ALGEBRAIC PRINCIPLES

L Exercises
» Iff(z) = 2* — 32 + 2, show that f (1) =f(2) =0,
 Xf(@) =241 findf :

T+, findf(z+1). Alsofind f (z) + 1.

I f(2) = vV2* =1, find £ (27). Also find 2 fi(z).

copy  T4+2 e
« W f (2) = B B find f (j{;). Also find — .
z* 0

/

d (z
 Hy(2) =28 +222 + 3, show that ¢ (—z) = ¢ (2).

1T L, . -
. ¢(z) =2 +3—:, show that [¢ ()P = ¢ (22) + 2.
- 3 ¢ A=
. IfF ——  show " .
; II F (z) iEs show that F (a) F (—a) = 1.
g. “l:f;{\..rj = 2’,05 ‘(x) =2, find i [fa (y)]. Also find f; [f: @]
IU. : f“J, ¥) =2+ 22y — 5, show that /' (1, 2) = 0.
]I. “f F _u, Y) = g:f + oy + ¥, show that F (2, y) = F (¥, ).
lq. Iff"-;; y) = I; + 3 2% + 1f, show that f (z, vz) = r'} (1, »)
<. 1L a, b, c are the sides of a right triangle how manv s
be taken as independent \'.'l]'i.‘l'ﬁ(‘ﬁ'.’h gias drie
13. Express the radius and area of g sphere

; : in terms of 7
taken as independent variable, ik

14. G ‘1 = z* 4 ;‘", o E
v n 4 T T 1 v I + _.y d@t(‘lll
4 1VE f une x Jlll{ i as [ullctl ns
()f hf.' llld(‘.}’{’ndt’llt varia ](“‘ 4 3.[1({ v v 3

15. If @, y, 2 satisfy the equations

s+y+ 2=
T—y4+25=1
22 +y— =z

show that none of them can be independent variables
16. The equations :
6,

= 13

are d Cpen ent. Sh t] Y = o S
e ae d 0 nat one o he ([

W it an 1 I t uantities z, 1 Z ¢an be jil\l‘[[
as l[i(ll‘})(’[l .l(‘“t vari lll]l‘ "

17. If w, v, z, y are connected by the equations
w 4w —y =0, w-tr—y=0
. ]
show that u and z cannot both be independent Wriables

CHAPTER 2
RECTANGULAR COORDINATES

Art. 11. Definitions

Scale on a Line. — In Art. 1 it has been shown that real numbers
can be attached to the points of a straight line in such a way that
the distance between two points is equal to the difference (larger
minus smaller) of the numbers located at those points.

The line with its associated numbers is called a scale. Proceed-
ing along the scale in one direction (to the right in Fig. 11a) the

5-4-3-2-10 1 28 &8
o

F1a. 11a.

numbers increase algebraically. Proceeding in the other direction
the numbers decrease. The direction in which the numbers in-
crease is called positive, that in which they decrease is called
negative.

Cobrdinates of a Point. —In a plane take two perpendicular
seales X'X, Y'Y with their zero points coincident at O (Fig. 11b).
It is customary to draw X'X, called
the z-azis, horizontal with its positive
end on the right, and Y'Y, called the
y-axis, vertical with its positive end
above. The point O is called the
origin. The axes divide the plane into

four sections called quadranis. These
are numbered I, II, I1I, IV, as shown
in Fig. 11b. Fia. 11b.

From any point P in the plane drop
perpendiculars PM, PN to the axes. Let the number at M in the

geale XX be z and that at N in the scale Y'Y be y. These num-
23
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DEFINTTIONS

=K Py= 5,
REcrancuiar Cotmpiyares Chap. 2 3 P he figure it is seen that P.R =5, RP:

: q the hg ]

P:; in R. From

bers z and y are called the reclangular covrdinates of p with respect tly
to the axes X X, X me, number 2 is ealled the abscissa, the j Causequently, e
number y is called the ordinate of p. id,
If the axes are drawn as ip Fig. 115, the abseissa 2 ig equal in
magnitude to the distance PN from P to the y-axis, is positive for
points on the right and negative for points on the left of the y-axis,
The ordinate ¥ 1s equal in magnitude to the distance PM from Pto
the z-axis, is positive for points above and negative for points beloy
the z-axis, For example, the point p in Fig. 11 has codrdinates
=3,y =2, while @ has the coordinates z = = =

VPR + RP? = V50.

