CHAPTER 3
STRAIGHT LINE AND CIRCLE

Art, 23. Equation of a Straight Line

Let Py (z1, 1) be a fixed point and P (z, y
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numerically equal to the distance along the y-axis to the line, is
positive when the line is above the origin and negative when it is
below. Equation (23b) represents the line with slope m and inter-
cept b on the y-axis.

If the line is perpendicular to the z-axis (Fig. 23b) its slope 18
infinite and equations (23a) and (23b) cannot be used. In this ease
the figure shows that

=2 (23¢)
Conversely, if the abscissa of a point is 21, it Ties on the line. There-
fore (23¢) is the equation of a line through (z1, 1) perpendicular to

the z-axis.
Ezample 1. Find the equation of a line through (—1, 2), the angle

from the z-axis to the line being 30°.
The slope of the line is

m = tan (30°) = % V3.

The equation of the line is then
y—2=3v3@+D.

Ez. 2. Tind the equation of the line through the points (2, 0)
and (1, —3).
The slope of the line is
-3-0
L g
Since the line passes through (2, 0) and has a slope equal to 3, its
equation isy — 0 =3 (z — 2), whence

gy =28z—5

Bx. 3. Find the equation of the line through (1, —1) perpen-
dieular to the line through (2, 3) and (3, —2).

The slope of the line through (2, 3) and (3, —2) ig =5. The
slope of a perpendicular line is —1/(=5) = 3. The equation of
the line with this slope passing through (1, —1) is

y+1=3%@-1),

which is the equation required.
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Ez. Show th: i
: 4.‘ Show that the equation 2z — 3y =25 repres

straight line. Find its slope s

Solving for y,

y=3z-4.
Cor i is wi i
: uparing this with the equation ¥ = mx + b, it is geen that th
Wo are equivalent if m = 2 g, ity .
7 |‘1 \f}l(nt if f”' =% b= —3. Therefore the given equa-
presents a straight line with slope 2 and interce ;

ey 3 and Infercept- —§ on

Exercises

s z > 2-A%1 ine i
s he .'1111,10 fr(.)m the z-axis to alineis 60°, The line passes
=1, =3). Find its equation. e
5. ;{mi t:u- equation of the line through (2, —1) and (3, 2
« Hind the equation of the line t} h (2, ol g,
- . : 2 throtigh (2, 3) and (2. —

:L ?mll tI}m equation of the line through (1 2) ;'nr'lll(.'?to 1.111)‘

5 e - S . } \1, &) part e Z-axis
& ( tl: equation of the perpendicular bisector of the i
Joining (-3, 5) and (=4, 1). gy

6. An equilateral tri : i

) quuateral triangle has its base ir i
5 . § base In the z-axis its
(3, 5). Find the equations of its sides PRl

7. A line is perpendiet
‘ : llar to the segme ;
2yl i i segment between (—4, —9) ;

(7 , —6) 11 ih.r pont one-third of the way from the l'n'-tk A,
point. Find its equation, § e
8. Find the equati i
2 equation of the line zh (3, 5
through (2, 5) and (=5, —2) through (3, 5) parallel to that
9. One diagonal of a par:
P _1;3 lh(‘“x,gmml of a parallelogram joins the points (4, —2)

» —4). One end of the other diagonal is (1. 2) Fi s ﬂ_"d
g 8 (1, 2). Find its equation

10. A diagonal of a s joi

). A diagon a square joins the points (1, 2). (2 5 i
equations of the sides of the square PENAEG9.
g I ]ui base of an isosceles triangle is the segment jolnin 2
e (G ~ ). Its vertex is on the y-axis. Find the o s '3)
g 18 equations of its

12. Show that, the i
e equation 22 — y = 3 3 i i
Find its slope and construct the line. TR

13. Show that the equations

2z 43y =5, 32-2y=7

represent two perpendicular straight lines
14. Perpendiculars are d d from {]
. diculars are dropped from the point (5 ' i
%i'lilm E-l:m;z}v whose vertices are the puintﬁI (4 '5)( ’«(0_) -lup'.?n P
show that the feet of the perpendiculars lie on ,:_ ]il;e B

