
CHAPTER 4 

SECOND DEGREE EQUATIONS 

Art. 29, The Ellipse 

lj a cirde is def vrmed in such a wa1 U . 
from a fi.r<Xl diameter are all ha d ~ iat lhe dislaru-,es of its points 

e nge i:i the sa,ne ratio, the resulting 
Y curve ts called an ellipse. 

a ~or cxamplc, in Fig. 29a, if cach 
po~t P1 of thc circle is moved to a 
pomt P such that 

Frn. 29a. 

.lf p f.lf P1 = k = coru;tant , 
the locus of p is an cllipsc. 

Let the centcr of thc circlc be 
thc origin and the fixcd diametcr 
the_ x-axis. Let x1, Y1 be the co
ordinates of P1 and x, Y thc coordi
natcs of P. Then 

·, . X¡= x, Y1 = ltfP1 = MPJk = y/k. 
lf a IS the radius of the circle, its cquation is 

X¡2 + yi2 = a2. 

Rcplacing X1 and Y1 by their expres.sions in terms f d 
o x an y, 

y! 
x2+ - =a2 

J...! 

i,¡ found to be the cquation of the cllipse D' .d. 
plncing ka by b, the cquation of the elli~ bcc1::g by a2 and re-

x2 y2 
a2 + b2 = l. (29) 

When y is zero, x is ± a, and, when x is zero . 
b are the distanccs OA and OB . t 'Y IS ± b. Hence a and 

' , m erccpted on the axes. 
iO 
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Since thc cquation of an ellipsc contains only the squarcs of x 

and y, to cach value of x correspond two valucs of y difiering only 

in sigo. A line perpendicular to r 
thc x-axis then cuts the curve in B 

two points P, P' (Fig. 29b) cqui
distant from the axis. Similirly, 
a line p<>rpendicular to thc y-axis 
cuts the curve in two points P, P" 
cquidistant from thc y-axis. This 
is cxprcsséd by saying that the 

B 

Fro. 29b. 

.A X 

curve is symmetrical with respcct to both of the coordinate axes. 
They are callcd thc axes of thc curve. 

Any line through O cuts the curve in two points P (x, y), 

P'" (-x, -y) cquidistant from O. For this rcason the curve is 
callcd symmctricál with rcspcct to the origin and the point O is 

called thc center of the curve. 
Thc ellipse cut5 the axes in four points A', A, B', B. The seg

ments A' A and B' B are sometimcs callcd the axes of the curve. The 
longcr of thcse is called the major axis, the shorter the minar a.ri.,. 
The distanccs OA and OB, equal to a and b, are callcd the semi-axes 
of the curve. The ends of the major axis are called vertices. 

Art. 30. The Ellipse in Other Positions 

• Equation (29) represents an ellipse "'hose axes are the coordina.te 
axe;. The equation can be stated in a form valid in any position. 

B 
Infoct, sincex = NP, y= MP, a= OA, 
b = OB, cquation ( 29) is equivalent 

to 

NP2 MP2 
OA1 + OIP = l, (30a) 

that is, the ratios, obtained by ditriding 
the squares of the distances of a11y poi11t 

on the ellipse Jrom the axes biJ the squares of the parall(!l semi-axes, halle 

B' 

FIG. 30a. 

a BU/11 equal to l. 
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F . . hap.4 
or example, if the center of the ellipse is th . 

axes of thc curve are parallel to th .. . e pomt (h, k) and the 
Y e coordinate axes (Fig. 30b)' 

-t=---..:':::,.J:'(x,1,1) NP = X - h MP - k ' -y-
and the equation of the e . urve 1s 

(x - h)2 (y ..:.. k)2 
a2 +--v- = 1, (30b) 

Frn. 30b. a ~nd b being the semi-axes parallel to 
OX aud OY res t' ¡ Exampl,e l p· d th . pee 1ve y. 

, · m e equat1on of the ll · . 
A ( -3, 2) A (5 2) and . e ipse with vertices 

' ' serm-axes equal 
to4andl. YB 

The segment A'A is th . . 
( 

. e maJor aXIS 
F1g. 30c). Its middle point . th 
f th ll3 e center 

? C t curve. Consequently, the center 
ll3 1, 2). Also the semi-axes are 

o X 

Frn. 30c. 