F]-l;___l le.

) Fia. 114d. ' find

Notation. — The point whose codrdinates are  ang Y 1s represented . 1), B (4, =3), C (6, 2) and finc
by the symbo] @ %). To signify that P has the codrdinates 2 and y Ez. 3. Plot the points A (—1, d

the notation p (=, ¥) is used. For example, (1, —2) is the voint ’ the triangle ABC.
' 1 the area of

10 ‘H( 18 l)dl
A : e : in Fig. 11e. The triang .
T=1y=_9 Similarly, 4 (=2, 3) signifies that the abscissa, of The points are plotted in I;g 5 and 7 and area 5 X 7 = 35.
s i3 ordinats « ' 'DEF with sides 5 ¢ i
4 is -2, and its ordinate 3, of a rectangle CDEF wit

y y : 'C' are right friangles whose ﬂ]‘(‘:i.’i are (““:‘;
Plotting, — T}e process of locating g point whose cobrdinates are , ADC, AEB and BFC are : &? and 5 respectively. The area
given is ealled Plotting. Tt is convenient for this purpose to use half base times altitude) 103, 5 a
codrdinate Paper, that is, paper ruled with two sets of lines as in ABC is then 3 BF(C = 35 — 205 = 143.
Fig. 11e. Two of these perpendicular lines gre taken as axes, A CDEF — ADC — AEB — BFC
certain number of divisions (one in Figs. 11¢, d and €) are taken ag
Tepresenting a unit of length, This unit should be long enough to
make the diagram of reasonable size but nof 80 long that any points
to be plotted fai] ¢, lie on the baper. By counting the rulings from d i tonboa s onch of the four
the axes it is easy to locate the point having given E V2, ) 3). the algebraie signs of the coordinates in ez
cobrdinates (:1111)1‘uxim;1tel,\' if it does not fa]] at an ot e

: bl o ota? If it lies on the
intersant: quadrants? int lies on the z-axis what is its ordinate? :
Intersection), 3. If a point lies on the

Exercises

- . = ‘4. —4) and
4 ; 4 —4), D (4, —4) an
1. Plot the points A (4, 4), B (—4, 4), ( (—4,

2
ints for which z = 17
oy scissa? Where are all the points for whi
Ezample 1. Show graphically that the points y-axis what is its abscissa? sl
¢ : N ug . S S r 18 (a, b) relate 5
4 (-1, =3), B (0, =1),C (L, 1) and p (2, 3) lie for which y = —21 r given numbers. How is (1‘- ; (@, b — 2)?
t lfl 4 Letaandbi)f’ﬂ-n}fz —-1,4) \Uy
On a straight line, ;

p —a, —=b), (b, a), (@ 4 ify from
ints (—a, b), (@, —b), (—a, —b), | —5) and verify frc
The points are plotted in Fig, 11e. By apply- of Ehell,ﬁltu:i: :“:?n:;, ((f_), —2),’ (1,1), (2,4, (=1, =) a l
. ] i : . i LA 3 a Bos. and
Ing a ruler to the figure jt 15 found that 4 straight : the figure that they lie on Jtllill‘-( points (5, 0), (3, —4), (—4, 3) an
: : ically that the S RO
line can be drawn through the points, 6. Show nglPl‘_““H) t;‘l.qll its center and radius. 5. 3) and (2, 0).
E.l‘. o P](}t the puiufs [Jl (__2, _1), Pz (3; 4) (0. —5)lieona cirele. ‘ ti:qujl:[istﬂ.nt- from (_3, 4), (-‘), 3) a )
and find the distance between them [ atca e piind el
The points gre plotted in Fig. 114,