First Decree EqQUATION

Art. 24. First Degree Equation
Any straight line 1s represented by an equation of the first degree
in vectangular coordinates. In fact, if the line is not perpendicular
to the z-axis, its equation has been shown to be

y—th=mlz—mn),

&, th and m being constants. If it is perpendicular to the z-axis

its equation is
z=n.
Since both of these equations are of the first degree in z and y, it
follows that any straight line has an equation of the first degree in
rectangular codrdinates.
Conversely, any equation of the first degree in rectangular codrdi-
nates represents a straight line. For any equation of the first de-

gree in z and y has the form

Az+By+C=0, (24)

A, B, C being constant. If B is not zero, this equation is equivalent

to
A ¢

y=—3* "B

which represents a line with slope —A /B and intercept —C/B on

the y-axis. If B is zero, the equation is equivalent to
(‘Y

=-0
which represents a line perpendicular to the z-axis passing through
the point (—C/4, 0). Hence in any case an equation of the first
degree represents a straight line.

Graph of First Degree Equation. — Since a first degree equation
represents a straight line, its graph can be constructed by finding

two points and drawing the straight line through them. The best

points for this purpose are usually the intersections of the line and

coordinate axes. The intersection 4 (Fig. 24a) with the z-axis is
found by letting y = 0 and solving the equation of the line for the
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corresponding value of z. Similarly, the intersection B with the
y-axis is found by letting # = 0 and solving for y. The abseissa of

Fia. 24q.

A and the ordinate of B are called the infercepts of the line on the
codrdinate axes.

If the line passes through the origin (Fig. 24b) the points A and B
coincide at the origin and it is hecessary to find another point on the
line, This is done by assigning any value to one of the codirdinates
and calculating the resulting value of the other cobrdinate,

Ezample 1. Plot the line 2 2 + 3y = 6 and find its intercepts on
the axes.

Substituting y = 0 gives 2 = 3 and substituting z = 0 gives
¥ = 2. Hence the line passes through the points A 3, 0) and
B(0,2). Its intercept on the z-axis is 3 and on the y-axis 2.

Ez. 2. Construct the line whose equation is 2z — 3 y =0,

When z is zero y is zero. The line then passes through the
origin. When y = 1, *=4. Hence the line OP, (Fig. 24b)
through the origin and the point (3, 1) is the one required.

Slope of a Line. — If the line is perpendicular to the r-axis, its slope
is infinite. If it is not perpendicular to the z-axis, its equation is
y =mz+ b,

The slope is the coefficient, of 2 in this equation. Consequently, if
the equation of a line is solved for Y, its slope is the coefficient of .
Ezample 1. Find the slope of the line 32 — 5 =
Solving for y
y=%z—1.
The slope of the line is therefore 2.

Ez. 2. Find the angle from the line z+y =3 to the line
y=2x+45.

Art. 24 Fmsr DeereE EqQuaTion

The slope of the first line is —1, that of the St.econd 2. The angle

8 between the lines is determined by the equation
_2-(=D )
st E T

The negative sign signifies that the angle is negative or obtqua. :

Ez. 3. Find the equation of the line through (3, 1) perpendicular

me2zx 44y =5. ‘
to'lt‘;z tri?en eq-iatién can be written y = —~% T+ 5; I'ts slop;}f
consequently —%. The slope of a Perpendlculfa.r line is 2. ]
equation of the line through (3, 1) with slope 2 is
y—1=2(@—3),

which is the equation required.

Exercises . B
Plot the straight lines represented by the following equations, fin
i 5 and intercepts:
e 5. 32— 6y 47 =0,
T =0, 6. 22 +5y+8=0.
l'c+y=2. 7. 4z 4+ 3y =0.
. 2z4+3y—5=0. 8. 3z—4y =0
. Show that the equation
@o+3y-D(s—Ty+2 =0
nts a pair of lines. :
repigsc Sljov.vptlmt (z +4y)* =9 represents two [?araliel hnes.l
11‘ Show that #* = (y — 1) represents two lines perpendicular to
each other. ’ e
12. Show that the lines 3z +4y—7=0, 9z + 12y — 8
are parallel. 2 i %
13. Show that the lines z + 2y +5=0,42 -2y —7 =0 are
erpendicular to each other. : . :
4 }4. Find the interior angles of the triangle formed by the lines

g=0, z—y+2=0 2z+3y—21=0.

