point on the

curve (Fig. 30¢). Then

Y — & r—2y
Np=?i+y_ j MP = =
=V5 =i Fia. 30c.

The equation of the ellipse is NP*/9 + MP?*/1 = 1, whence
ety —3)  E-20F

| 4
45 )

1.

Exercises

Make grgphs of_ the follmt-'i.n% ;::E;t:s:j Show that the curves are
elliplset2 ill;dy 2tlizu[:) .centers and ¢ 4 Lk 2.’?12 qF ; x_—; - y=ﬁ1‘1.

? E‘m-i(ni dt;m eql.mtiuu ef-the ellipse wft,.h zin;er:nfll,g ;{L z:;:lvzf;m—
axesg. D;Eilcllei.;g Sq};;?(i igtg\th;i;:;nitltl; teﬁt-ci (—2, 4) tangent to
bgthg.cﬁﬁgl&t: e;\g:tmn of the ellipse whose axes are the lines

c+y—2=0 z-y+2=0

ines have hs equal to 1 and 4
and whose semi-axes along those lmg;i;i; ttlvlg;gth q

10. Show that an oblique Plane
section of a right cireular cylinder
is an ellipse.

11. Three sides of a rectangle
are divided into an equal n.uz.nper
of parts and the points O.f dmsx.on
connected by straight lines th.h
the opposite corners as shown 13
Fig. 30f. Show that the intersections of lines through like numbere

3 2 A
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points are on an ellipse with axes equal in length to the sides of the
rectangle.

12. Bhow that the locus of points, the sum of whose distances from
two fixed points is constant, is an ellipse. Let the fixed points be
(—¢, 0), (4¢, 0) and let the constant distance be 2 a.

Art, 31. The Parabola

Let LK, RS be perpendicular lines and MP, NP perpendiculars
from any point P to them. If a is constant and NP considered
positive when P is on one side of RS, negative when on the other,
the locus of points P such that

MP*=gq-NP (31a)

is called a parabola. A parabola is thus a locus of points the, squares
of whose distances from one of two perpendicular lines are proportional
to their distances from the other. The complete locus of such points
18 two parabolas, one on each side of RS.

To each value of NP correspond two values of MP differing only
in sign. The curve is therefore symmetrical with respect to LK

s
N s

. p

Fra. 31a. Fia. 31b.

which is called the axis of the parabola. The point A is called the
vertex. The curve passes through 4 but, since @+ NP is positive,
it does not eross RS,

If LK is the z-axis, RS the y-axis, the equation of the eurve is
y* = az. If a is positive = must be positive and the curve is on the
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right of the y-axis as in Fig. 31a. If a is negative, z must be nega-
tive and the curve is on the left of the y-axis as in Fig. 31b.
If the axis of the parabola is parallel to OX and the vertex is

M

N

Fia. 3lec. Fra. 31d.

(k, k) (Fig. 81c), NP = z — h, MP = y — k, and the equation of
the parabola is
y—FkP=a(x—h). ' (310)
If (h, %) is the vertex and the axis is parallel to OY (Fig. 31d) the
equation of the parabola is
@—h)?=a(y— k). (3le)
If the axis of the parabola is not parallel to either codrdinate axis,
its equation can be obtained from (31a) by expressing MP and NP
in-terms of the codrdinates of P.
'Example 1. Bhow that 4* = 3z + 2y — 4 is the equation of a
parabola.  Find its vertex and axis.
Transposing and completing the square, the equation becomes
g—=1¢=382—-3=3@~-1).

Comparing this with the equation
. (y—kP=a(x—h),
it is seen to represent a parabola for which
Fuel. Bl immk
The vertex is the point (1, 1) and the axis is the line y = 1.




Since the curve passes through (3, 7)
Thi

as the equation of the parabola. 4

(Fig. 31f).

is
ce
at

height at a distance of
5 feet from one end.

the middle point of the

ba;

vertex is then (0, 10).

The curve crosses the z-axis at (15, 0).

152 = g (—10).

Seconp Decree Equations Chap.é‘

Ez. 2. Find the equation of the parabola with vertex (1, 2) and 1
axis ¥ = z + 1, which passes through the point (3, 7). |

The line through the vertex perpendicular to the axis is z 4

¥y—3=0. If z 5 are the codrdi- I
v E nates of any point P (Fig. 31¢), then .

X

S

Mp=¥—t1

T
e
+ V2

If P is a point on the parabola,
MP? = g« NP, whence

—z—1F=

NP =

\ >4

Fia. 3le.