Let the horizontg] line through P, cut the vertical line through

Fra. 11e,

8 Pl h 8 A $=3 0 ] “ 3 ! ! et the h(“- % nt‘li ne
S ] meastrem
ne its ]lllﬂ. I, 4] ( | 3
. ot the pul!lt: A (1, &) ar 2y . - -




26 Rucraneurar CobrprvaTes Chap. 2

through A meet the vertical line through B in P. What are the co-

ordinates of P?  What are the lengths of AP and BP? Caleulate the
distance 4B,

9. Find the distance between 4 (=2, —3)and B (3, —4).

10. Find the area of the triangle formed by the points (=3, 4), (58
and (2, 0), ‘

Al't. 12. Segmf-_\nts

In this book the term line (meaning straight line) is yged only
when referring to the Infinite line extending indefinitely in both
directions. The part of a line between two points will be called g
segment,

In many cages g segment is regarded ag having a definite direetion,
The symbol AB is uged for the segment beginning at 4 and ending
at B. The segment beginning at B and ending at A is written B4,

The value of g segment may be any one of three things that should
be carefully distingnished. Whenever the symbol AR oceurs in an
equation it must he understood which of these things is meant,

(1) In many cages the value 4B means the length of the segment,
In this case 4B = 3 means that AB hag g length of three units and
AB = CD means that AB and CD have equal lengths.

(2) In other cases the symbol AB represents the length together
with a sign positive or negative according as the segment is directed
one way or the other along the line, For example, the z-cosrdinate
of a point is equal to the segment NP (Fig. 118) considered positive
when drawn to the right, negative when drawn to the left, The
value of the segment is in this case a number with a positive op
negative sign, :

(3) Certain physical quan tities, such ag velocities, inelude in their
description the direction of the lines along which they oceur as well
as their magnitudes and directions one way or the other along thoge
lines. Two Segments representing such quantities. are equal only

When they have the same length and direction. The value of such
4 segment (ealled g vector) is not a number but & number and
direction,

Segments Parallel ¢o 2 Cobrdinate Axis. — In most cases the valye
of a segment paralle] to codrdinate axis will be the number equal

Projecrion

in magnitude to the length of the segment and positive or negda;we
n - e .
;ccording as the segment is drawn in the positive or negative direc-

v
N

N—P,

0 X
'Fi6. 12a : Fie. 12b.
16, .

i %
tion of the axis. That is, horizontal segments ar;z pos;tlt‘ie IWheeg
ight ive when drawn to the left; vertical seg-
drawn to the right, negative w e i o
ments are positive when drawn upward, negative when drawn dov

ard. ;
A Let Py (1, 1) and Ps (24 ) be the end points of a segment PyPs.

If the segment is parallel to the z-axis (Fig. 12a) ¥
P;Pg=:‘1‘f1’ﬂfg=$2—$1, ( )

B i e
i‘f;ﬁfjﬁis I)S()iiillz.ii;:hgl}f;’21?501{1)111'&1191&,’(,0 the y-axis (Fig. 12b),
e PPy = N\Nz = 1y — 1. (12)
e s e
ﬁ.: :;j':Zlej);f;;:erfzﬂz;yf:ijndtbgzﬁil;ate of the end of the segment.

Art. 13. Projection

The projection of a point A on a l%no .MN is the foottofA t;;?s}le};
pendicular from A to MN. The projection of a segme;n e
segment A'B” of MN intercepted between pG‘I‘pe‘L‘.dlCiu a?bt TO! i
ends of AB. Since parallels intercept pro.portmna hdjs‘ ané .ratio
two lines, the lengths of two segment.,s on g line have lt e bi?; e
as their projections. Furthermore L£ two segments have s
direction along a line their projections have the same :




28
RecranguLar Cobrpinarug Chap. 2

For example, in Fig. 13a or 13b, in both magnitude and g

gn,
4AB:BC = A'B": B¢,

C

B’

Fra. 134,

directions,

Ezample 1. Find the middle
P (5{11, %) and P, (s, ¥a).