CA= 4, CB = l. 
The equation of the ellipse is therefore 

(x - 1)2 (y _ 2)2 
. 16 + ¡ = l. 

Ex. 2. Show that the equation 9 xz + 4 y2 + 36 24 
B x- Y+36 = O 

Y represents an ellipse Find ·t 
T 

· 1 s center and axes 
he equation can be written . 

9 (x2 +4x) +4(y2 - 6y) +36 = O. 

Completing the squarcs in the parenthes 
9 (x + 2)2 + 4 (y - 3)2 = 36 es, 

' 

.A'r------l'c"---1.A 

or 
X 

(x + 2)2 (y _ 3)2 
FIG. 30d. 4 + ~ = l. 

Comparing this with equation (30b) •t. 
with center (-2 3) Th 

I 
ll3 s~en to representan ellipse 

' . e axes are honzontal d . 
through the center The' t' an vertical lines 

· ir equa 1ons are x = -2, y= 3_ The 
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major axis is vertical, the minor axis horizontal. The vertices, at 

the ends of the major axis, are B' (-2, O), B (-2, 6). 
Ex. 3. Find the equation of the ellipse whose axes are the lines 

2 x + y = 3, x - 2 y = O, and whosc 

semi-axes along those lincs are 1 and 3 

respectively. 
Let P (x, y) be any point on the 

curve (Fig. 30e). Then 

NP=2x+y-3 MP=x-2y_ 
±V5 ' ±V5 FIG. 30e. 

The equation of the ellipse is NP2/9 + MP2/l = 1, whence 

(2 X + y - 3)2 (X - 2 y)2 

45 + 5 =l. 

E:i:ercises 

Make graphs of the following equations. Show that the curves are 
ellipses. Find their centers and semi-axes. 

l. x2 + 2 y2 = 6. 4. 3 x2 + 2 y2 
- 6 x + 8 y = l. 

2. 4x2 + y2 - 8 x + 4 y + 7 = O. 5. x2 + 3 y2 + 6 x - 6 y = l. 
3. x2 +2y2 =x+y. 6. 5x2+2y2-10x+4y+7=0. 
7. Find the equation of the ellipse with center (1, -3) and semi-

axes, parallel to OX and OY, whose lengths are 2 and 3 respectively. 
8. Find the equation of the ellipse with center ( - 2, 4) tangent to 

both coordinate axes. 
9. Find the equation of the ellipse whose axes are the lines 

x + y - 2 = o, x - y + 2 = O, 

and whose semi-axes along those lines have lengths equal to 1 and 4 
respecti vely. 

10. Show that an oblique plane 
a section of a right circular cylinder 

is an ellipse. 
11. Three sides of a rectangle 

! are divided into an equal number 
of parts and the points of division 
connccted by straight lines with 

Fxo. 00/. the opposite corners as shown in 

Fig. 'JO/, Show that thc intersections of lines through like numbered 
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points are on an ellipse with axes equal in length to the sides of the 
rectangle. 

12. Show that the locus of points, the sum of whose distances from 
two fixed points is constant, is an ellipse. Let the fixed points be 
( -e, O), ( +e, O) and let the constant distance be 2 a. 

Art. 31. The Parabola 

Let LK, RS be perpendicular lines and MP, NP perpendiculars 
from any point P to them. If a is constant and NP considered 
positive when P is on one side of RS, negative when on the other, 
the locus of points P such that 

MJYZ = a· NP (31a) 

is called a parabola. A parahola is thus a locus of points the,squares 
of whose distances from one of two perpendicular lines are proportional 
to their distances from the other. The complete locus of such points 
is two parabolas, one on each side of RS. 

To each value of NP correspond two values of MP differing only 
in sign. The curve is therefore symmetrical with respect to LK 

L L M 

R 
R 

Fm. 31a. Fra. 31b. 

which is called the axis of the parabola. The point A is called the 
vertex. The curve passes through A but, since a • NP is positive, 
it does not cross RS. 

If LK is the x-axis, RS the y-axis, the equation of the curve is 
y2 = ax. If a is positive x must be positive and the curve is on the 
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right of the y-axis as in Fig. 31a. If a is negative, x must be nega
tive and the curve is on the left of the y-axis as in Fig. 31b. 

If the axis of the parabola is paraliel to OX and the vertex is 

o o 

Frn. 31c. Fm. 31d. 