15. Find the equation of the line whose intercepts on the z and y

axes are 2 and —3 respectively. ; > ! |
16. Find the equation of the line whose slope is 5 and intercept on
the y-axis —4. . X
. 1;. Find the equation of the line through (3, —1) parallel to the line
z—y=28.
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18. Find the equation of the line through (2, —1) perpendicular to
theline9z — 8y +6 = 0.

19. Find the projection of the point (2, —8) onthelinez — 4y = 5.

20. Find the equation of the line perpendicular to 32 — 5y =29
and bisecting the segment joining (—1, 2) and (4, 5).

21. Find the lengths of the sides of the triangle formed by the lineg
42+3y—-1=0, 3z2—y—4=0, s+4y—-10=0.

22. A line passes through (2, 2). Find its equation if the angle from
itto8z — 2y = 0is 45°

23. Find the equation of the line through (4, §) and the intersection
of thelines 3z —4y —2=0, 122 — 15y —8 =0.

24, Find the equation of the line through the intersection of the lines
22—y+5=0,2+y+1=0, and the intersection of the lines
2=y+7=0 2z+y—5=0.

25. Find the locus of a point if the tangents from it to two fixed
eircles are of equal length.

26. What angle is made with the axis of y by a straight line whose
equationis ty + 3z = 1?7

Art. 25, The Expression Ax + By + €

At each point P of the plane a first degree expression Az + By 4 €
has a definite value obtained by putting for z and y the codrdinates
of P. Thus at the point (1, 2) the expression has the value
A+ 2B+ (. Points where the expression is zero constitute a
line whose equation is Az + By + € = 0. If the point P moves
slowly the value of the expression changes continuously. A number
changing continuously can only change sign by passing through zero.
If the point P does not cross
the line the expression cannot
become zero and so cannot
change sign. Therefore af all
points on one side of the line
Az 4 By + C = 0 the expres-
ston Az + By + C has the same
sign.

Fig. %5a. Bzample 1. Determine the
region in which z +y — 1>0.
The equation = 4y — 1 = 0 represents the line LK (Fig. 25a).
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At all points on one side of LK the expression then has the same
. At (1,1)
e g4y—l=14+1-1=1
which is positive. It is seen from the figure that (1, 1) is above LK :
Hence, at all points above LK, 2 +y — 1 is positive. At the origin
z+y—1=0+0-1=-1

which is negative. The origin is below the lilne. Hence zlxt a‘ll
points below LK the expression 4y — 1 is negative. The region in
which z + 3 — 1 > 0 is therefore
the part of the plane above the line.

Ez.2. Determine the region in
which z+3>0,z+2y—2<0
and 2 —y—1<0.

In Fig. 25b the lines z +y = 0,
$rdy—2=0 z—y—1=0
are marked (1), (2), (3) respectively.
Proceeding as in the last exam-
ple, it is found that z+y >0
above (1), 2z +2y —2 <0 below (2) and s —y — 1 <0 on the
left of (3). Hence the three inequalities holld in the shaded triangle
which is the part common to the three regions.

Fic. 256b.

Art. 26. Distance from a Point to a Line

We wish to find the distance from the point Py (@1, 1) to the line
LK whose equation is Az + By
+ ¢ = 0. In Fig 26alet MPy
be perpendicular to the z-axis
and DP; to the line LK. Let¢
be the angle from OX to LK.

Then
(@) DP;=QPcos¢ LJ
= (MP; — MQ) cos ¢.

From the figure it is seen that

(b) MP]_ = 11.
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Since @ is on the line LK, its cobrdinates, 2, and MQ, must satisfy
the equation of LK, Therefore

An+B-MQ+C =0,
and consequently

© Mg = - 424C,

The slope of LK is tan ¢ = —A /B, whence

(d) cos ¢ = RIS Sev
VA + B

Substituting the values from (®), (¢), (d) in (a),

pp, - At Bu+C
S Y b (26)
+V A4 B2

Equation .(26) gwves the distance from the point (@1, 1) to the line
whose eqtfatwn ts Az 4 By + C = 0. The distance being positive
sucy a sign must be used in the denominator that the result is
positive.