Let P (z,7) be the middle point,

point of the segment joining

: Project on the axes (Fig. 13¢).
Since P is the middle point of

P\Py, in both length and direction
Bil=PP. Tonee

MM = MM, NN = NN,
and so
£ =~ Y—h=p-y
' My, X Consequently,
F1e. 13c. T=3(etm), y= 7+ ).
The sum of several quantities divided b
average. Hence each codrdinate of the
of the corresponding codrdinates of the e
Ez. 2. Given P, (=1, 1), P, (GRS
PP, produced, whi :

y their number ig called the
middle point is the average
nds.

» find the point P (=, ), on

ch is twice as far from Py as from P, (Fig. 13d),

Art. 14 Distance BETWEEN Two PoINTs 29

Since PyP is twice as long as PP and they have opposite direc-
tions, e T
PP = —2 PP;, " =
Consequently,
MM = —2MM,, NN = —2NN,,
and so

2+1=-2(3-2), y-1=—204-y). & ‘
M, 0 M,

Fig. 13d.

Hencexz =7,y = 1.

Exercises

1. On the line through A (—3, —4) and B (4, 2) find the point two-
fifths of the way from A to B.

2. The points A (—1, —4), B (0, —1) and C (2, 5) lie on a line.
Find the point P, on AC produced, such that 4B = CP.

3. On the line through A (1, —1), B (3, 5) find two points each of
which is twice as far from A as from B.

4. The points 4 (—4, 9), B (2, 0), C (4, —3), D (0, 3) lie on a line.
Find the ratio of the segments AB and C'D. Do these segments have
the same or opposite directions?

5. On the line through A4 (2, —1) parallel to the line through B (1, 1)
and C (4, 5) find two points each of which is at the distance BC from A.

6. Given three points, P; (z1, 31), P: (22 1), Ps (x5 ys), find the
middle point @ of PiP;, then find the point R one-third of the way from
@ to P;. Bhow that each of its codrdinates is the average of the corre-
sponding codrdinates of P, P; and P

Art. 14. Distance between Two Points

Let the points be Py (21, 41) and Py (22, 72) (Fig. 14a or 14b). Let
the projections of P,P; on the axes be MM, and N;N.. Let the
lines P\N; and P,M; intersect in B. In the right triangle P;RP;

PiP; = ‘/Fmé'
Now PR = MM, and the distance between two points of a scale

is equal to the positive difference of their codrdinates. Conse-

quently, PR? = (z; — 2)%. Similarly, RP? = (y» — y1)®. There-
fore

PPy = V(zs— 21)* + (12 — 1) F(14)
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In this formula, since z,
it is written z, — 0 3
¥

X,

" Fra, 14,

be put y — 3. The
two points is equal to th,
differences of correspond

B(1, —2).
By the formula

Rucrancurag CobrpiNaTES

Chap. 2
= 118 squared it is immaterial whether
— &2 Similarly, instead of Y2 — 3 can

b

Fia. 14b,

formula expresses that the distance befween,
¢ square oot of the sum of the squares of the
ing codrdinates.

Ezample 1. Find the distance between

the points 4 ( —1, 1) and

AB = V(1 +1p+ (—2—1p = Vi3,

Ez, 2. Find the points 2 units

Fra. 14c.

Substitution of —2 for Y

quently four points P, (8,2), Py ( —4,

which satisfy the conditions,

Ez. 3. Find a point e
B (~6, 3) and C (5, 6).

distant from the z-axis and 5 units

distant from the point A (1,2).
Let P (z, ) be such a point

(Fig. 14c). Since PA = 5

(e~ 12+ (y— 2)2 = 25,

Since the point is two units distant
from the z-axis

y= £2.