(li, k) (Fig. 31c), NP = x - h, MP = y - k, and the equation of 
the parabola is 

(,y - k)2 = a (x - h). (31b) 

If (h, k) is the vertex and the axis is parallel to OY (Fig. 31d) the 
equation of the parabola is 

(x - h)2 = a (,y - k). (31c) 

If the axis of the parabola is not parallel to either coéirdinate axis, 
its equation can be obtained from (31a) by expressing MP and NP 
in terms of the coordinates of P. 
"Example l. Show that y2 = 3 x + 2 y - 4 is the equation of a 

parabola. Find its vertex and axis. 
Transposing and completing the square, the equation becomes 

(y -1)2 = 3 X - 3 = 3 (x - 1). 

Comparing this with the equation 

(y - k)2 = a (x - h), 

it is seen to represent ,a parabola for which 

h = 1, k = 1, a = 3. 

The vertex is the point (1, 1) and the axis is the line Y = l. 
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~x. 2. Find the equation of the parabola with vertex (1, 2) and 
ax1S y "". x + 1, which passes through the point (3, 7). 

The line through the vertex perpendicular to the axis is x + 
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y 

Y - 3 = O. If x, y are the coiirdi
nates of any point P (Fig. 31e), then 

MP = y - X;- l 
±V2' 

NP= x+y-3_ 
±V2 

If P is a point on the parabola, 
MP2 = a· NP, whence 

FIG. 3Ie. (y - x -1)2 = ± a V2 (x + y - 3).· 

Since the curve passes through (3, 7) 

9 =±a V2 (7). 

This value of a substituted in the previous equation gives 

7 (y - X - 1)2 = 9 (X + y - 3) 

as the equation of the parabola. 

Ex. 3. An arch has the form of a parabola with vertical axis 
(Fig. 3lfl. If the arch 
is 10 feet high at the 
center and 30 feet wide 
at its base, find its 
height at a distance of 
5 feet from one end. 

Take the origin at 
the middle point of the 
base of the arch. The 

y 
(0,10) 

o (15,0) y 

FIG. 31f. 

vertex is then (O, 10). The equation of the arch is consequently 

(x - 0)2 = a(y-10). 

The curve· crosses the x-axis at (15, O). Hence 

152 = a ( -10). 

Art. 82 THE HYPERBOLA 

Substituting this value of a, the equation of the arch becomes 

10 x2 = 225 (10 - y). 

77 

Ata point 5 feet from one end x = ±10. The corresponding value 
of y is 50/9, which is the height of the arch at that point. 

Exercises 
Make graphs of the following equations. Show that the curves are 

parabolas. Find their axes and vertices. 
l. y2 = 8 x - 4. 4. y = (x - 1) (x + 2). 
2. y2 = - 2 X + l. 5. X = y2 

- 3 y. 
3. y = x2 - 2 x + 3. 6. x2 - 3 x + 2 y - 4 = O. 
7. Find the equation of the parabola with horizontal axis and ver

tex at the origin, which passés through (3, 4). 
8. Find the equation of the parabola with vertical axis and vertex 

at (-2, 2), which passes through (1, -3). 
9. An arch in the form of a parabola with vertical axis is 29 feet 

across the bottom and its highest point is 8 feet above the base. What 
is the length of the beam placed horizontally acros.5 the arch 4 feet from 
the top? 

10. A cable of a suspension bridge hangs in the form oí a parabola 
with vertical axis. The roadway, which is horizontal and 240 feet 
long, is supported by vertical wires attached to the cable, the longest 
being 80 feet and the shortest 30 feet. Find the length of the support
ing wire attached to the roadway 40 feet from the middle. 

11. A point moves so that its distance from a fixed point is equal 
to its distance from a fixed line. Show 
that the locus described is a parabola. 

12. Two sides, AB and BC, of a rec
tangle are divided into an equal number 
of parts and the points of division num
bered as shown in Fig. 31g. Through 2~~Í~~-=:_-=:_-=:_-=:_-=:_-=:_-=:_-=:_-=:_"=j 
the points of AB linea are drawn parallel ~~--------i 
to BC, and through those of BC lines 
are drawn passing through A. Show 

Fro. 31g. 

that, the intersections of linea through like numbered points are on a 
parabola. 