:ta\/.?(:r—i—_; 3)

9=+aV2 ()
his value of a substituted in the previous equation gives

Ty—a-1t=9@+y-3)

Ez. 3. An arch has the form of a parabola with vertical axis
If the arch
10 feet high at the ' Floaes
nter and 30 feet wide
its base, find its

Take the origin af ‘”

J.

i J

se of the arch. The Fie. 31f.
The equation of the arch is consequently

(x—0)=a(y—10).

Hence

_,..-4. e i~

e

Tur HYPERBOLA

Art, 82

Substituting this value of a, the equation of the arch becomes
1022 = 225 (10 — y).

At a point 5 feet from one end z = +£10. The corresponding value

of g is 50/9, which is the height of the arch at that point.

Exercises

Make graphs of the following equations. Show that the curves are
parabolas. Find their axes and vertices.

1. =8z —4. 4. y=(x —1) ( + 2).

2 9 =—22z+ 1. 5. z=42—3y.

3.y =a*—2z2 4+ 3. 6. ?—3z+2y—4=0.

7. Find the equation of the parabola with horizontal axis and ver-
tex at the origin, which passes through (3, 4).

8. Find the equation of the parabola with vertical axis and vertex
af (—2, 2), which passes through (1, —3).

9. An arch in the form of a parabola with vertical axis is 29 feet
across the bottom and its highest point is 8 feet above the base. What
is the length of the beam placed horizontally across the arch 4 feet from
the top?

10. A cable of a suspension bridge hangs in the form of a parabola
with vertical axis. The roadway, which is horizontal and 240 feet
long, is supported by vertical wires attached to the cable, the longest
being 80 feet and the shortest 30 feet. Find the length of the support-
ing wire attached to the roadway 40 feet from the middle.

11. A point moves so that its distance from a fixed point is equal
to its distance from a fixed line. Show
that the locus described is a parabola.

12. Two sides, AB and BC, of a rec-
tangle are divided into an equal number
of parts and the points of division num-
bered as shown in Fig. 31g. Through
the points of AB lines are drawn parallel
to BC, and through those of BC lines
are drawn passing through 4. Show
that, the infersections of lines through like numbered points are on a
parabola.

C

Fra. 31g.

Art. 32. The Hyperbola

Let KL and BS (Fig. 32a) be two straight lines intersecting in
C, PM and PN the perpendiculars from any point P to these lines.
Let MP be considered positive when P is on one side of KL, nega-
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tive when on the other side. Similarly, let NP be positive when P
is on one side of RS, nega=
tive when on the other side,
A hyperbola is the locus of
points P such that the pre=
duct
MP « NP=constant. (32a)

If the signs of MP and

. NP are both changed the

Fio. 3%. product is not changeds

Hence if any point P lies

on the curve, the point P’ at equal distance on the other side of

C is on the curve. The hyperbola is thus symmetrical with respect

to € which is called the center. The curve consists of two parts in

a pair of vertical angles determined by KL and RS. The hyperbola

is a locus of points the product of whose distances from two lines 8

constant. The complete locus of such points is however two hyper=
bolas, one in each pair of vertical angles between the lines.

If MP is very large, NP must be very small and conversely. As
it goes to an indefinite distance the curve thus approaches indefis
nitely near the lines KL
and RS. They are called
asymplotes.

Let ¢ be the origin
(Fig. 32b) and take as R
r-axis the line bisecting - 5
the vertical angles in
which the curve lies.
The curve crosses the i v

K 8

z-axis at two points 4’ Fre. 3%.

A. Construct the rec-

tangle with sides through A’ and A, having KL and RS as
diagonals, Let CA = g, CB =b. The equations of KL and RS
are then

= + (b/a) 7, (32b)

Art. 32 Tre HyYPERBOLA

Consequently, Fig. 32a,

bz + ay
;"f’:— f.a:"’
If P is a point on the hyperbola, MP - NP = const., whenee
+ (b* + a®) const. = k.

p_lu_'” ]
+Vbr4at

MP =

bt — atyt =
Since the hyperbola passes through A (a, 0)
ba® = k.

Substituting this value of k and dividing by a®*, the equation of
the hyperbola becomes

(32¢)

Since the equation contains only squares of z and y the curve is
symmetrical with respect to the coordinate axes. They are called
the azes of the curve. The axis cutting the curve is called trans-
verse, the one not cutting the curve is called conjugate. The dis-
tances CA = a, CB = b are call led the semi-azes. The points A’
and A, where the transverse axis cuts the curve, are called verfices.