Substitution of 2 for y in the pre-
vious equation gives z = 6 or —4,
gives z =4 or —2. There are conse-

2), Py (-2, —2), P, (4, —2)

quidistant from the three points, 4 (9, 0),

31
Art. 14 Disrance BETWEEN Two Pomnts
9 i i Hince = PR
Let P (z, y) be the point required (Fig. 14d). Since PA

= t= V(g +6)2+ [y — 3" j
‘/(; 924y ( Squaring and cancelling,

o1 Jr bz —y==6.
EAD

WAT | || Similarly,since PA = PC,
Il

2z —3y=5.

Solving simultaneously
e givesz =1,y = —1. The

required point is therefore
Fie. 14d. 0, =1}

Exercises

ices -3,

1. Find the perimeter of the triangle whose vertices are (2,3), (—3,3)

: tices

mi.(léﬁt));v that the points (1, —2), (4, 2) and (—3, —5) are the vertice

isosceles triangle. A
s 8?;11 lS(l)::)c\vv that the points (0, 0), (3, 1), (1, —1) and (2, 2) a
Ver;iceépxrfez 1;%11(31131}03];&?11 1), C (0, 2) show that the distances é fél Lll?:iie

. i 4 y Vi s ] i B
and AC satisfy the equation AB + BC = AC. What do you
i 3 a ci vhose

ﬂbo;t élli‘::xg?li]a: (6, 2), (=2, —4), (5, —5), (=1, 3) areona circle whos

is —1). : g .
cengerIlzv izln l}e) shown that four points form a quadrmlatmail_ 1?201*11‘1?;{}
ina ;'ircle if the product of the diagonals 19 equal to the 5u1;1 (;) f (13 p_ .
uets 'of the opposite sides. Assuming this, show that (-2, 2), (3,

nd (2, 0) lie on a circle. ‘ ; ;
(1’71) ;‘?Iclld(ﬂm)coijrdinat-es of two points whose distances from (2, 3)

8 hose ordinates are equal fo 5. o :
ar884 Q]:“lxi; a,olizint. on the z-axis which is equidistant from (0, 4) and
(_3, _lgjl)d the. center of the circle passing through (0, 0), (—3, 8) and

. w»

) 3 in
(515) Given A (0, 0), B (1, 1), C.(-1, 1), D (1, —2),e£nd1i(i utlli peint
in which the perpendicular bisector of AB cuts the perp

f CD. - - L) g
toi‘lc.' Find the foot of the perpendicular from (1, 2) to the line jomnin
(2, 1) and (—1, —5).




Recrancuran CobrpINaTES Chap, 2

Art, 16. Vectors

A vector is g segment of definite length and direction. The
point P, ig the beginning, the point P, the end of the vector PP,
The direction of the vector along its
B line 18 often indicated by an arrow ag
shown in Fig. 15a.

Two vectors are called equal if they
have the same length and direction. For
example, in Fig. 15a, PiPy= PPy K
B two vectors have the same length but
opposite directions, either is called
the megative of the other. For ex-

ample, PP, — ~PiPy= —pp, :

Let the projections of PiP; on the coérdinate axes be M. M5 and
N.N, (Fig. 150). The &-component of the vector P\P; is defined
as the length of M M 2 0r the negative of
that length, according as M, M, has the
positive or negative direction along the
Z-axis. Similarly, the Y-component is the
distance NN, or the negative of that
distance, according as N,N, is drawn in
the positive or negative direction along
the y-axis. For example, in Fig, 15b, the
components of PP, are 3 ang 4, while
those of PyP; are —7 and S

Let the points be Py (z, y), P, (22 2). In Art. 12 it has been
shown that in magnitude and sign MM, and N 1V; are represented
by 2 — z; and Ys = 1. Hence 2 — g, is the z-component and
Y2 — 1 is the Y-component of P,p, That is, the components
of a vector are obtained by subtracting the cosrdinates of the

beginning from the corresponding coérdinates of the end of the
veetor.

B,

F1e. 15q.

