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E:a:ercises 

1. H f (x) = z2 -
1
3 x + 2, show that / (1) = ¡ (2) .,. o. 

2. If f (x) =X+ x' find/ (x + 1). Also find/ (x) + l. 
3. Iff (x) = vz: ~ 1, find/(2x). Also find 2/•(x). 

4· If f (x) = 2: _ 3, find/ (!). Also find _l __ 
X f (X) 

5. H-;, (x) = x' + 
1
2 z2 + 3, show that .¡, (-x) = .¡, (x). 

6· If 4> (x) = x + x' show that [4> (x)P = 4> (x') + 2. 

7· If F (x) = ~ ¡ :, show that F (a) F (-a) = l. 

Chap.1 

~- ~f /1 (x) = 2z, /1 (x) = z2, find/1 [/1 (y)]. Also find/1 [/1 (y)) 
· f f (x, y) = xi + 2 xy - 5, show that J (1, 2) = o. · 

10. If F (x, y) = xt + xy + yi, show that F (x y) = F ( ) . 
11. If f (x y) - xi + 3 2 ' Y, X • 

12 
If b - . x Y + y!'. show that J (x, vx) = za¡ (l, v). 

. a, .' e are the Sides of a r1ght triangle how man of h 
tx, takcn as mdcpenclent variables? y t em can 

13. Express the radius and area of a sphere in terma f th 1 
taken as mdependent variable. o e vo ume 

14. Givcn u = zt + y2 v _ x + d t . of th . d d . , - Y, e errrune x and y as functions 
• e m epcn ent variables u and v. 

10· If x, Y, z satisfy thc equations 

x+y+ z=6, 
X - Y+ 2z = 5, 

2x + y - z = 1, 

show that none of them can be indcpeodent variabl 
16. Thc equations es. 

x+ Y+ z= 6 
tJ. X - Y + 2 Z = 5

1 

2x+4y+ z=l3' .... 
are_ ddepcndent. Show that any one oí the quaotities x y z can be tak 
ns m cpcndent variable. ' ' en 

17. If u, v, x, y are connectc<l by thc eqll!ltions 

U
2 + 1tV - y = 0, 1w + X _ y = 0, 

show that u and x cannot both be indcpendent 11.riables. 

•• 

CHAPTER 2 

RECTANGULAR COORDINATES 

Art. 11. Definitions 

Scale on a Line. - In Art. 1 it has bccn shown that real numbcrs 
can be attachcd to the points of a straight linc in such a wo.y that 

the distancc betwecn two points is cqual to the di.ffercncc (largcr 
minus smaller) of the nurnbers locatcd at thosc points. 

The line with its associatcd numbers is called a scale. Proceed
ing along the scale in one dircction (to thc right in Fig. lla) the 

•• ·t -3 - t -1 O I t S i G 

o 
Fm.lla. 

numbcrs increase algebrnically. Proceeding in the other direction 
the numbers dccreru;e. The dircction in which thc numbers in
crease is callcd positive, that in which thcy dccrcasc is called 

negativc. 
ColSrdinates of a Point. - In a plane take two perpendicular 

scales X'X, Y'Y with thcir zcro points coincident at O (Fig. llb). 

lt is customary to draw X'X, called 
thc x-a.ris, horizontal with its positive 
end on the right, and Y'Y, called the 
y-axis, vertical with its positivc end 
above. Thc point O is called the 
origin. The axes divide the plane into x 
four scctions called quadra11ts: These 
are numbered I, II, III, IV, as shown 

in Fig. llb. 
From any point P in thc plane drop 

II 

Q 
III 

y 

p 

o .X 

IV 
y ' 

Fio. llb. 

perpendiculars _PAI, PN to the axes. Let the number at M in the 
scalc X'X be :i: and that at Nin the scale Y'Y be y. These num-
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bers x and y are called the rectangular coiirdinalcs of P 'l'lith rcspect 

to the axes X'X, Y'Y. Thc number x b called the absC1.'ssa, thc 
nwnber y is called the ordinate of P. 

If the axes are drawn as in Fig. llb, thc alisci,sa x is cqual in 
magnituclc to the distancc P.V from P to thc y-axis, is positiv.c for 
point.s on the right ancl negativo for points on the left of the y-axis. 
The ordinate y is equal in magnitude to the distance PM from P to 
the x-axis, is positivo for point.,,; above and negativo for points below 
the x-axis. For example, thc point P in Fig. llb lias coordinatcs 
x = 3, y== 2, while Q has the coordinatcs x = -3, y == -2. 

RECT.Axcuua Coli1101:-;An;s 
Chap. 2 

Notation. - The point whose coiirdinates are x and y is reprcsented 
by the symbol (x, y). To signify that P has the coorclinatcs x and y 
the notation P (x, y) is uscd. J.'or examplc, (1, -2) is the point 

x = 1, y == -2. Similarly, A (-2, 3) significs tha.t the abscissa of 
A is -2, and it.s ordinate 3. 

Plotting. -TJ1e proccss of locating a point whose coordinatcs are 
gi,·cn is callcd pl-Otting. It is convenient for this purpose to use 
coordinate paper, that is, paper rulcd 'l'lith two sets of lincs as in 

Fig. lle. Two of these perpendicular lincs are taken as axes. A 
certain number of divisions (one in Figs. lle, d and e) are taken as 
reprc.senting a unit of length. This unit shoulrl be long enough to 

make the diagram of reasonablc size but not so long that any points 
to be plotted fail to lie on the paper. By counting the rulings from 

Fra. lle. 

the axes it is easy to locate the point having givcn 
coordinates (approximately if it <loes not fall atan 
intenmction). 

Example l. Show graphically that the points 
A (-1, -3), B (O, -1), C (1, 1) and D (2, 3) lic 
on a straight line. 

The points are plotted in Fig. lle. By apply
ing a ruler to the figure it is found that a straight 
line can be drawn through the points. 

Ex. 2. Plot the point.s P, (-2, -1), P2 (3, 4) 
and find the distance between them. 

The point.s are plotted in Fig. lld. 

Let the horizontal line through Pi cut the vertical line through 

Art. 11 DEnxrr10:--:s 25 

P, in R. From that P1R = 5, RP2 = 5· thc figure it is i;ccn 

Consequently, 

F10. lld. fi d 

3) C(6 2)and n . -1) B (4, - , ' Ex. 3. Plot the pomts A ( -1, , . 

the arca of the triangle A~C. . 11 The triangle ABC IS p:i~t 
. 1 ttcd m F1g. e. 5 X 7 = 3.>. The pomts are p o . 5 d 7 and area 

CDEF with s1des an re (onc-of a rectangle . ht trianglcs whosc arens a f 
ADC AEB and BFC are :1g~ d' 5 rcspcctivcly. The arca o 
half bru;e times altitude) 102, .> an 

ABC is then BFC = 35 - 20½ = 14}. 
CDEF - ADC - AEB -

1 Plot the points A (4, 4), 
Exercises D (

4 
_

4
) and 

B (-4, 4), C (-4, -4), ' 

· . • ch oí the four E (V2 V3). . ·gns oí thc coordinates mea ' .h e the algebrruc s1 
2. \\ at ar . ? Ir it lics on the 

qua;r~~~?point lie,; on the x-a:_ush· "'1:~ ~t:::~\:· for which x = 1? 
· · · abscissll.? " ere 

y-axis ~hat: 1~2? . . ow is (a, b) rclatcd to each 
for which y d b be any given numocr:s. H (a + 1, b), (a, b - 2)? 