Equation (32¢) represents the hyperbola
referred to its axes, the z-axis being trans- \
verse. If the transverse axis is parallel to \
the z-axis and the center is (h, &) (Fig. 32¢),

Fra. 32¢. Fia. 32d.

the codrdinates relative to the axes are z — hand y — k. The
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» hyperbola are taken as axes of codrdi
e ey the axes of the rectangular hy perbola are
G-k (y—k?

nates, its equation is then

| = 33b
. (32d) St o (33)
a? b2

81
- , Tans RECTANGULAR HYPERBGL:'L
Chap' 4 1 Art. 33

: 1 = ‘ATSVETse. .

If the transverse axis is parallel to OY (Fig. 32d) and the center | _the z-axis belmgg?;:s‘thut 0zt —4y+182+16y —43 =018
. - . . k 1 V - <8t |
e e | thEmZZ‘]oliz:l of a hyperbola. Find its center, axes and asymptotes.

4 | he eq ;
Q{' :Q = (i — @ =1 (32¢) The equation can be written
b* a? 0 (22 +22) — 4GP — 4y) = 48.

If the axes of the curve are not parall
its equation can be obtained by using the
z and y in equation (
axes of the curve,

el to the codrdinate axes,

definition or by replacing I Completing the squares, e r A
32c) by the distances of a point P from the R kel S Cligh

. @ty @=2
Art. 33. The Rectangular Hyperbola

LA Sl S B

. 4 :
= : : P

If the asymptotes of @ hyperbola are perpendicular fo each other | B e D, e ot -

tt s called rectangular. Tn this case the asymptotes are usually ¥ OIMparing

W t - ) ) .'t = = = ! e tl" ns-
b()la, 1 h Ce]lt-{.,] ( 1, 7) Uld Semtk "!L\e“a, a ), i 3. T i A .
Verse ney = 2 T]le conj 1gat.0 axig I8 e = —1. [ e
axis 18 th(‘, h e J b} : .
tDi(’b are Tl]]eb thI Oug h th(: C(‘)-Htel' Wlth DI() DES ISt b/ﬂ 1elr
B..Symp JCx = Il

v

equations are consequently
y—2=x3(@@+1).

Fz. 2. Show that zy = 2 — 3 y Is the equation of a rectangular
%, 2. Show that zy = 21 e

hyperbola. TFind its center, axes -

\ and asymptotes. .
: tion can be written

o Fia. 335, The equati
(@+3) -2 =—6.
taken as codrdinate axes. The definition, MP - NP

| ities t+3 and y — 2
the equation of the curve in {1 it 8w

are codrdinates of P (z, ¥) wii“.)h
respect to axes through (—3, ‘*))
is positi : [ and OY (Fig. 33¢). »
If & is positive the curve lies in the first and third quadrants ¥ parallel to O}%’ Mlti ief{l(re gﬂ. 9
(Fig. 33a), if % is negative it lies in the second and fourth quadrants The curve is t v S
(Fig. 33b). tangular hyperbola with
The axes of the rectangular hyperbola make

| s =—3 4
Mmoo o g:sympto‘t C;a;s through (—3,2) making angles of 45
asymptotes. The rectangle, Fig. 32b, is a square and ¢ = b, If and y=2. The axes |

= const., gives

|
i
t
I
i
|
)
T

e form

=5 (330)

|
1
i
1
1
'
i
|
'

Fra. 33c.
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with the asymptotes. Their equations are consequently
¥—2=+(x+3).

L

2. 3. Find the equation of the hyperbola with asymptotes

z—y=1 and z =2, which '
through (3, 4). e

Then (Fig. 33d)

7y et hel B,
I e NP=gz—9

0
/ The equation of the curve is MP - NP

= constant. Consequently,

Tic, 334, (@ —y —1) (¢ — 2) = constant.

Since the curve pe

> . Y passes th

the ccrnstant in this equation is (3 — 4 —1) (3 — 2) _rough (3, 4),

equation required is then : = =B e
@—y—=1)(—2) = —2.