Art. 32. The Hyperbola 

Let KL and RS (Fig. 32a) be two straight lines intersecting in 
C, PM and PN the perpendicuh1rs from any point P to these lines. 

Let MP be considered positive when Pis on one side of KL1 nega-
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tive whcn on the othcr sidc. Similarly, let NP be positive when 
is on one side of RS, n 

s . tive when on the other ~ 
A hypcrbola is the locus ci 
points P such that the pro, 
duct 

MP • NP= constant. (324) 

If the signs of MP and 
L, NP are both changed the 

product is not changed. 
Hence if any point P liea 

on the curve, the point P' at equal distance on the other side ci 
C is on the curve. The hyperbola is thus symmetrical with res~ 
to C which is called the center. The curve consists of two parta in 
a pair of vertical angles determined by KL and RS. The hyperbola 
is a locus of points the product of whose distances from two lines i, 
constani. The complete locus of such points is however two hyper

bolas, one in each pair of vertical angles between the lincs. 
If MP is very large, NP must be very small and conversely. Al 

it goes to an indefinite distance the curve thus approaches indefi

F10. 32a. 

nitely near the lincs KL 
and RS. They are called 

asymptotes. 

K 

Let C be the origin 

(Fig. 32b) and take as x' x-axis the line bisecting -----f"~--311E-~=+----,X 

the vertical angles in 
which the curve lics. 

The curve crosses the y' 

x-axis at two points A', Flo. 32b. 
A. Construct the rec-
tangle with sides through A' and A, having KL and RS as 
diagonals. Let CA = a, CB = b. The equations of KL and RS 

are then 
11 = ± (b/a) x. (32b) 

Art.31 TuE li\"PERBOLA 

Consequently, Fig. 32a, 

MP = bx -¿- ay ' 
±Vb! +a2 

If Pis a point on the hyperbola, 1\f P • NP = const., whence 

lh:1 - aty2 = ± (b1 + at) const. = k. 

Since the hypcrbola passcs through A (a, o) 

b1a2 = k. 

79 

Substituting this value of k and dividing by a2b1, the equation of 

the hyperbola becomes 

(32c) 

Since the equation contains only squares of x and y the curve is 
symmetrical with rcspcct to the coordinate axes. They are called 
the a.res of the curve. The axis cutting the curve is called trans
verse, the one not cutting the curve ii; callc<l conjugnte. The dis
tances CA. = a, CB = b are called thc semi-axes. The points A' 
and A, whcrc the transverso axis cuts the curve, are called vertices. 

Equa.tion (32c) repre:;ents the hypcrbola. 

rcferred to its axes, the x-axis bcing tra.ns
verse. If the transvcrse axis is parallcl to 
the x-axis and the center is (h, k) (Fig. 32c), 

Flo. 32c. Flo. 32d. 

the coordinatcs relative to the axes are x - h and y - k. The 
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equation of the hyperbola is then 

(x - h)2 (y - k)2 
--a2- - - -b2- = l. (32d} 

If the transverse axis is parallel to OY (Fig. 32d) and the center 
is (h, k) the equation of the hyperbola is 

(y - k)2 (x - h)2 

-,¡-----;¡-=l. (3Ze) 

If the axes of the curve are not parallel to thc coordinate axes 
its equation can be obtained by using the dcfinition or by replacin~ 
x and y in equation (32c) by the distanccs of a point P from the 
axes of thc curve. 

Art. 33. The Rectangular Hyperbola 

lf the (L8'JJmptotes of a hyperbola are perpendicular to each other 
it is cal,led rectangular. In this case the asymptotes are usually 

y 

_Jo 
X 

X 

Frn. 33a. Fro. 33b. 

taken as coordinate axes. The definition, MP • NP = const., gives 
the equation of the curve in the forro 

xy = k. (33a) 

If k is positive the curve lies in the first and third quadrants 
(Fig. 33a), if k is negative it lies in the second and fourth quadrants 
(Fig. 33b). 

The axes of the rectangular hyperbola make angles of 45º with thc 
asymptotes. The rectangle, Fig. 32b, is a square and a = b. If 

S3 THE RECTANGULAR IIYPERBOLA 

~ ~ 
the axes of the rectangular hyperbola are taken as axes of coor i-

81 

nates, its equation is then 
xz -y2 = a2, (33b) 

the x-axis being transverse. _ 
0 

. 
, E l 1 Show that 9 x2 - 4 y2 + 18 x + 16 y - 43 - lS 

xamp e · d ptotes 
the equation of a hyperbola. Find its center, axes an asym . 