4. Let a an ( -b) (-a, -b), (b, a), d vcrify from 
oí the points ( -~, b), a, 2)' (1, 1), (2, 4), (-1, -5) an 

5 Plot thé pomts (O, - ! d 

the figure that the~ lie o:h:tl~~~ points (5, O), . (3, -4), ( -4, 3) an 

6. Show grap~1cally Find its centcr and radius. 3) and (2, O). 
(O, -5) lic on a c1rcle. . e uiclistant from (-3, 4), (5, 

7 Construct thc pomt q urcment. . tal line 
De~rminc. its coo:dinates by t:d B (3, 4). Let the honzon 

8. Plot the pomts A (l, ) 
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through A meet the vertical line through B in P. What are the co
ordinates of P? What are the lengths of AP and BP? Calculate the distance AB. 

9. Find the distance between A (-2, -3) and B (3, -4). 
10. Find the area of the triangle formed by the points (-3, 4), (5, 3) and (2, O). 

Art. 12. Segments 

In this book the term line (meaning straight line) is used only 
when referring to the infinite line extending indefinitely in both 
directions. The part of a line between two points will be called a 
segment. 

In many cases a segment is regarded as having a definite direction. 
The symbol AB is used for the segment beginning at A and ending 

at B. The segment beginning at B and ending at A is written BA. 
The value of a segment may be any one of three things that should 

be carefully distinguished. Whenever the symbol AB occurs in an 
equation it must be understood which of these things is meant. 

(1) In many cases the value AB m~ns the length of the segment. 
In this case AB = 3 means that AB has a length of three units and 
AB = CD means that AB and CD have equal lengths. 

(2) In other cases the symbol AB represents the length together 
with a sign positive or negative according as the segment is directed 
one way or the other along the line. For example, the x-coiirdinate 

of a point is equal to the segment NP (Fig. llb) considered positive 
when drawn to the right, negative when drawn to the left. The 
value of the segment is in this case a number with a positive or 
negative sign, 

(3) Certain physical quantities, such as velocities, include in their 
description the direction of the lines along which they occur as well 

as their magnitudes and directions one way or the other along those 

lines. Two segmcnts representing such quantities. are equal only 
when they have the same length and direction. The value of such 
a segment (called a vector) is not a number but a number and 
direction. 

Segments Parallel to a Coordinate Axis. - In most cases the value 
of a segment parallel to a coiirdinate axis will be the number equal 

27 Art, lS l'ROJECTION . 

. 1 h of the segment and positive or negat1ve 
in magmtude to the engtt. drawn in the positive or negative direeaccording as the segmen IS 

y 

P, 

y 

o X 

FIG. 12a. FIG. 12b. 

. : That is horizontal segmenta are positive when 
t1on of the aXIS. .' dr t the left· vertical seg-
drawn to the right, negative when awn o . ~ drawn down
ments are positive when drawn upward, negative whe 

warLedt. p (x y) and P2 (x2, Y2) be the end points of a segment P1P2. 1 1

' 

1 

• (Fi 12a) If the segment is parallel to the x-aXIS g. 

PiP2 = M1M2 = X2 - X¡, (12) 

. - x is e ual in absolute value to the distance 
for the diff~renc~ ~2 i q . the ri ht of M1, negative when 
M1M2 and IS pos1tive when M2 IS on g . (F' 12b) 
on the left. Similarly, if P1P2 is parallel to the y-aias ig. ' 

then (12) 
p 1p 2 = N1N2 = Y2 - Y1-

. nd . n a segment parallel to a coordinate 
Therefore in length ª . sig b . d by ubtracting the coordi-

axis is represented by the difference o taine s h t 
he. .. d · te of the end of t e segmen · nate of the beginning from t coor ina 

Art. 13. Projection 

. line MN is the foot of the per-The projection of a p01nt A on a . . f ent AB is the 
di ula f A to MN The pro¡ection o a segm 

pen e r rom · diculars from the 
t A'B' of MN intercepted between perpen 

segmds eonf AB Since parallels intercept proportional distances t~n 
en · li h e the same ra 10 two lines the lengths of two segments on a ne av ha th me 

' h e if two segmenta ve esa as their projections. Furt erm~r . ha the same direction. 
direction along a line their pro¡ect1ons ve 
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For example, in Fig. 13a or 13b, in both magnitude and sign, 

AB: BC = A'B': B'C'. 

a 

d7 
M A' B' C' N 

M 

B 

A' d1 V C' B' 
A 

N , 

Fra. 13a. 
Fro. 13b. 

In using this formula it should be noted that if AB and BC are 
distances, their projections. must be distances and if AB and BC 
have algebraic signs their projections must have algebraic signs. 

For example, if the segments are projected on the coordinate axes 
and the values of the projections determined by equation (12), AB 

and BC must be considered opposite in sign when they have opposite 
directions. 

Exampl,e l. Find the middle point of the segment joining 
~ P1 (x1, Y1) and P2 (x2, Y2). 

Let P (x, y) be the middle point. Project on the axes (Fig. 13c). 

N p 

M M 1 ,X 

Fra. 13c. 

S.ince P is the middle point of 
P1P2, in both length and direction 
P1P =PA. Hence 

M1M=MM2, N1N=NN2, 
and so 

X - X¡= X2 - X, Y -y¡= Y2 - y. 

Consequently, 

X=½ (X¡+~), Y = ½ (Y1 + Y2). 
The sum of severa! quantities divided by their number is called the 
average. Hence each coordinat,e of the middl,e point is the average 
of the corresponding coordinat,es of the ends. 

Ex. 2. Given P1 (-1, 1), P2 (3, 4), find the point P (x, y), on 
P 1P2 produced, which is twice as far from P1 as from P2 (Fig. 13d). 

DISTANCE BETWEEN Two PorNTS 
MU · fu 

Since P1P is twice as long as PP2 and they have !)ppos1te eo-

29 

tions, 
PiP = -2PP2. 

Consequently, 

M1M = -2MM2, N1N = -2NN2, 

and so 

X +1= - 2 (3-x), y-1 = - 2(4 - y). 

Hence x = 7, Y = 7. 

E:i:ercises 

y 

~ 

,.~ 
' /,, 

P1¡,,,' 
, .. r·1 

~ 

P./ 
V 

M, 

Frn. 13d. 

-
lP-

V -
~ 

-
MX 

_ 4) d B (4 2) find the point two-1. On the line through A (-3, an , 

füths of the way from A to B. -1) and C (2, 5) lie on a line. 
2. The points A (-l, - 4), ! (~uch that AB = CP. 

Find the point P, on AC produc '1) B (3 5) find two points each oí 
3. On the line through A (1, - ' , 

which is twice as far from A as from ~ (4 3) D (O 3) lie on a line. 
4. The points A (-4, 9), B (2, O), d CD - D~ th~ segments have 

Find the ratio of the segments AB an . 

the same or opposite directions? 1) lle! to the line through B (1, 1) 
5. On the line throu~h A (2, - f p~r: is at the distance BC from A. 

and C (4, 5) find two pomts each o w cp y) Pa (x, y,), find the 
• t p (x y ) 2 (x2, 2 , •1 6 Given three pom s, 1 1

' 
1 

' • third of the way from · . p p th find the pomt R one-
middle pomt Q of i •• en . .. din tes . the average of the corre-Q to Pa. Show that each of its coor a IS 

din ··rdinates of P1 P2 autl P,. spon g coo 
1 

Art. 14. Distance between Two Points 

d p ( ) (Fig 14a or 14b). Let Let the points be P1 (x1, Y1) an 2 x2, Y• . d N N Let the 
f p p the axes be M1M2 an t •· 

the projections o i. • on t . R In the right triangle P1RP2 lines P1N1 and PJJ{2 mtersec m . 