E . . :
z. 4. Find the equation of the hyperbola with center at th
nte he

origin, transverse axis
rse axis Y — 2z = (0, whicl
; ; ch passes thr
and has the z-axis as an asymptote ; R

at'{‘}ifc{c;r;it;g?stew iﬁ_{i;being perpendicular to the transverse axis
et thé dist-ances 5(1) f:a 0. : In equation (32¢) z and 1 can be re-
ik t w4 point on the lllyperbola. from the axes of

. the present case these distances are (z + 2 ) /\/:
and (y — 22) /\/5, Hence the equation of the curve is it

@+29? @20
T R

Simce th-e curve passes through (0, 2) 16/5a2 — 4/582 = 1, §i

i ; = 1. Sine
> ;Z 2-aXis is an abym;?tote, there must be no point of intersection 0?
ok /0511;';& 4;1/(1" gx;axls. When y is zero the equation i);acomoq
g —4/50%) = 1. This will fai rmi
e nis will fail to determine a value of

= 0. ThlS 3Jld € atio; 801V (3(1
2 pre vious Oqu t Ji ] C
. u g- ’2 : 9 . . '

Let P (z, y) be a point on the curve, *

Art. 34 Tus SecoNp DEGREE EQUATION

therefore
; @+2y) @—22°
15 60 3
Exercises

Show that the following equations represent hyperbolas. Find their

centers, axes and asymptotes.

1, 422 — 392+ 12y = 24 4, 20 —3p+dz+12y=4

9 bat—yppr—2y=4 5 oot —yt—22—6y=8

3 2y +z—y=3 6. 22y =3z —4%

7. Find the equations of the two hyperbolas with center (2, —1)
and semi-axes, parallel to OX and 07, whose lengths are 1 and 4 re-
gpectively. ‘

8. Find the equation of the hyperbola with eenter (—2, 1), and
axes parallel to the codrdinate axes, passing through (0, 2) and (1, —4).

9. Find the equations of the hyperbolas whose axes are the lines
3z42y=02z—3y=0 and whose semi-axes along those lines arels
equal to 2 and 5 respectively. :

10. Show that the locus of a point, the difference of whose distances
from two fixed points is constant, s a hyperbola. Let the fixed points
be (—¢, 0), (+¢, 0) and let the difference of the distances be 2a.

11. A point moves 80 that the product of the slopes of the lines
joining it to (—a, 0) and (@, 0) is constant. Show that it describes an
ellipse or a hyperbola.

Art. 84, The Second Degree Equation

An equation of the second degree in rectangular codrdinates has
" the form
- A+ Bry+ Cyr+ Do+ Ey+F = 0, (34a)

A, B, C, D, E, F being constants. The equations of the circle,
ellipse, parabola and hyperbola, are all of this kind. If the poly-
nomial forming the left side of the equation can be resolved into &
product of first degree factors, the equation is said to be reducible.
1f the polynomial cannot be so factored the equation is called irre-
ducible.

Reducible Equations. — If the polynomial forming the left side of
(34a) efn be resolved into a product of first degree factors, the
equation has the form

(@ + by + ¢1) (ae + by + &) = 0.
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Binee a produet is zero when and only

when one of its factors ig
zero, the equation is satisfied by all values

of z and y such that either

@z +by4+e =0
or

a2 + by 4 ¢, =
and by no others. If the coefficients a;, &,
equations represent straight lines,
then a pair of straight lines (a single
If some of the coefficients are im;
single point wl

ete., are all real these
The locus of the equation is
line if the factors are equal),
aginary, the locus will usually be a
10se coordinates make both factors v

anish.
Ezample 1, Determine the

locus of the equation 2 2 — TYy—342
= 0.

The equation is equivalent to

€+y) (2z—3y) =0

The locus is two lines, 4y =0 and 22 — 3y

through the origin,
Ez. 2. Determine the locus
represented by the equation

= 0, passing

Ptry—212—25 + dy—3=0,

Arranged in powers of z the
equation is

Fic. 34a. P+Yy—2)z—(2 V=5y+3)=0.

Bolving by the quadratic formula,
t=—30W-2) £}V —21y 1 16
=-30-2+1@y -9,
There are then two solutions z =
original equation is satisfied
loeus is two straight lines,

Yy—landz=—2y 43 The
if either of these is satisfied. The

Ez. 3. Determine the locus of the equation
P+3P-22+129 413 =0,

When the squares are completed this becomes

(@ —12+3(@+22 =0,

s x £ 5
¢ | T

34 ['HE ECOND DE{ REE I QUAT ON 8.