The equation can be written 

9 (x2 + 2x) - 4 (y2 - 4y) = 43. 

Completing the squares, 

or 

9 (x + 1)2 _ 4 (y - 2)2 = 36, 

(x + 1)2 - (y - 2)2 = l. 
-4- 9 

. this with equation (32d), it is seen to representa hyper-
Comparmg . 2 b _ 3 The trans-
b l with center (-1, 2) and seIID-axes, a = '. :-- . 0 

ª . • the line y = 2. The conjugate aXIB lS x = -1. The 
verse axIB lS . h 1 ± b/a Their 
asymptotes are Iines through the center wit s opes . 

equations are consequently 

y _ 2 = ±Hx + 1). 

r Ex. 2. Show that xy = 2 X - 3 y is the equation of a rectangular 

hyperbola. Find its center, axes _J: Y 

and asymptotes.\ i 
The equation can be written 

(x + 3) (y...,.. 2) = -6. ____ l ___________ _ 
The quantities x + 3 and Y -:- 2 

0 
are coordinates of P (x, y) with \ 
respect to axes through (-3, 2) 1 

parallel to OX and OY (Fig. 33c). ,,. i 
The curve is therefore a rec- ¡ 
tangular hyperbola with center Frn. 33c. 

( -3, 2) and asymptotes x ~~3 
h ( _

3 2) making angles of 45º 
and y = 2. The axes pass oug ' 
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with the asymptotes Th · . . ell' equations are consequently 

Y - 2 = ±(x + 3). 

Ex. 3. Find the equation of the hyperbola ·th 
W1 asymptotes 

x - y = 1 and x = 2, which 
through (3, 4). passes 

Let p (x, y) be a point on the curve 
Then (Fig. 33d) . 

MP = x - y-1 
. ±V2 1 NP = X - 2. 

The equation of the curve is MP . NP 
= constant. Consequently, 

F:w. 33d. (x - Y - l) (x - 2) = constant. 

Since the curve pass thr 
the c~nstant in this equation is (3 - 4 - 1) (3 _es2 - ough (3, 4), 
equat1on required is then ) - - 2. The 

(x - y- 1) (x - 2) = -2. 

~ Ex. 4. Find the equation of the h b 1 · . 
origin, transverso axis y - 2 x - O y~r o a with center at thc 
and has the · - ' which passes through (O 2) 

x-aXIS asan asymptote. ' 
i Thc conjugate axis bein . 

at the center is x + ; Y - Og pelrpend1c~a~ to the transverse axis 
' ' - • n equat1on (32 ) d 

placed by the distances of a point on th h e x an y can be re-

th 
e yperbola from the axes of 

e curve. In the pre t h . and - sen case t ese distances are (x + 2 y) /V5 
(y 2 x) /V5, Hence the equation of the curve is 

(x + 2y)2 (y - 2x)2 
5 a2 - 5 b2 = l. 

~:ce th~ ~urve passes through (O, 2) 16/5 a2 - 4/5 b2 = 1 s· 
e x-axlS lS an asymptote there t b . . mee 

the curve and x- · Wh m~ e no pornt of intersection of 

x2 (1/5 a2 - 4/5 b2t:S~. Th: !n~a~ero the eq~ation becomes 
if 1/5 a2 - 4/5 b2 = 

0 
Th' to d~termrne a value of x 

simultaneously give a~ = 
3 

18 b:i:: 
1
!he ;~evious ~quation .solved 

1 • e equat1on reqUll'ed is 
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(x + 2y)2 _ (y - 2x)2 
_ 1 

15 6Ó - . 