P1P2 = v,=P:-:1R2=-=--+:-;;R;-;:P;--;;22. 

t · ts of a scale N P R - M M and the distance between wo pom 
ow 1 - 1 

2 
f h • •· dinates Conse-is ual to the positive difference o t eir coor 2. Th e-

qu:tly, P1R2 = (x2 - x1)2. Similarly, RP22 = (y2 - Y1) . er 

fore )2 (14) P1A = -V(x2 - X1)2 + (y2 - Y1 , 
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n t formula since x · . 

it is written x _' 2 - X1 IS s~u~red it is immaterial whether 
2 X1 or X1 - X2. Similarly instead f 

:y- ' 0 Y2 - Y1 can 

:y-

X 

Fw.14b. 

be put Y1 - Y2- The formula expresses that he . 
two points is equal to the t distance between 

Fxo. 14a. 

differences oif corresp nd" sq~:e :ººt of the sum of the squares of the 
o ing coordinates. 

Example 1 Find th dis 
B (l, _

2
)_ · e tance between the points A (- l, l) and 

P. 2 

By the formula 

Ex.2. 

/ 
3 

AB = V(l + 1)2 + (-2-l)2 = V13. 
Find the points 2 units ~tant from the x-axis and 5 units 

y dJStant from the point A (l, 2). 
1 

Á 1 n 

/ ,\ ' -1 

o \ 

\ 

• 

Fxo. 14c. 

X 

~t P (x, Y) be such a point 
(F1g. 14c). Since PA = 5 

(x - 1)2 + (y - 2)2 = 25. 

Since the point is two units cfütant 
from the x-axis . 

Y= ±2. 

Substitution of 2 for y m· th . e pre-
Substitution of -2 fo . VlOUS equation gives x = 6 or -4. 

r Y gives x - 4 o 2 Th 
quently four points p

1 
(6 2 p _ - r - · ere are conse-

which satisfy the conditi~~• 2 ( 4, 2), Pa (-2, -2), P4 (4, -2) 

Ex. 3. Find a point e 'dista f 
B (-6, 3) and C (5, 6). qw nt rom the three points, A (9, O), 

i\rt. 14 DISTANCE BETWEE::{ Two PoINTS 31 

I.et P (x, y) be the point required (Fig. 14d). Since PA = PB 

B 1-.....,._ 

' 

✓(x - 9)2 + yi == V(x + 6)2 + (y - 3)2. 
y Squaring and cancelling, 

./ 

/ 

' o 
,.... ;/ -

1P 

Fm. 14d. 

I 

¡.... 

~ 

-

5x -y= 6. 

Similarly, since P A == PC, 

2x -3y = 5. 

A S o 1 vi n g simultaneously 
gives x == 1, y = -1. The 
required point is therefore 

(1, -1). 

Exercises 

l. Find theperimeter of the trianglewhosevettices are (2, 3), (-3, 3) 

and (1, 1). 
2. Show that the points (1, -2), (4, 2) and (-3, -5) are the vertices 

oí an isosceles triangle. 
3. Show that the points (O, O), (3, 1), (1, -1) and (2, 2) are the 

vertices of a parallelogram. 
4. Given A (2, O), B (1, 1), C (O, 2) show that the distances AB, BG 

and AG satisíy the equation AB + BG = AC. What do you conclude 
about the points? 

5. Show that (6, 2), (-2, -4), (5, -5), (-1, 3) areon a circle whose 
center is (2, -1). 

6. It can be shown that four points form a quadrilateral inscribed 
in a circle ií the product oí the diagonals is equal to the sum of the prod
ucts of the opposite sides. Assuming this, show that (-2, 2), (3, -3), 
(1, 1) and (2, O) lie on a circle. 

7. Find the coiirdinates of two points whose distances from (2, 3) 
are 4 and whose ordinates are equal to 5. 

8. Find a point on the x-axis which is equidistant from (O, 4) and 
(-3, -3). 

9. Find the. center oí the circle passing through (O, O), (-3, 3) and 
(5, 4). ~ 

10. Given A (O, O), B (1, 1), C (-1, 1), D (1, -2), find the point 
in which the perpendicular bisector oí AB cuts the perpendicular bisec
tor of CD. 

11. Find the foot oí the perpendicular from (1, 2) to the line joining 
(21 1) and (-1, -5). 
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Art. 15. Vectors 

A vector is a segment of definite Iength and direction. The 

point P1 is the beginning, the point P2 the end of the vector P1P2. 

The direction of the vector along its 
P, P• Iine is often indicated by an arrow as 

shown in Fig. 15a. 

P¡ 

Fw. 15a. 

Two vectors are called equal if theiJ 
have the same length and direction. For 
cxample, in Fig. 15a, P1P2 = PJ>4. If 
two vectors have the same Iength but 

opposite directions, either is called 
the negative of the other. For cx-

amplc, P1P2 = - P4P3 = - Pal'1. 

Let the projections of P1A on the coiirdinate axes be M1M2 and 
N1N2 (Fig. 15b). The x-component of the vector P1P2 is de.fined 
a.s thc Iength of M1M2 or the negative of 
that lcngth, according as M1M2 has the 
positive or negative direction along the 

x-axis. Similarly, the y-component is the 
distance N1N2 or the negative of that 
distance, according a.s N1N2 is drawn in 

thc positive or negativc direction along 

the y-axis. For example, in Fig. 15b, the 
components of P1P2 are 3 and 4, while 
those of Pal'3 are -7 and 3. 

R 
y 

'r--. 
I ' 

11• I' v -
o M, I 

P, 

V 

:- - h(_ -~ 
Fio. 15b. 

Let the points be P1 (x1, Y1), P2 (x2, Y2). In Art. 12 it has been 

shown that in magnitude and sign M1M2 and N1N2 are represented 

by x2 - Xi and Y2 - Yi- Hence X2 - x1 is the x-component and 
Y2 - Yi is the y-component of P1P2• That is, the components 
of a vector are obtained by subtracting the coordinates of the 
beginning from the corresponding coiirdinates of the end of the 
vector. 

If two vectors are equal their components are equal. For Iet 
P1P2 = PJ>4 (Fig. 15c). Then, since by definition of equality 

PiP2 and PJ>-1, have the same Iength and direction, the triangles 
1 

Art. 16 VECTORS 

PiRP2, P~P4 are equal and cor
responding sides have the same 

direction. Consequently, in both 

Jength and sigo, 

M1M2 = PiR = p~ = MaM4, 

N1N2 = RP2 = SP4 = NaN,. 

onvers , 
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Y. 

e ely if the components are Fi:o. 15c. 

equal, the triangles are equal and direction. Consequently, the 
corresponding sides have the same 

vectors are equal. t hose components are a and b 
Notation. - In this book the vec or: To si!rnify that the vector 

wilI be represented by the symbol [a, ].tat· n : [a b] will be used. 
ts and b the no 10 ' 

u has the componen a ' that the vector P1P2 has an 
For example, P1P2 = [-2, 3] means onent equal to 3. If the 

l to 2 and a y-comp p p 
z-component equa - ( ) the components of i 2 are 
points P1 and P2 are (x1, Y1) and x2, Y2 ' d 

x2 _ x1 and Y2 - Y1 an 

PiP2 = [x2 - x1, Y2 - yi]. 

t t a vector equal to Example l. Cons ruc 

Fio. 15d. 
[-;¡}~ector OP from the origin to the point 

p (-2, 3) is 

OP = [-2-0, 3-0) = (-2, 3). 

k' d equired (Fig. 15d). 
Hence OP is a vector of th~ mA r(l 3) B (2, 1), C (3, 4), D (4, 2) 

Ex. 2. Show that the pomts ' ' 

form the vertices of a parallelogram. For l"tl 
The vectors AB and CD are equal. A 

AB = [2-1, 1-3) = [1, -2], D 

CD = (4-3, 2-4] = [1, -2]. 

all 1 and have the o x Th t . AB and CD are par e 
a IS, 1 ABCD is a paral-same length. Consequent y . Fio. 15e. 

lelogram (Fig. 15e). 
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Ex. 3. Find the area of the triangle PP1P2, given 

FIG. 15/. 