Art-

]hU sum Or & & (6 e numbpers can I].hf e W]l[’ < are
f qu Ies f T 3.1 be an o bQ ero 11 lﬂ
i5
Zero Ihe Only I'eal numbe{b Sat!sf\‘l\ug thlb undti(}n are t‘h.eﬂ
r = e |

@—1) + @ —2) V-3

The polynomial has imaginalry factors,
s loeus has one real point. : 05
- thde 1(')1:;23 Equations. — It will be shown later (Art. .o'J) th lllti tsee
i 5 Wap
e ]fmm irreducible equation of the second degree s ann . i)r eé
: , : of th i
108%1)21& hyperbola or entirely imaginary. A circle 18 co
e al length
Jllipse with axes of equal length. : i .-
2 En gl;psccond degree part of an equation of the second degr
y the se gree
meant the part PEC T e
V 7 show how to
i . of second degree. We shall now 8 _
ining the terms of second deg ” e ? et
fionmmin: by inspection of this second degree part \\hetl;elr elg‘gb()la
EJ‘H?I1 degree equation represents an ellipse, parabola or hyp
second deg 5
An ellipse whose axes are the lines 1
1I+B1y+01 =0, 1’1217"‘321}‘*“027
Fa §E 0

is 1é nted by the equation :
18 Teprese %o a1 “151’ j—ﬁ-zyi(’z i -
]‘ :1.].L + Blyj"{ -Jr- LA s -
 VArtB: ! P\ ViZ+ B
L1 lq
The second degree part of this equation 18 :
(A + B , G+ Bu)*
) FUrTB)  BUTFE)
Since this is a sum of squares it has nn&glui‘y(‘fuctmob.md ol
1 ar la is A[JE “!" Bly v =4, @

the axis of & parabo Asis Sosr s

thiiugil the vertex perpendimﬂar to the axisis Aw + Bay -+
i ; is
the equation of the curve !
A+ Blyj£1)2 3 Q(AQJ:_—E-B@__(;_,)_
(7 VA®+ B? + VA7 + B

5

a

The second degree part of this equation 18

@) A+ B

which is a complete square.




86

SEcOND Drcren Equatrons

If the asymptotes of a hyperbola are

4z + By + €, =0, At + By + C, = 0,
its equation is

(_Mlyic‘) (M‘ By + (‘2) = constant.

VA £+ ] B? V4 2 +§é_

The second degree part of the equation is

: A.l:C + B]y .«"1*_'.7:' + Bﬂy
(3) S = m— o D — __.7:;: ’
\/4*112 + B¢ \/Azg + By
which is a product of real first degree factors.
Inspection of (1), (2) and (3) shows that the equations of ellipse,
parabola and hyperbola are distinguished by the fact that the
second degree part has imaginary factors in case of the ellipse, is a

complele square in case of the parabola, and has real and distinet
Jactors in case of the hyperbola.

Ezample 1. Show that 822 — ey +212 =22 -3 is the
equation of a parabola.
Solving for ¢,
y=22+ivViz—_g.
Since y is an irrational function of 2 the
equation is irreducible. That the eurve
is real is shown by plotting (Fig. 34p).
The second degree part of the equation is
82 —8ay+ 242 =2 2z —y2
This being a square the curve Is a para-
. ¥  bola.
Fia. 345, " Ez. 2. Show that 22 +ay+12=3is
: the equation of an ellipse.
Solving for y,
Y=3(-2+ V12 -3,
The equation is irreducibl

e and represents a real curve. The second
degree part is

Ptay+y=(+iypr4ip

T T
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This, being a sum of squares, has imaginary factors and the curve
is an ellipse (Fig. 34c). -

Fz. 3. Show that 22+ zy = 2 is the
equation of a hyperbola. )
The equation is irreducible and repre-

gents a real curve. The second degree
part of the equation g

2ty =zlz+ty
has real and distinet factors. The curve
is therefore a hyperbola

F1a. 34c.

Exercises

i ] llowin
Plot and determine the nature of the loci represented by the following
0 ot
L 12, 42 —4qy +p=4z— 0y
Ly e T e
: f;*j“ﬁgyw 3?;“—(; 13. 52t +6ay+ 2 —4z—29
0 = from i,
e i e p eyl
'3x2—25y+3y‘3=0. 14 (z—y+ ; :
2 —gy—1f—4z+y+2=0. 15 a:y:‘z\a;:ir,.iz o. i
iy =0. 16. ®*—2V2uwy i
. x2+2f;'!/+y“+4$+4y+4 : 748 22:2—{—2y2—4x+6y::. :
oo " 18. 32242xy+2yt—4z—4y=%
32;2:31!“‘55‘ _34;;!-4 ; 4r2+3:cy—2y2+41:+7y
Y ' —6=0.
: »"5:4“2;&":3&1‘—5- 20. ?Jy:3y—‘2a:+'6.
,oat—ay =4y.