Exercises 

Show that the following equations Tepresent hyperbolas. Find their 

centers, axes and asymptotes. 
l. 4 x2 - 3 y2 + 12 y = 24. 4. 2 :i;2 

- 3 yi + 4 X + 12 y = 4. 
2. 5 X2 - y2 - 2 y = 4. - 5. X2 - y2 

- 2 X - 6 y = 8. 
3. xy + X - y = 3. 6. 2 xy = 3 X - 4 . 
7. Find the equations of the two hyperbolas with center (2, -1) 

nnd semi-axes, parallel to OX and OY, whose lengths are 1 and 4 re-

spcctively. 
8. Find the equation of the hyperbola with center (-2, 1), and 

axes parallel to the coordinate axes, passing through (O, 2) and (1, -4). 
9. Find the equations of the hyperbolas whose axes are the linear' 

3 x + 2 y = O, 2 x - 3 y = O and whose semi-axes along those lines are✓ 

-. 

cqual to 2 and 5 respectively. 
10. Show that the locus of a point, the difference of whose distances 

from two fixed points is constant, is a hyperbola. Let the fixed points 
be ( - e, O), (+e, O) and !et the difference of the distances be 2 a. 

11. A point moves so that the product of the slopes of the lines 
joining it to (-a, O) and (a, O) is constant. Show that it describes an 

cllipse or a hyperbola. 

Art. 34. Toe Second Degree Equation 

An equation of thc second degree in rectangular coordinates has 

the form 
Ax2 + Bxy + Cy2 + Dx + Ey + F = O, (34a) 

A, B, C, D, E, F being constants. The equations of the circle, 

ellipse, parabola and hyperbola are ali of this kind. If the poly
nomial forming the left side of the equation can be resolved into a 

product of first degree factors, the equation is said to be reducible. 
If the polynomial cannot be so factored the equation is called irre-

ducible. 
Reducible Equations. - If the polynomial forming the left side of 

(34a) cán be resolved into a product of first degree factors, the 

equation has the forro 

(a1x + b1y + c1) (l½x + bi!J + ~) = O, 
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Since a product is zero when and onl ' . Chap. 4 
zero, the equation is satisfied b ll Y "hen one t>f its factors is 

Y a values of x and Y such that either 

or aix + b1y + c1 = O 

'½X+b2Y+c2=0 
and b_y no others. If the coeffi.cients a1 b 
equations represent straight li ' i, etc., are ali real these 
th . nes. The locus f tb 

en a pair of straight lines ( • 1 . 0 
e equation is 

I~ sorne of thc coeffi.cients are~ Slll~ e line if the factors are equal). 
smgle point whose coordinates unaglllary, the locus will usually be a 

Example l. Determin make both factors vanish. 
= O e the locus of the equation 2 2 • X - xy-3y2 

The equation is equivalent to 

(X+ y) (2 X - 3 y) = 0. 

The locus is two lines + 
' x Y = O and 2 x - 3 Y = O, passing 

o 

through the origin. 

Ex. 2. Determine the locus 
represented by the equation 

x2+xy-2y2-2x + 5y-3=0. 

Arr~ng~d in powers of x the 
equat10n 15 

F10. 34a. . x2+(y- 2) x-(2 y2-5 y +3) = O 

Solving by the quadratic formula . 
' X: -t (y - 2) ± ½ V9y2 - 24y + 16 

- - 2 (y - 2) ± ½ (3 y - 4). 

T~e:e are then two solutions x = y - l and x -
or1gmal equation is satisfied if eith . -. -2 y+ 3. The 
locus is two straight lines. er of these lS satisfied. The 

Ex. 3. Determine the locus of the equation 

X2 + 3 y2 - 2 X + 12 y + 13 = 0 
Wh · en the squares are completed this b ecomes 

(x - 1)2 + 3 (y+ 2)2 = O, 

Art. 34 THE SECOND DEGREE EQUATJON 8.5 

The sum of squares of real numbers can only be zero when all are 

zero. The only real numbers satisfying this equation are then 

x == l, y= -2. 

The polynomial has imaginary factors, (x - 1) ± (y - 2) ~ 
but the locus has one real point. 

Irreducible Equations. - It will be shown later (Art. 59) that tbe 

locus of an irreducible equation of the second degree is an ellipse, 

parabola, hyperbola or entirely imaginary. A circle is considered 

as an ellipse with axes of equal length. 
By the second degree part of an equation of the second degree is 

meant the part 
Ax2 + Bxy + Cy2 (34b) 

containing the terms of second degree. W e shall now show how to 

determine by inspection of this second degree part whether a given 

second degree equation represents an ellipse, parabola or hyperbola. 