PP1 = [a1, bi], PP2 = [a2, b2]. 

In Fig. 15/ the sides of the 
shaded triangles have their lengths 
marked on them. The area of the 
triangle PP1P2 is equal to the area 
of the whole rectangle less the sum 
of the areas of the shaded triangles. 
Hence 

PP1P2 = a1b2 - ½ a1b1 - ½ ~2 -½ (a1 - ~) (b2 -b1) = ½ (a1b2 -aJ1): 

This result is shown for a particular figure. By drawing other 
figures it will be found that the result is always correct if the angle 
from PP1 to PP2 is positive (that is, drawn in the counter-clockwise 
direction). If that angle is negative the formula gives the negative 
of the area. 

Exercises 

l. If the vectors AB and CD are equal show that AC and BD are 
equal. 

2. If AB = A1B1, BC = B1C1, show that AC = A1C1. 
3. The components of a vector are a, b. Show that the componente 

oí its negative are -a, -b. 
4. Show that the vector [a, b] is equal to the vector from the origin 

to the point (a, b). 

5. Construct vectors equal to [2, 3), [-2, 3), [-2, -3), and [2, -3]. 
6. Show that the points P (-1, 2), Q (1, -2), R (3, 4), S (5, O) are 

the vertices oí a parallelogram. 
7. A vector equal to [-3, 4) begins at the point (1, -2). What are 

the coordinates of its end? 

8. The points (1, 2), ( -2, -1), (3, -2) are the vertices of a triangle. 
Find the vectors from the vertices to the middle points of the opposite 
sides. 

9. Given A (2, 3), B ( -4, 5), C ( -2, 3), find D such that AB = CD. 
10. The middle point of a certain segment is (1, 2) and one end is 

(-3, 5). Find the coordinates of the other end. 
11. By showing that the area of the triangle ABC is zero show that 

the points A (O, -2), B (1, 1) and C (3, 7) lie on a line. 
12. Find the area of the quadrilateral whose vertices are the points 

(-2, -3), (1, -2), (3, 4), (-1, 5). 

MuLTIPLE OF A VECTOR 

Art. 16 bi] are arallel if and only if 
13. Show that the vectors [a1, bi], [<\ line Zhrough ( -1, 2) and 
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/bi In this way show that t e 
ai/at "'.' b1 . 1 th t through (1 -1) and (9, 3). (3, 4) ts paralle to a ' 

Art. 16. Multiple of a Vector 

al ber the symbol ru is used to rep-
If u is a vector and r a re num ' d h . g the same direction 

t . as long as u an avm resent a vector r llllCS . . 
if r is posítive, but the oppos1te di

rection if r is negative. 
In Fig. 16, let u = [a, b] and 

v = ru. Since u and v are parallel 

y 

their components have lengths pro- o 
portional to the lengths of u and v. Fio. 16. 

X 

Also corresponding compo~ents din as u and v have the 
osite s1gns accor g 

have the same_ or ~pp . Hence the components of v are ra 
same or oppos1te directions. 

and rb. That is, 
v = [ra, rb]. 

u· l h of its com-Hence to muUiply a vect.or by a number, mu ip y eac 

ponents lnJ that n~mber. ( 
2 3

) p (l _ 4) find a vector having 
Example l. G1ven P1 - , , : ' ' 

the same direction ás P1P2 but 3 tlllles as long. 

The vector required is 

3 P1P2 = 3 (3, -7] = [9, -Zl]. 

Ex. 2. Find the point on the line joining P1 (2, 3), Pz (1, -2) 

d third Of the way from Pi to Pz. an one- . 
By hypothesis P1P = ½ P1P2, that is, 

[x -2, y- 3] = ½ [-1, -5] = [-½, -n 
3 __ 5 and consequently x = ¾, 2 ½ Y - - 3", Hence x - = - • 

y ;}·3. Show that the segment joining the po~~s. A ~•(;~t 
B (5, 7) is parallel to and twice as long as that ¡ommg , 

D (2, -1). 
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The vectors are 
Chap,2 

AB = [4, 8J, CD = [-2, -4J. 

Hence AB = -2 CD. Consequently the segmenta are parnllel 
and the first is twice as long as the second. 

Art. 17. Addition and Subtraction of Vectors 

Sum of Two Vectors. - Draw a vector equal to v, beginning at the 
cnd of u. The vector from the beginning of u to the end of v is 
called the sum of u and v. 

Let u = [a1, bi], v = [a2, b2J. From the diagrarn it is seen that 
the components of u + v are a1 + a2 and b1 + b2. This is true not 

y 

I 
y 

\ 
o X 

o .x; 
F10. 17a. 

FIG. 17b. 

only in Fig. 17a but also in Fig. 17b, for there a2 is negative and 
a1 + a2 is in absolute value equal to the difference of the lengths of 
the projections. Hence 

u + v = [a1 + ~, b1 + b2J, 

that is, vecl,ors are added biJ adding corresponding components. 
Example l. Show that u + v = v + u. 

v?J 
u 

Fw. 17c. 

The sum u + v results when vis put at the 
end of u, while v + u is given by putting u 
at the end of v. The two are cqual since 
both are equal to the vector diagonal of the 
parallelogram whose sides are u and v (Fig. 
17c). 

Ex. 2. Show that (u+ v) + w = u+ (v + w). 
In the expression (u+ v) + w the sum of u and vis added to w, 

while in u+ (v + w), u is added to the sum of v and w. In 

S IOX OF VECTOR$ Art, 17 ADDITIO.N AND UBTRACT • 

Be - CD Then Fig. 17d Jet u = AB, v = 'w - · 

(u+v) +w = AC +CD= AD, 
u+ (v + w) = AB + BD = AD. 

The two sums are consequentiy cqual. 

e 

/ 
' .:!/ 

/ 

A B 

Frn. 17d. 
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D 

o 

/_ ' A{ ______ v·:- Difference of Two Vectors.
Draw vectors equal touand v, 
beginning at the same point 

Fm. 17e. (Fig. 17e). The vector BC 
f is called the difference u - v. 

from the end of v to ~e en:2t ;t is seen from the diagram that 
Let u = [a1, bi], v - [ai, d b - bi. Consequently, 

f are ~ - a1 an 2 the components o u - v ] 
u - v = [~ - a1, b2 - b1 ' 

. subtracted by subtracting corresponding components. that 18 vectors are 
Exa~ple l. Show that u + ( -v) = u - v . 
In Fig. 17e, -v = BA. 

Hence _ AC + BA = BA + AC = BC = u - v. u+ (-v) -

al t (2 _ 31 and [3 -1] extend from 2 Tw gments equ O 
' ' • th · Ex. . o se . . ds nd the vector connectrng eir the point A (2, 2). Find their en a 

ends. . 
In Fig. 17/, by hypotheS1S, 

OA = [2, 2], AP1= [2,-3], AP2= [3,-1]. 

Hence 

OPi=OA+ AP1= [2 + 2, 2 - 3] = (4, -1], 
OP2=0A + AP2= [2 + 3, 2 - 1] = (5, 1]. 