Fra. 155,

If two vectors are equal their components are equal. For let
PP, = p,p, (Fig. 15¢). Then, since by definition of equality

PyP; and PP, have the same length and direction, the triangles

VEcTORS

Art. 16

P,RP;, P;SP; are equal and cor-
responding sides have th(? same
direction. Consequently, in both
length and sign,

M1M2= PIR = PgS i ﬂ’I3M4,
NlNg _ RP2 =SP4 =1\T3N4.

Conversely, if the cemponentls arg e, 15,
i il
1, the triangles are equal ar b LA
equiéponding sides have the same direction. Consequently,
COI'T b
o onents are ¢ and b
i < rector whose comp
tion. — In this book the vec e oo
if: Obt: r:;resented by the symbol [g, b]. "‘['0 szgmfybthazn it
5 the components a and b, the notation « [a, b] \’VP i
i :1 le, PP, = [—2, 3] means that the vector 132 Ifl =
XA P = : A .
. r?aomljnt’ equal to —2 and a y-component equal Eoof e
J 1
w-:iontspr and Py are (zy, 1) and (22, y2), the components
; @s — @y and g —  and

e PPy = [1a— %1, y2— Wl

Ezample 1. Construct a vector equal to

[—Tgl,mg]\;ector OP from the origin to the point

P(-2,3)is
OP = [—2—0,3-0] = [-2,3].

Hence OP is a vector of the kind required (Figl. 15(?}(.3 N
Ez. 2. Show that the points 4 (1, 3), B (2, 1), ,4),

i arallelogram.
form the vertices of a para ¢
The vectors AB and CD are equal. For
CD = [4-3,2—4] = [1, -2].
; nd have the 5
i nd CD are parallel and
T ently ABCD is a paral- Fra. 18e.
same length, Consequently
lelogram (Fig. 15¢).

Tl
I

A

Il
1

AT

|
B

D. &
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Ez. 3. Find the area of the triangle PPyPy, given
PP1 = {al, 51], PPz = [ﬂ,z, bz]

) In Fig. 15f the sides of the

fbr ™ shaded triangles have their lengths

o775 marked on them. The area of the

ke triangle PP,P; is equal to the area

of the whole rectangle less the sum

Fia. 157, of the areas of the shaded triangles.
Hence

PP1P2 = albz o %Glbl e ‘% (Izbz —'1:7 ((h = a;-) (bz - b[) = % (albz = C[zbl):
This result is shown for a particular figure. By drawing other
figures it will be found that the result is alw

ays correct if the angle
from PP, to. PP, is positive (that is, drawn in the counter-clockswise
direction).

If that angle is negative the formula gives the negative
of the area,

Exercises

1. If the vectors AB and CD are equal show that AC and BD are
equal.

2. If AB = A\B,, BC = B,(Cy, show that AC = A4,C..

3. The components of a vector are a,
of its negative are —a, —b.

4. Show that the vector [a, b]
to the point (a, b),

5. Construct veetors equal to [2, 3], [-2, 3], [—=2, —3], and [2, —3].

6. Show that the points P (=1,2),0(, —-2), B (3, 4), S (5, 0) are
the vertices of a parallelogram,

7. A vector equal to [—3, 4] begins at the point (1, —2). What are
the coérdinates of its end?

8. The points (1, 2), (=2, —-1),
Find the vectors from the vertices
sides.

9. Given4 (2,3), B (=4, 5), € (=2, 3), find D such that AB = CD,
10. The middle point of a certain segment is (I, 2) and one end is
(=3, 5). Find the codrdinates of the other end.
11. By showing that the area of the triangle ABC is zero show that
the points 4 (0, —2), B(1,1) and ¢ (3, 7) lie on a line,
12. Find the area of the quadrilateral wh
(=2, -3), (1, -2), (3, 9), (=1, 5).

b. Show that the components

is equal to the vector from the origin

(3, —2) are the vertices of 5 triangle.
to the middle points of the opposite

ose vertices are the points

/ 35
Art. 16 MuimPLE OF A VECTOR

are parallel if and only if

13. Show that the veetors [as, b, [as bsl eprling

ay/as = by/bs. In this way show that the line t;])rou
(13 i) i8 pa,r-allcl to that through (1, —1) and (9, 3).