Example 1. Find the distance from the point (1, 2) to the line
2z —=3y=686.

The distance from any point
(z1, y1) to the line is by (26)

v

20— 3y — 6
+V13
The distance from (1, 2) is then

200 -3@ -6 _ 10
Fra. 26b. :i:\/l_?) b \/E

Ez. 2. The lines (1) y—2—1=0,2) 24+9y—-2=0, (3
T+ 2y + 2 = 0 determine a triangle ABC. Tind the bisector of
the angle 4 between the lines (1) and (2) (Fig. 26b).

The bisector is a locus of points equidistant from the lines (1)
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and (2). If (z, ) is any point of the bisector, z and y must then
gatisfy the equation
y—z—1 _z+y—2.
SVE =V

The signs must be so chosen that these expressions are positive at
points inside the triangle. At the origin these expressions become
S v'2), —2/(+£V2). Hence the negative sign must be used
in both denominators. The bisector required is therefore

y—z—1 24§-—3
-2 ~V2

When simplified this becomes z = 3.

Exercises

Determine the region occupied by points satisfying the inequalities
in each of the following cases:

il 25 4+3y—62>0. 5. y—2z>1,

2. 2<3y. y—22 <3,

3. z—y—1>0, 2y+z>1,

: y— 2z > 0. 2y +x <3

4 22—y —2>0, 6. z4+2y—-3)2z—y+3)>0.

3z +4y—12<0, 7. (z+4y)2 >0
2y—1>0.

8. Inside the triangle determined by the linesz +y =0, 22 — 3y
—1=0,y — 2 = 0, what algebraic signs have the expressions z + ¥,
2z —3y—1,y—27

/9. Express by inequalities the inside of the triangle determined by
the points (1, 1), (3, 4), (2, —2).

310. Find the distance from the point (3, 5) to theliney = 4z — 8.

311. Find the distance from (6, —2) to the line through (—1, 3) and
(5, —1).

112, Find the distance between the two parallel lines, 4z 43y —10=10
and4z +3y —8=0.

13. Find the equation of the bisector of the acute angle between the
Ines 22 —y=12+3y =2

14, A triangle is formed by the lines 3z — 4y = 5,4z + 3y = 5,
5& 4+ 12y = 13. Find the center of the inscribed circle.

15. Find the locus of a point whose distance from (2, 3) is equal to
its distance from the line z + 2y = 3.
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16. The sum of the distances from the point P (z, 3) to the lines
Y= c+y=4y+2=0,is4. Find an equation satisfied by the

codrdinates of P, Do all points whose codrdinates satisfy this equation
have the required property?

is i i form
This is an equation of the )
A(@+9)+Bx+Cy+D=0, (27b)
i > stant.
in which A, B, C, D are constan . b -
maonverse,ly ,if ,-'1 is not zero, an equation of the form (ZIL) rlepl:lz-
| B : -
i if i s any re at all. To show this divide
: : circle, if 1t represents any curve & &, ‘
S ; ;ent: E:md coxjnplcte the squares of the terms containing z and those
A cirele is the locus of a point at constant distance from a fixed cgn;; B iy, Ths enbia
¥ point. The fixed point is the center of .

B\ €Y B 4@ —44D
the circle and the constant distance is its 1 (;v - '9*1) <7 (U T3 1) g
radius.