An ellipse whose axes are the lines 

A1x + Biy + C1 = O, Ai:t + B2Y + C2 = O 

is represented by the equation 

_!_ (A1x + B1y + C1)
2 + .!_ (A2X + B2?1 + G2)

2 
= l. 

a2 v' A12 + B12 b2 V A22 + B22 

The second degree part of this equation is 
(A1x + B1y)2 (A2X + B2y)2 

(l) a2 (A1
2 + B12) + b2 (Al + Bl). 

Since this is a sum of squares it has imaginary factors. 

If the axis of a parabola is A1x + B1Y + C1 = O, and the line 

through the vertex perpendicular to the axis is Ai:t + B2Y + C2 = O, 

the equation of the curve is 

(
A1x + B1Y + G1)2 

== a (Ai:t + B2Y + C2)· 
v' Ai2 + B12 ±V A22 + B22 

The second degree part of this equation is 

(2) 
(A1x+Bi11)2 

A12 +Bi2 ' 

which is a complete square. 
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If the asymptotes of a hyperbola are 

. . A1x + B1y + C1 = O, A2x + B211 + C2 = O 
1ts equation is ' 

( A1x + B1y + C1) (A2X + B2y + C2) -
v A12 + B12 V A22 + B22 - constant. 

The second degree part of the equation is 

(3) ( A1x + B1y) (A2X + B2y) 
V A12 + B12 V A22 + B22 ' 

which is ~ product of real first degree factors. 

Chap.4 

Inspection of (1) (2) and (3) h 
parabola and hyp~rbola are ¿tws ~hat the equations of ellipse, 
second degree part has ú . mgrus~ed by the fact that the 

naginar11 factors in case of the u· . 
complete square in case oj the ab la e ipse, is a 
f actors in case of the hyperbola. par o ' and has real and distinct 

Example l. Show that 8 z2 - 8 xy + 2 y2 = 2 x - 3 is the 

y 

o 

FIG. 34b. 

Solving for y, 

equation of a parabola. 
Solving for y, 

Y= 2x ± ½ v'4x _ 6. 
Since y is · · . . a~ irrat1onal function of x the 
equation IS irreducible Th t th • . · a e curve 
IS real IS shown by plotting (Fig. 34b). 
The second degree part of the equation is 

8x2 - 8xy + 2y2 = 2 (2 x -y)2. 

This being a square the curve is a para
bola. 

Ex. 2. Show that x2 + xy + y2 = 3 is 
the equation of an ellipse. 

y=½ (-x ± v12 - 3 x2). 

:~:;:!~º: is, irreducible and represents a real curve. 

x2 + xy + y2 = (x + ½Y)2 + ty2. 

Thesecond 

' . 
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This, being a sum of squares, has imaginary factors and the curve 

is an ellipse (Fig. 34c). y 

Ex. 3. Show that x2 + xy = 2 is the 

equation of a hyperbola. 
The equation is irreducible and repre

sents a real curve. The second degree X 

part of the equation 

x2+xy = x(x+y) 

has real and distinct factors. The curve 

is therefore a hyperbola 
Fm. 34c. 

Exercises 

Plot and determine the nature of the loci represented by the following 

equations: 
l. x'- + 2 xy - 3 y2 = O. 
2. 2 x2 + 3 xy - y2 = O. 
3. 4x2 + 12 xy + 9 y2 = O. 
4. 3 x2 - 2 xy + 3 y2 = O. 
5. 2 x2-xy-y2-4 x+y+2=0. 
6. x2+2 xy+y2+4x+4 y+4=0. 
7. xy = 7 x. 
8. x2 - 2 xy + y2 = 4 x. 

· 9. x2 + y2 = 2 X - 3 y + 4. 
10. x2 + 2 xy + 2 y• = 5. 
11. x2 - xy = 4 y. 

12. 4 X2 - 4 xy + y2 = 4 X - 5 y. 
13. 5 x2 + 6 xy + 2 y2 

- 4 x - 2 y 
+ 1 = o. 

14 .. (X - y+ 3) (2 X - y -1) = 4. 
15. XY = 2 X + 2 y - 4. 
16. x2 - 2 V2 xy + 2 y2 = 4 x. 
17. 2x2 +2y2 -4x+6y=7. 
18. 3 x2 +2 xy+2 y2-4 x-4y=4. 
19. 4 x2 + 3 xy - 2 y2 + 4 X+ 7 y 

- 6 = o. 
20. xy = 3 y - 2 X + 6. 