11 X 
1 

Fw. 17f. 

p (4 -1) and (5, 1). Also 
Consequently Pi and 2 are ' 3] = (1 2]. 

p p - AP2 - AP1 = [3 - 2, - l + ' 
i 2 - are located at the points P1, P2, 

Ex. 3. If weights Wi, w2, wa, etc., . hts can be defined as the 
Pa, etc., the center of gravity of these we1g 
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point P satisfying the equation 
Chap. 2 

w1PP1 + wJ'P2 + wal'Pa + etc. = O. 

Find the center of gravity of three weights of 2, 3 and 5 pounds 
placed at the points P1 (-2, 1), A (1, -3), Pa (4, 5) respectively. 

The center of gravity P satisfies the equation 

that is, 
2PP1 + 3PP2+ 5PPa = O, 

2 [ - 2 - x, 1 -y]+ 3 fl - x, - 3 - y]+ 5 [4 - x, 5 -y] 
= [19 - lOx, 18- lOy] = O. 

Consequently the coordinates of the center of gravity are x = 1.9 
and y= 1.8. 

Exercises 

l. Given P (1, -3), Q (7, 1), R (-1, 1), S (2, 3), show that PQ has 
the same direction as RS and is twice as long. 

2. Given P1 (2, -3), P2 (-1, 2), find the point on PiP2 which is 
twice as far from P1 as from P2. Aiso find the point on PiP2 produced 
which is twice as far from Pi as from P2. 

3. Find the points P and Q on the line through Pi (2, -1), P2 (-4, 5) 
if PiP = -J PP2, PiQ = -¾ P1P2. 

4. One end of a segment is (2, -5) anda point one-fourth of the dis
tance to the other end is ( -1, 4). Find the coi:irdinates oí the other end. 

5. Given the three points A ( -3, 3), B (3, 1), C (6, O) on a line, find 
the fourth point Don the line such that AD: DC = - AB: BC. 

6. Show that the line through (-4, 5), (-2, 8) is parallel to that 
through (3, -1), (9, 8). 

7. If the vectors AC and AB satisfy the equation AC = rAB, where 
risa real number, show that A, B, C Iie on a line. In this way show that 
(2, 3), (-4, -7) and (5, 8) lie on a line. 

8. Given A (1, 1), B (2, 3), C (O, 4), find the point D such that 
BD = 2 DC. Show that AD = ½ [AB + 2 ACJ. 

9. In Ex. 8 find the point P such that P A + P B + PC = O. 
10. If vis any vector Jet v2 mean the square of the length of v. Given 

Vi = [2, 5), V2 = [10, -4), show that (Vi + v2)2 = vi2 + v:2 and conse
quently that v1 and ~ are perpendicular to each other. 

11. Show that the vectors from the vertices of a triangle to the 
rniddle points of the opposite sides have a sum equal to zero. 

12. Find the center of gravity of two weights of 1 and 4 pounds 
placed at the points (3, -4) and (2, 7) respectively. 

SLOPE OF A LINE 

Art. 18 avit of four egua! weights placed at 
13. Show that the ~enter o~ grh ~ddle point of the segment joining 
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. f uadrilateral lB t e m1 . 
1 the vert1ces o a Q . t . d of the quadrilatera . the middle points of two oppos1 e SI es 

Art. lB. Slope of a Line 

Let P1 (x1, Y1), P2 (x2, Y2) be two points of the line MN. The 

ratio 
Y2 -yi m=-
x2 - X¡ 

(18a) 

h li MN The same value of the slope 
is called the slope of t e_ ne . ~ the line is used. For, if 
is obtained whatever pair of pom on 

]{ y y 
p! N 

P, 
P, 

R 

X R 
P¡ 

o X 
M 

Fxo. 18a. FIG. 18b. 

. f . ts on the sarne line, the triangles P1, P2 and Pa, P, are parrs o pom 
P1RP2 and PsSP, are similar and 

Y2 -Yi RP2 - SP, = y, - Y3. 
~ = P1R - PsS x, - X3 

d f oro the positive direction of the 
Let ,:, be the angle measur_e r 1 . ns1'dered positive when 

. . MN This ang e IS co 
x-aXlS to the line · . dir t' on negative when meas-
measured in the counter-clockW1Se ec t1 or'this angle is RP2/ P1R, 
ured in the other direction. The tangen 

Accordingly (18b) 
m = tan,:,. 

f lin . equal to the tangent of the angle from Hence the slope o a e 18 . h lin 
• · d' t' f the x-aXls to t e e. 

the pos1tive irec ion ° . te the line the nearer is the 
Since the x-axis is horizontal, the s eper 
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angle to 90° and consequently the greater the slope. The slope is 
thus a measure of the steepness of the line. 

Chap. 2 

If the line extends upward to the right, as in Fig. 18a, the com
ponents P1R and RP2 have the same sign and the slope is positive. 
If the line extends upward to the left, as in Fig. 18b, the components 
have opposite signs and the slope is negative. 

Parallel Lines. - lf two lines are paralkl, they have the same slope; 
for the angles ,t,1 and "'2 (Fig. 1&) are then equal and their slopes, 
tan ,t,1 and tan ,t,2, are equal. Conversely, if the slopes are equal, 
the angles are equal and the lines are paralle!. 

y y 
D 

o 
X o 

Frn. 1&. 
Frn. ISd. 

Perpendicular Lines. - In Fig. l&l, Jet the lines AB and CD be per
pendicular. Since the exterior angle is equaJ to the sum of the two 
opposite interior anglas 

Consequently 

'P2 = 'Pl + 90º. 

1 tan"'2 = -cot,t,1 = - -. 
tan ,t,1 

Conversely, if this relatíon holds, ,f,1 and ,t,2 differ by 90° and the 
lines are perpendicular. If m1 and m2 are the slopes, m1 = tan ,t,

1
, 

m2 = tan ,t,2, and 

(18c) 

Two lines are perpendicular if and only if the slope of one is equal 
to the negative reciproca] of the slope of the other. 

Angle between Two Lines. - Let two lines L1 and L2 make with the 
x-axis the angles ,t,1 and ,f,2 (Fig. l&). If f3 is the angle from L

1 
to 

SLOPE OF A LINE 

Art. 18 , dir t' ) 
d . the counter-clockwise ec ion ' L2 (positive when measure m 
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then 

Hence 

tan/3 = tan ("'2 - 'Pi) 
tan </>2 - tan 'P1 

= 1 + tan,t,1 tan<J,2 

If m1 and m2 are the slopes of the 
Iines, m1 = tan </>1, m2 = tan ,f,2. 

whence 

y 

o 

1n'J;-m1 

tan /3 = 1 + m1m2 · 

X 

FIG. 18e. 