! s n 14 mogitive. it represents s circle
Let C (, k), Fig. 27, be the center of | If the right side of this eq}mtmn 151, polbllzﬂf/,/ 11; :l;m‘_ TAD/2A.
the circle and 7 its radius. If P (z, y) is g with center (—B/2 4, —C/2 A)- s rb d the eircle shrinks to a
any point on the circle If the right side is zero, the radius is RIS 2 e ovead
| point. If the right side is negative, since the sum of squares
T T . (=
S W=k, numbers is positive, there is no real luc.us. a3
e or (@—h? 4 (y — k) =2 (27a) | Ezample 1. Find the center and radius of the circle
iy i S ki : : 22 +2¢2 —3z+4y=1
This is an equation satisfied by the codrdinates of any point on the R
circle. Conversely, if the codrdinates z, y satisfy this equation, 5
= . ; : 2= 37
the point P is at the distance r from the center and consequently [ @—3+ @+ 1 =18
lies on the circle. Therefore it is the equation of the circle. irele is (2, —1) and its radius is & V£
i y : ] The center of the cireleis (3, —1) a
Ezample 1. Find the equation of the circle with center (=2, 1) ‘
and radius 3. In this case, h = -2 k=1r=3.
By (27a) the equation of the circle is then

Dividing by 2 and completing the squares,

Ez. 2. Determine the locus of
24P+ dr—6y+13=0.
Completing the squares,
@2+ @-12=0, omp

(z 42+ @ —872=0.
Ez. 2. Find the equation of the circle with cent

er (1, 1) which The sum of two squares can only be zero when both are zero. The
passes through the point, (3, —4). i

s r s . . k‘
only real point on this locus is then (—2, 3). The circle shrinks
The radius is the distance from the center to the point (3, —4).
Consequently

to -a point.

Ez. 3. Discuss the locus of
P=VE-1P 4 (—4-1j= Va9, | 2Ly +2y+3=0.
The equation of the circle is therefore | B o
2 a0
(@—124(y—1)2 =29, | e e =3, : S

: 7hi is is true.

Form of the Equation. — Expanding (27a), There are no real values for which this 1s tr

Py —2he— 2hy + R R —p <, Saginty.
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Art. 28. Circle Determined by Three Conditions

When a circle is given, h, k, r, in equation (27a), have definite
values. Conversely, if values are assigned to h, k and r, a circle is
determined. This is expressed by saying that the circle is deter-
mined by three independent constants, Any limitation on the
eircle, such as requiring it to pass through a point or be tangent to a
line, can be expressed by an equation or equations connecting h,
kand r. Now three numbers are determined by three independent
equations. This is expressed by saying a circle can be found satis-
fying three independent conditions. Thus a ecircle can be passed
through three points, can touch three lines, ete, Many problems
consist in finding a circle doing three things. To find the equation
of such a circle, express the three conditions by equations eonnect-
ing h, & and r, solve and substitute the values in equation (27q).

Ezample 1. A circle is tangent to the z-axis, passes through (1, 1)
and has its center on the line y=z—1.

Find its equation,
The cirele is shown in Fig, 28a.

Since the circle is tangent to
‘ the z-axis, k= +7.  Since it passes
b'd

through (1, 1), the circle lies above the
' a-axis and k is positive. Hence
‘@ % (a) k=7
/ Since the center is on the line y=x-—1,
I/ its codrdinates must satisfy that equation,
Consequently

®) k=h—1,

Since the circle passes through (1, 1),

(c) I=hP+(1—-k2=r,

The solution of (a), (b) and () ish = 2, k = L.r=1,
tion required is then

F1a. 28q.

The equa-

@—2P+@—-1)2=1,
Ez. 2. Find the equation of the cirele through (2, 3), (4, 1) and
tangent to the line 42 — 3 y = 15 (Fig. 28b).
Since the circle is tangent to the line its center is at a distance r

Art. 28 =5
from the line. The distance from the center (h, k) to 4z Y
0! A

3 MIN BY 1 BE ITIONS 6;
(,IRCLL ])LTE;R TINED HR CQND

15 is by equation (26)
4h—3k— 15.
® o e

¥

Since the circle passes through (2,.3) its
genter is on the same sid(? of the line as
(2,3). To make (a) positive at thg .CCII].tCI'
an,d therefore at (2, 3), t-he.nega.tn-e gign
must be used in the denominator of (a).
The condition of tangency is then
4h—3k—15 _ .
® ==
Since the circle passes through (2, 3) and (4, 1},
© @—hr+@—k2= r:.
(d) @G-+ QA-k2=r