ST o B0 B F
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Art. 36. Locus Problems

ing point.” The
A Tocus is often defined by a property of a moving po;nt i
locus is the totality of points having the property- : ;lepuation
codrdinate axes being given, the equation of t.hol ]ocu?i 11@, ':1 anOthers
satisfied by the codrdinates of every point on 1t an: J:.’hcular A
To find this equation choose as axes whatever pel;f)e‘:;l( locﬁ.4 =
i e 8.
seem most convenient and let (z, ) l.?e‘ any pomlt {:m tile i
; tant quantities oceurring ‘
terms of z, y and any cons i e
as definition of the locus.
oss the property used as . v
e}fiﬂrze an quilati(}n of the locus. In some cases this result ca
W )
reduced to a simpler form.
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(Ff;m;;ge lij(}lli}veitme? A and B of a t.l'mﬂgle ABC are fixed equation, the segment A B whose intercepts are 04 = .2 z,0B = 2:?;

ud whe Jocus of the vertex C'if 4 + B = . will have P as its middle point and will determine with the codrdi-
The angle € will be ' nate axes a triangle of area K. Therefore K =2y is the equation
of the locus. The curve is a rectangular hyperbola with the axes

¥
C=r—4 -—B:"I
4 as asymptotes.

Since this angle is constant the locus is a cirele y ! Exercises

To find its equation take the middle point of ¢ 1. A point moves so that the sum of the squares of its distances from
B x AB as origin and the line AB a8 voasis 1 thelfour sides of a square is equal to twice the area of the square. Find
A0 = = T i its locus,
5 and (a(-)BO) a:T} ?hzlmlfl "Lmd £ ame Lol 0) : 2. A point moves so that its shortest distance from a f.ixed. circle is
Fra. 35q. Ay e defimition of the loeus is E equal to its distance from a fixed diameter of the circle. Find its locus.
A+ B = ¢, whence 3. In a triangle ABC, A and B are fixed. Find the locus of C, if
A4 —B=1Lnr
4, A point moves so that the sum of the squares of its distances from
Mtk ‘ y . . 't?le three sides of an egui]:tteml triangle is equal to the square of one
ow fan 4 is the slope of AC and tan B is the negative of the slo i gide of the triangle. Tind its locus.
of BC. Hence ; Pe " 5. A point moves so that the square of its distance from the base of
y _ an isosceles triangle is equal to the product of its distances from the other
tand = —— B B ; two sides.  What is its locus? Show that it passes through the vertices
z+a z—a . of the two base angles. ¢
8. On a level plane the crack of a rifle and the thud of the bullet”
striking the target are heard at the same instant. Find the locus of the
hearer.
7. A point moves'so that the ratio of its distance from a fixed point

tan (4 +B) = —1 = miit‘lllj
1 —tan 4 tan B

_Substituting these values in the expression for tan (4 + B),
equation of the circle is found to be e
2+ 12 =2 ay + a2,

Ez. 2. A segment has its ends in e
IR e B . locus is an ellipse if e < 1, a parabola if ¢ = 1 and a hyperbola ife> 1
S s & sl of consiantt e, ' 8. AR and €D are two segments bisecting each other at right angles.

Find the locus of the middle stk Show that the loeus of 2 point P which moves so that PA - PB=PC+ PD
of the segment, ! is & reetangular hyperbola. . y g
I T ST : 9. ()‘.-'1 and OB are fixed stmlght hne:s, P any point, and. PM, PN th.e
et the segment be AB (Fig. 355). 3 perpendiculars from P on 04, OB. Find the locus of P if the quadri-
Let OA = a,0B =b. The area of kR lateral OMPN has & constant area.
the triangle 0AB is Fic. 355 NS 10, ABis a fixed diameter of a cirele and AC is any chord; P and @
Klla LHE i & are two points on the line AC such that QC = CP = CB. Find the
g T B . locus of P and Q as AC turns about 4.
K -bemg constant. If z and y are the cobrdinates of the middle
point P, then o = 2z, b = 2y and

K =2y,

This is an equation satisfied by the coérdinates of any

locus, point on the

Conversely, if the codrdinates of any point satisfy this’