(18d) 

· easured . . f 1 ·t should be remembered that /3 18 m In usmg this ormu a 1 

from Lito L2, lin through A (1 -3), B (5, -1) is 
Exampl,e l. Show that the e -1 -'1). 

parallel to that through C (-3, - 2), D ( ' 

-1+3 1 
. Slope of AB = ~ = 2' 

-1+2 1 
slope of CD = -1 + 3 = 2 · 

al the lines are parallel. 
Since the slopes are equ . h A (

2 
3) B ( -4, 5) is perpen-

E 2 Show that the line !hroug ' ' 
X. • D (2 4) dicular to that through C (l, l), ' · 

5-3 1 
Slope of AB = -4 _ 2 = - 3, 

4-1 
slope of CD = 

2 
_ 

1 
= 3· 

. . I 18. the ~egative reciproca! of the other, the lines Smce e1ther s ope 

are perpendicular. I f the triangle formed by the points Ex. 3. Find the ang es o 

A (-1, 2), B (~, 1), C (3! 4~- 18! The slopes of AB, BC, CA 
The triangle 18 shown m1 ig. t.' 1 Between two lines such 

b 1 a and - respec 1ve y. f 
are found to e - 2, "2' 

2 
• • 

1 1 
ss than 180º. One o 

as AB and AC are two pos1t1ve ang es e 
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Chap. 2 these is interior th 
' e other exterior to the t . 1 

fi . . . riang e. From the 

11 
gure the pos1tive interior angle A is seen 

e to extend from AB to AG C 
· onsequently 

l ' 
A tanA = 2 - (-½) 4 

1 +½ (-½) = g· 
O B 

In the same •t . x way 1 1S found that 
Fra. 18/. tan B = -8, tan G = t Th 

t · ¡ · e angles of the 
than 180º whose tang:~:g e ~e therefore the positive angles less 
are acute, B is obtuse. are ' -8 and t. ~he angles A and G 

E:iercises 

l. Find the slopes of the sid . 
(-1, 2)'. (I, 3) and (2, -4). es of the tnangle formed by the points 

2. Fmd the angl f 
(-4 5) e rom the x-axis to the lin ... 

, . e Jommg (1, 1) and 
3. The angles from the x-axi . 

respectively. Find the slo fs tho t~ee lines are 456, 120º and -30º 
4 Th · pes O t e lines 
. . e Sides of a triangle have slo . 

the tnangle is isosceles. pes equal to ½, .1 and 2. Show that 
5. II the slopes of AB and BC 

lin
line. In this way show that the po:~e(1uª;), sh(low)that A, B, C líe o'i a 

e. , , , 2 and (-5, 4) lie on a 

6. Show that the line throu h 1 . 
that through (3, -5) and (O 4) g ( , -3) and ( -1, 3) is parallel to 

7. Show that the lines deterrrrined . 
and (1, 7), (3, 6) are Perpendicul t by thhe paira of points (2, 3), (3 5) 

8. Show that the vectors a ar o eac other. ' 
perpend_icular if b/a == -e¡) 'bJ and [e, dJ are parallel if b/a == d/c and 

9. Fmd the interior angles f h . 
(-4, 5)_ and _(1, -2). o t e triangle formed by the points (2, 3), 

10· Lines Join the point ( 2 2) . 
(1, -1). Show that one of ~, b~o the points (-3, 1), (O, 2) and 
two. ese 1Sects the angle between the oth 

11 . er 
. _Two Iines have slopes equal to 2 a d . 

two b1Sectors of the angles bet th n . -3. Find the slopes of the 
12 Find h ween ese lmes 
: . _t e angle between the lin . . . . . . 

pomts of trISection of the segme t . . ~ Jommg the ongm to the two 
13. The slope of AB is½ ~iommg (-2, 3) and (1, -7). 

AB to CD is 30º. . the slope of CD if the angle from 
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14. By showing that the angles CAD and CBD are equal show that 
the points A (6, 11), B (-11, 4), C ( -4, - 13), D (1, -14) lie on a 
circle. 

15. A point is 7 units distant from the origin and the slope of the 
line joining it to (3, 4) is ½, Find its coordinates. 

16. A point is equidistant from (2, 1) and (-4, 3) and the slope of 
the Iine joining it to (1, -1) is }. Find its coordinates. 

Art. 19. Graphs 

In many cases corresponding values of two related quantities are 
known. Each pair of válues can be taken as the coordinates of a 
point. The totality, or Iocus, of such points is called a graph. 
This graph exhibits pictorially the relation of the quantities repre
sented. There are three cases differing in the accuracy with which 
intcrmoo.iate values are known. 

· Statistical Gr~phs. - Sometimes definite pairs of values are given 
but therc is no information by which intermediate values can be 
even approximately inferred. In such cases the values are plotted . . 
and consecutive points connected by straight lines to show the 
order in which the values are given. 

Example L The temperature at 6 A.M. on ten consecutive days 
at a certain place is given in the following table: 

Jan. 1 2 · 3 4 5 6 7 8 9 10 
19º 27º 11° 40° 34° 28° 36° 18° 42° 38° 

These, values are represented by points in Fig. 19a. Points repre
senting temperatures on consecutive days are connected by straight 
lines. At times between those 
marked no estimate of the temper
ature can be made. 

Physical Graphs. - In other cases 
it is known that in the intervals 
between the values given the vari
ables change nearly proportionally. 
In such cases the points are plotted 

I'-.. / 1 
/'- I \1/ 

' 
Sl6678910 

Frn. 19a. 

and as smooth a curve as possible is drawn through them. Points 
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of trua Chap. 2 
. curve between those plotted are 

approxuna tely corresponcling val f ass~ed to represent 
E 2 T ues o the variables 

x. . he observed temperatures 8 . 
at times t, in minutes from the b . . of a vessel of cooling water 
t - , eguuung of observation were 

- o 1 2 3 
8 = 92º 85.3º 7 

5 7 10 15 20 
9.5º 74.5º 67º 60 5º 53 5º 

Th · 45º 39 5º ese values are plotted · Fº · · 
m ig. 19b Since th te 

creases gradually and during the int . . e mperature de-
ervals g1ven at nearly constant 

:' rates a smooth curve drawn through 
thes · ts ~ so e pom will represent approxi-

o 

o\ 

o '\. f 10 mately the relation of te 
~ llO • mperature i r,¡j and tlille throughout the experi-

o " 
' 'º ment. '~ 

so 
O 2 

1 1 -
i o s io 12 u 10 u 20 t;he Graph of an Equation. - In 

T1m, ? er cases the equation connect-
Fm. 19b. mg !he variables is known. The 

whose coorclinates satisfy the egrapt· then c~nsists of ali points 
. ed qua ion. Arb1tr 1 • 

s1gn to either of the v . bl ary va ues are as-
. aria es, the 

corresponcling values of the other vari-
able calculated, and the resulting points 

plotted. When the points have been 
plotted so closely that betwcen cons 
tive . ts h ecu-

pom t e curve is nearly straight 
a smooth curve is drawn through th , 

Ex. 3. Plot the graph of th em. 
tion Y = x2. e equa-

In the following table values . d are as-
signe to x and the corresponclin 
values of y calculated: g 

X= -5 -4 -3 -2 -1 0 1 2 3 4 5 
y = 25 16 9 4 1 o 1 4 9 16 25 

y 

1 

\ I 
-6 -4 -2 ( 2 

The points are plotted in Fig. 19c. The Fro. 19c. 

I 
J 

4 6 ~ 

part of the curve shown extends f 
rom x = - 5 to x-+ 5 Th h 

curve extends to an indefinit dist . - · e w ole 
e anee. Hor12ontal lines cut t!:ie 
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the curve at equal distances right and left of the y-axis. This 

is expressed by saying that the curve is symmetrical with respect 

to the y-axis. 
Ex. 4. The force of gravitation between two bodies varíes in

. versely as the square of their distance apart, that is, F = k/d2, k 
being constant. Assuming k = 10, plot the curve y 

representing the relation of force and distance. 
In tbe following table values are assigned to 

d and the corresponding values of F calculated: 

d = O 0.5 1 1.5 2 3 5 10 

F =oo 40 10 4.4 2.5 1.1 0.4 0.1 

The distance d cannot be negative. For very 
large values of d, F is very small. Hence when d 
is large the curve very nearly coincides with the 
horizontal axis. When d is very small F is very 
large and the curve very nearly coincides with 

the vertical axis (Fig. 19d). 

u 

Fra. 19d. 