Solving equations (), (¢) and (d) simultaneously, we get

ﬁ‘)

8 ._12”9, r="%8
h=9 k=1 r=2and h=34, k=79, r=48
{ b b

y SIY .
are co Deque tl cireles § @iy e g C
Ibeﬁe e 1} T ‘ WO 1(‘) %a( }“f mng th 1Ven col l[hh()l]s

Their equations are D
-9 +G-1=4
(6 — MR+ — A = AR

' A
Bz 3. Find the circle through the three points ,1), (-1, =1)

and (2, 0). oF |
The’cot‘)rdinates of the three points mus

the circle. Hence

t satisfy the equation of

(0 — K+ (1 — k=7,
(=1 — B4 (—1— kP =1,
@ =B+ (0— k="

i second
Subtracting the first and third of these equations from the

i 2h+4k+1=0,

6h+2k—2=0.
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The solution of these equations is h = 3 k = —3%. These values

substituted in either of the original equations give 12 =10 T4
eirele required is therefore :

@=3+G+ir=1p,

Exercises
Find the center and radius of each of the following circles. Draw
the eurves,
L 2% 4 g2 = 25,

2 .i2+y2t;v+y.
2. B2 =4g,

¢ ). z2—2a.'v+yf—2ay=0.
3. 2088+ 2 — 6y +1 =0, - B — 244y 42 =0,
4 322+ 3P dgp =1 '.;rf'+yfﬁ2x+l=0.
9. What locus is represented by the equation 2 T +224+2y
+ 2= (7 o T 3
10. What is the locus of the equation 22 + 2 — 6z 4 ¢ y+9 =07
11 Find the equation of the circle through (=2, 4) and having the
same center as the eircle z2 + ¥ =5z +4y—1=0,.
12. Find the equation of the circle whose diameter is the segment
joining (=1, —2) and (3, 4). :
13. Find the equations of the circles through (1, 2) and tangent to
both cotrdinate axes.
“14. Find the equations of the circles with centers at the origin and
tangent to the cirele 22 + VP—dzt+4y+7=0, "
15. Find the intersections of the circles
Pty =22 42y,
Pty 9z =4
16. Find the equation of the circle through the three points (0, 3),
(3, 0) and (0, 0).
17. Find the circles of radius 5 passing through the points (2, —1)
and (3, —2),
18. The center of a circle passing through (1, —2) and (=2, 2) is on
the line 8z ~ 4y 1.9 = . What is its equation?
19, A circle passes through the points (0, 0), (2, ~2) and is tangent ”
totheliney +4 = 0. Find its equation.
20. A circle passes through the points (=1,0), (0, 1) and is tangent
tothelinex — y = 1. Find its equation,
2L A circle is tangent to the linesz = 3,z = 7, and its center is on
theliney = 22 + 4. What is its equation?
22. Find the equation of the circle circumscribed about the triangle
formed by the three lines 2 +Ty=2=0,9z+ 5Yy—-2=0,y+22
=11 =0, ‘

e 69
I 5 (LONDITIONS
Circre DETERMINED BY THREE (CloNDITION

S i i , tris ed
Find the equatic'm of the circle inscribed in the triangle form
23. Fin

—z=1z—2y=1 T
ind the locus :)fy 1)0i:ts from which the tangents‘a t(ihthe circles

i Fmi : fi:t" 4yt — 2344y =4are of eqx.mlzlmg .0. AR
2+ =4ands? - (o e L T m t

25.' sl Subtr?etngrﬂ-l—e ‘ [gcfirui:l;;%()th{a equation of a linfe sls Sob-
e ?J} -: t'h‘is line is the common chord of the two c;rce :ti.ccs
iy Sh‘?“’ i< -;s ;;0 that the sum of its distances from tv.md v‘ din

. .Pomt‘ Iln? ‘i,gnrrle is equal to its distance from thtl} th.n' hvse ‘co'.'
Of' = eqmlatetr' atn I:uti;ﬁe‘d‘hy its codrdinates. Do all pou}?t.s who
Eﬁ:?e: 2:?15; tilis equation have the required property!

by the linesz +y = 1