Art. 36. Locus Problems 

A Tocus is often defined by a property of a moving point. The 
locus is the totality of points having the property. - A pair of 
coordinate axes being given, the equation of the locus is an equation 
satisfied by the coordinates of every point on it and by no others. 

To find this equation choose as axes whatever perpendicular lines_ 
seem most convenient and let (x, y) be any point of the locus. In 
terms of x, y and any constant quantities occurring in the problem, 

express the property used as definition of the locus. The resuit 
wil1 be an equation of the locus. In some cases this result can be 

reduced to a simpler form. 
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Exampl,e l. _The vertices A and B of a triangle ABC are .fixed 
(Fig. 35a). Find the locus of the vertex e if A+ B = ¾ 1r. 

Thc angle C will be · 

SECOND DEGREE EQUATIO~S 

y 

C = 1r - A - B = ~-
4 

F.ro. 35a. 

Since thi:3 angle is constant the Iocus is a circlc. 
To find i~s _equation take the middle point of 
AB as or1gm and the Iine AB as x-axis. Lct 
AO = OB = a. Then A and B are (-a, O) 
ªnd (a, 0). The definition of the Iocus is 
A+ B = ¾1r, whence 

tan (A+ B) = -l = tan A+ tanB 
1- tan A tanB · 

Now tan A is the slope of il.C and tan Bis the negative of the slo 
of BC. Hence pe 

tan A = _J!__ tan B = -y . 
x+a' x-a 

Subst!tuting these values in the expression for tan (A + B) 
equat1on of the circle is found to be ' 
x2 + y2 = 2 ay + a2. 

Ex. 2. A segment has its ends in 
the coordinate axes and determines 
with them a triangle of constant area. 
Find the Iocus of the middle point 
of the segment. 

Let the segment be AB (Fig. 35b). 
Let OA = a, OB = b. The area of 
the triangle OAB is 

K = ½ab, 

y 

B 
p 

F.ro. 35b. 

the 

X 

K . being constant. If x and Y are the coordinates of the middle 
pomt P, then a= 2x, b = 2y and 

K =2xy. 

This is an equation satisfied by the coordinates of any point th 
locus C 1 if on e 

. onverse Y, the coordinates of any point satisfy this 
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equation, the segment AB whose intcrcepts are OA = 2 x, OB = 2 y 
will have P as its middle point and will determine with the coordi
nate axes a triangle of arca K. Therefore K = 2 xy is the equation 
of the locus. The curve is a rectangular hyperbola with the axes 

as asymptotes. 
Exercises 

l. A point moves so that the sum of the squares of its distances from 
the four sides of a square is equal to twice the area of the square. Find 

its Jocus. 
2. A point moves so that its shortest distance from a fixed circle is 

equal to its distance from a fixed diameter of the circle. Find its locus. 
3. In a triangle ABC, A and B are fixed. Find the locus of C, if 

A-B=¼1r. 
4. A point moves so that the sum of the squares of its distances from 

the three sides of an equilateral triangle is equal to the square of one 
sidc of the triangle. Find its locus. 

5. A point moves so that the square of its distance from the base of 
an isosceles triangle is equal to the product of its distances from the other 
two sides. What is its locus? Show that it passes through the vertices 
of the two base angles. 

6. On a level plane the crack of a rifle and the thud of the bullet' 
striking the target are heard at the same instant. Find the Jocus of the · 
hearer. 

7. A point moves so that the ratio of its distance from a fixed point 
to its distance from a fixed straight line is a constant e. Show that the 
locus· is an ellipse if e < 1, a parabola if e = 1 and a hyperbola if e > l. 

8. AB and CD are two segments bisecting each other at right angles. 
Show that the locus of a point P which moves so that P A • P B = PC • P D 
is a rectangular hyperbola. 

9. OA and OB are fixed straight lines, P any point, and PM, PN the 
perpendiculars from Pon OA, OB. Find the locus of P if the quadri
lateral OJf PN has a constant area. 

10. AB is a fixed diameter of a circle and AC is any chord; P and Q 
!U"e two points on the line AC such that QC = CP = CB. Find the 

~ locus of P and Q as AC turns about A. 