X 

Units.- Before a graph can be plotted a length must be chosen on 
each axis to represent a unit measure of the quantity represented 

by that coordinate. If the quantities represented by x and y are 
of different kinds, for example temperature and time, these lengths 
can be chosen independently. If, however, these quantities are 
of the same kind it is usually more convenient to have the same 

unit oí length along both axes. Tbis is also the case in graphing 
mathematical equations wbere no physical interpretation is given 

to x and y. Other things being equal, a large curve is better tban 
a small one. Sucb units of length sbould then be chosen as to 
make the curve spread both vcrtically and horizontally very 
ncarly over the region available for it. If several graphs are to 

be compared, the same unit lengths should be used for all. 

Ei:ercises 

l. The price oí steel rails ea.ch year from 1892 to 1907 was as follows, 
in dollars per gross ton : 

30 28 24 24 28 19 18 28 32 27 28 28 28 28 28 28 

Make a graph showing the relation oí year and price. (Let x be tbe 
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number of years beyond 1892 and y the amount that the price exceeds 
18 dollars.) 

2. The amplitudes of successive vibrations of a pendulum set in 
motion and left free were 

Number of vibration 1 2 3 4 5 6 7 
Amplitude 69 48 33.5 23.5 16.5 11.5 8 

Plot pointa representing these pairs of values and draw a smooth curve 
through them. Do points of this curve between those plotted have any 
physical meaning? 

3. The atomic weight, W, and specific heat, S, of severa! chemica! 
elementa are shown in the following table: 

W = 7 9.1 11 12 23 28 39 55 56 108 196 
S = 0.94 0.41 0.25 0.147 0.29 0.177 0.166 0.122 0.112 0.057 0.032 

Malee a graph showing the relation of specific heat and atomic weight. 
4. The table below gives the maximum length of spark between 

needle points of an alternating current under standard conditions of 
needles, temperature and barometric pressure. 

L = length in millimeters. V = electromotive force in kilovolts. 

V = 10 15 20 25 30 35 40 45 50 60 70 80 
L = 12 18 25 33 41 51 62 75 90 118 149 180 

Make a curve showing the relation of voltage and length of spark. 
5. In the table below are given the maximum vapor pres.sures of 

water at various temperatures, where T = temperature in degrees Centi
grade and P = pressure in centimeters of mercury: 

T = O 10 20 30 40 50 60 70 80 90 100 
P = 0.46 0.91 1.74 3.15 5.49 9.20 14.9 23.3 35.5 52.5 76 

Make a graph showing the relation of temperature and vapor pressure. 
6. The rate for letter postage is two centa for each ounce or fraction. 

Make a graph showing the relation of weight and cost of postage. (The 
cost for 1.5 ounces is the same rui that for 2, etc.) 

7. Malee a graph showing the number of centimeters y in x inches. 
8. Make a graph showing the relation between the side and the area 

of a square. 

9. According to Boyle's Iaw the pressure and volume of a gas at con
stant temperature are connected by the equation pv = constant. 
Assuming the constant equal to 10, construct thc curve representing 
the relation of pressure and volume. Can por v be negative? 

10. Plot the curve y = x2 
- 2 x + 3. ShE>w that it passes through 

the point ·(1, 2). 

EQUATION OF A Locus Art. so 47 

- ;e( and y = (x + 1)4• 
11. On the samed di

7
"agr

8
a: pl;~~h:h:;~~tt ;ass through the point 

How are they relate ow 

(-½, ,h). di Jotthecurvesx = 1/y2and x = l/(y-2)2• 
12. On thesame agram P ass through (1, 1). 

How are they related? Show that bothh p hs oí x + y = 2 and 
di plot t e grap 

13. On the same agrham? Find their point of intersection. (lt 
2 x _ 3 y = l. What are t ey . 
must have coordinates satisfying both equations.) 

Art. 20. Equation of a Locus 

I a locus and an equation are such that (l) every point on ~he 
f l .. d. tes that satisfy the equation and (2) every point 

locus zas coor ina . . he locus then the equa
whose cotirdinates satisf y the equation lies on t ' t the equation 
tion is said to represent the locus and the locus to represen f . . 

Usually a locus is defined by a property possessed by e;~~ ; i~ 
point.s. Thus a circle is the locus of points at a constan IS anc 

from a :fixed point. To :find the equa- I 
tion of a locus express this property by 

meaiis of an equation connecting the 

coordinates of each locus point. Th_e 

graph is constructed by using the d_efi.ni
tion or by plotting from the equat10n. 

Example l. Find the equation of_ a 

circle with center C (-2, l) and radius 

equal to 4. Fra. 20a. 

X 

Let p (x, y) (Fig. 20a) be any point his . 
on the circle. By the definition of a gircle, CP = 4, and t IS 

equivalent to 

-v'(x + 2)2 + (y - 1)2 = 4, 

which is the equation requircd. By squaring this can be reduced 

to thc form 

(x + 2)2 + (y - 1)2 = 16. 

. · t p ( y) moving in such a Ex 2 A curve is descnbed by a pom x, h 
· · · 1 · ts distaLce from t e way that its distance from the x-aXIS equa s i_ . 

point Q (1, 1). Construct the curve and find its equation. 
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Th P· 2 
. e curve is constructed by locating points h 

Smce no point below the x-a . b suc_ that MP = QP. 
XIS can . e equally distant from Q and 
the x-axJS, the curve lies entirely above 
the x-axis Henc • . . · e Y IS pos1t1ve and 
equal to the distance MP. Also 

QP = V(x - 1)2 + (y - 1)2. Con
sequently, if p (x, y) is any point on 

--º-=-r---~,J,._-x the curve, 
M 

Fm. 20b. Y= v'(x - 1)2 + (y - 1)2. 

fied the point p is 'd' Conversely, if this equation is satis-
' eqw JStant from Q and th . 

on the curve. It is therefo th . e x-aXJS and so lies 
re e equat1on of the s· 

cannot be negative the equation is equivalent to curve. mee y 

Y2 = (x - 1)2 + (y _ l)2 

and consequently to ' 

:¡;2 - 2 X - 2 y + 2 = 0. 

Exercises 

l. What loci are represented b h . 
(e) Y = 2 x, (d) x2 + y2 = 1? Y t e equatrons, (a) x = 3, (b) y= -2, 

2. The point p (x y) is e uidis 
is the locus of P? Find i'ts q t_tant from (1, 2) and (3, -4). What 

. equa 10n. 
3. ;1'he pomt p (x, y) is twice as far from h . 

What IS the locus of p? (Tw ) t e x-ax:is as from the y-aXIS· 
· o parts Find · · · 

4. The slope of the lin . . . · 1ts equat1on. 
What is the locus of P? Fine. Jdo~ts g p (~, y) to (-2, 3) is equal to 3. 

5 G
. 1 equation 

• 1ven A ( -3 1) B (2 O) p ( · 
are equal what is the l~cus ~f P? ~f its If the_slopes of AB and BP 

6. The point p ( ) . . . equation. 
( 

x, Y 1B eqwdistant from th · 
-3, 4). Construct the locus of p F. d . e y-~XIS and the point 

7. Given A (2 3) B ( _ 1 l) C · m 1ts equation. 
the line through Á ;erpendi~ul~ t <

2
B, 

0
- 3

)h, p (x, Y)· If P moves along 
o , s ow that 

. . P(J2 - PB2 = AC'2 - AB2. 
Find th~ equation of the line described b p 

8. F~d the equation of a circle with :ent~r -1 . 
9. Find the equation of th . el h ~ ' 2) and radius 5. 

joining (2, -3) and (-1, 4). e cir e w ose diameter is the segment 

Art. 21 PoINT ON A Locus 49 

10. Given P1 (1, 3), P2 (4, -1), find the equation of the-locus de
scribed by P (x, y) if the sum oí its distances from P1 and P2 is 5. Free 
the equation of radicals and show that the result is 

(4 X + 3 y - 13)2 = 0. 

Make a graph of this equation. Do ali points of this graph belong to 

the locus? 
11. Given A (2, -2), B (6, O), C (7, 3), P (x, y). If the angle from 

AB to AC is equal to the angle from PB to PC, show that the locus of 
P is the circle through A, B, C. Calculate the tangents oí the two 
angles, equate the'm and so get the equation of the circle. 

Art. 21. Point on a Locus 

If a point lies on a locus its coordinates satisfy the equation of 
the locus. Hence to ascertain whether a point lies on a given locus, 
substitute its coordinates in the equation of the locus and find out 

whether the equation is satisfied. 
Exampl,e l. Show that the curve x2 + y2 = 2 x passes through 

the origin. 
Substituting the values x = O, y = O the equation becomes O = 

O. Since the equation is satisfied the curve passes through the 
origin. In the same way it could be shown that any locus, rep
resented by a polynomial equation with no constant term, passes 

through the origin. 
Ex. 2. If the curve x2 + y2 = 2 ax passes through the point 

(2, -1) find the value of the constant a. 
The coordinates 2, -1 must satisfy the equatio0;. Hence 

Z2 + (-1)2 .= 2a (2). 

Consequently, a= ¾
Ex. 3. If the locus of y = mx + b passes through ( -1, 1) and 

(3, 2), fi.nd the values of m and b. 

The conditions required are 

1 = -m + b, 2 = 3 m + b. 

The solution of these equations is m = ¼, b = ¾. . 
Intersection of Curves. - An intersection of two curyes must have 

coordinates satisfying both equations. Hence to find the points of 



Chap. 2 RECTANGULAR CoiiRDINATES 

intersection, solve the equations . ul 
should be checked by substitution. sun taneously. All solutions 

Example 1 PI t th 
. o e curves represented by the equations y2 = 2 x 

Y andx2 = 2yand find th. . 
· t • eIT pomts of 
m ersect1on. 

The curves are shown in Fig 21 
From the figure it is seen that .the:~ 

- -~;,¡¡.-::::____ are two real points f . . x s . 0 mtersection 
q~armg the first equation and substi~ 

tutmg the value of x2 from the d secon , 
Y'=4x2 =8y. 

Fm. 21a. Consequently, y (?t _ 8) = 0 two red 1 . · The 
corresponding valu f '.i so ut10ns are y = O 2. Th 
.. esoxarex=.!.2_ ' e 
mtersection are then (O O) d 2 Y - O, 2. The points of 
the coordinates of th an (2, 2)- Substitution shows that 

. ese 
pomts satisfy both equa
tions. 

Ex. 2. Plot the curves 

X?J = 2• X
2 + Y2 = 4 x and 

~nd their points of in~rsec
t1on. 

. The curves are shown in 
Fig. 2lb. It is seen that 
there are two points of in

ter~ection. Elimination of 
Y gives 

-
~ 

~ 

~ 

,.__ 

1 

"' '\ 
1 

Th · x4- 4 x3+4=0 

y 

~ 

7 

e l 

...... 
\ 

1 
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e equation can only be solved a .. 
cates that the solutions a pproxunately. The figure indi-
f renearx=l2ad 
ion the following values are found: . n x = 4. By substitu-

x' 4x3+X=l.1 1.2 3.9 4 
- 4= 0.14 -0.84 -19 4 

There is a root between 1.1 and 1 2 . 
When x = 1.15 the e . . and another between 3.9 and 4 

xpress1onx4 - 4 x3 + 4 • f • 
lS ound to be negative. 
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Hence, to one decimal, the value 1.1 is a root. Similarly 3.9 is 
found to be the other root. The corresponding values of y are 

2/x = 1.8 and 0.6. The points of inter
section are then approximately 

(1.1, 1.8), (3.9, 0.6). 

Ex. 3. Plot the loci of the three equa

tions 

X + y = 11 2 X + 3 y = 51 X
2 + y2 = 13, 

and show that they pass through a point. 
The graphs are shown in Fig. 21c. The 

y 

' -.).a ~ ...... ..... 
v1~ 

1 ,, 
T '" 1 O'\. 
\ 

'\. - ~--

" \--
N. ,, ....... 

/'\. 
1\. 

solution of the first two equations is Fm. 21c. 

X 

x = -2, y = 3. These values satisfy the 
third equation. Consequently ali the loci pass through the 

point (-2, 3). 

Art. 22. Tangent Curves 

If at a point of intersection two curves have the same direction, 
they are called tangent. Let the curves AB and CD be tangent 

A 

Frn. 22a. 

at P (Fig. 22a). CD can be considered 
as the limiting position of a curve C'D' 
cutting AB in two points P1 and P2 
close together. The equations of AB 
and C'D' have two simultaneous solu
tions that are nearly the same. As C'D' 
approaches CD these solutions approach 
equality. One might then expect that 

ü the equations of AB and CD are solved simultaneously two of 
the solutions will be equal and that, conversely, equal roots occur
ring in the simultaneous solution of two equations indicate tan
gency. This should however be checked by the graphs as there 
are other circumstances that result in coincident solutions. 

Example l. Show that the line x + y = 2 and the circle x2 + y2 = 2 

are tangent and find the point of tangency. 

Elimínating y, 
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This equation is equivalent to 2 (x - 1)2 = O and so has two equal 
roota x = l. The corresponding value of y is 2 - x = l. The 

line and circle intersect in only one 
point (1, 1). They must therefore 
be tangent at (1, 1). 

Chap.l 

y 

r '-" 
( 

~ '.l',L 
l:: ~ 
IGD 

-l 'C.../.. ~ ,-r 

Fra. 22b. 

L -

+ 
e::. 

' 

Ex. 2. Plot the graphs of y2 = 
X x

2 
- x• and y = 3 x and find their 

intersections. 

The graphs are shown in Fig. 22b. 
The first is a curve like a horizontal 
figure 8. The second is a straight line through the origin. Eliminating y, 

x4+8x2 = O. 

This equation has two roots x = O. Two parts of the curve pass 
through the origin and both cut the line at that point. The curve 
and line are not however tangent. 

l. A, B, C, D, E being any fixed nurnbers, show that the curve whose equation is · 

E:a:ercises 

Ax
2 + Bxy + Cy2 + Dx + Ey = O 

passes through the origin. 

2. If x1, Y1, m are constant show that the Iocus of the equation 

Y - Y1 = m (x - x1) 
passes through the point (x1, Y1). 

3. The curve x
2
/a

2 + y2/b2 = 1 passes through the points (O, 1) and 
(2, O). Find the values of a and b and plot the curve. 

4. The curve y
2 = ax + b passes through the points (O, -1) and 

(1, 2). Find the values of a and b and plot the curve. 
Plot the following paira of loci and find their points of intersection: 
5. 3 X + 2 y = 1, 8. y2 = X + l, 

2 X - y = 0. Xy = 2. 
6. x

2 + y2 = 10, 9. xy2 = l, 
2 y - 3 X = 3. 2 X - y = 3. 

7. x
2 

- y
2 

= 3, 10. x2 - 2 y2 = 7, 
,i

2 
+ XV + y2 

= 7, 2 y + 3 X = 7, 

TANGENT CURVES 

Art. u 13. y= 2~, 
2z2 + y2 = 6, y = 3 X - 5. 

U. - y = l. 14 z2 + 4 y = O, - O 
12 ~ + 3 y = 4, . z2 + y2 + 6 X :+- '. - . 

x + 2 Y = 3. . urves have a common pomt. 
15. Show that the followmg c 2 . 

z2 + y2 = 10, ¡f = X + 4, y = X + 5 
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