Art. 16. Multiple of a Vector

§ ig 0 rep-
o e or, the symbol ru is used b

Tf u is a vector and r a real number, the s e

t & vector ¢ times as long as u and having the sa

resen imes § g 88

if r is positive, but the opposite di-
rection if r is negative. ;

In Fig. 16, let u = [a, b] an

9 = ru. Since u and v are parallel
their components have lengths pro-
portional to the lengths of and v.

Also corresponding componleuta : S S
have the same or opposite signs according as

s of zarera
same or opposite directions. Hence the components o
and rb. That is,

v = [ra, rb].

Hence fo multiply a vector by a number, mulliply each of us com-

nents by that number. oA 3
pGE'mmple 1. Given P (=2, 3), P: (1, —4), find a vector having

the same direction gs PiP; but 3 times as long.
The vector required is
3P1Pg = 3 [3, —7] = [9, —‘21]

Ex. 2. Find the point on the line joining P (2, 3), P:(1, —2)
and one-third of the way from P; to _Pg.
By hypothesis PyP = § P1Py, that 15,
H 9— —} y—3=—4 and consequently = =%
ence z— 2= —3 ]
o s : ;
y Ef’ 3. Show that the segment joining the polm.ts‘ A1, X :13;,
B (5 .7) ig parallel to and twice as long as that joining C (4, 3),

D2, =1).
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The vectors are

AB=[48] ¢D= [-2, —4].
Hence AB = —2¢D, Conse

quently the segments are paralle]
and the first is twice as long a

s the second,

Art. 17.  Addition and Subtraction of Vectors

Sum of Two Vectors, —

end of u. The vector fr
called the sum of 4 and v,

Let u = [ay, b)), » = [az, bo].

the components of u + p are o

Draw a vector equal to », beginning at the
om the beginning of u to the end of v is

From the diagram it is seen that
+ o:and b + b,. This is true not

Fie. 175,

only in Fig. 174 but also in Fig. 170, for the
@ + a3 18 in absolute va
the projections. Hence

re as is negative and
lue equal to the difference of the lengths of

Uto=lu+a, b+b)

that is, vectors are added by adding corresponding components,
Ezample 1. Show that u +or=v+u
e The sum u + v results when is put at the
end of u, while » 4 4 is given hy putting «
at the end of v. The two are equal since
= both are equal to the vector diagonal of the

Fra. 17c. parallelogram whose sides are 4 and v (Fig.
17¢).

Ez. 2. Show that w+0) +w=0y+ (v + w).
In the expression (u 4 v) + w the sum of u and » is added to w,

while in u + (» + w), u is added to the sum of v and w. In

Art. 17 ADDITION AND SUBTRACTION OF VECTORS
Fig. 17dlet u = AB,v = BC,w = ¢D; ‘Then
(u+1v) 4= AC+CD=AD,
u+ (v+w) = AB+ BD = AD.
The two sums are consequently equal.
Y]

Fia. 17d.

Difference of Two Vectors.—
Draw vectorsequal tou and v,
beginning at the same pont

Frg. e, (Fig. 17¢). The vector BC

is difference u — .

7 e Ofbvl tz ih?afngg]?f ;LL 112 :({elflj?c}u?rlne the diagram that
thi{;slp;nz:cs lof’ u— 10 a,re as — ai and b — by, Consequently,

u—v=[;e—a, b—b
that is, vectors are subtracted by subtracting corresponding components.
Ezample 1. Show that u + (—v) =u—
In Fig. 17¢, —v = BA.
Hence

w+(—v)=AC+BA=BA4+AC=BC=u—0o.
Bz. 2. Two segments equal to [2, —3] and [3, —1] exte—nd gorir;
th ’ i .t i (2 2)B Find their ends and the vector connecting the
e point 4 (2, 2).
ends. : - {
In Fig. 17f, by hypothesis,
04 =[2,2], APi=[2,—3], AP;=[3,—1]. 70 :
0 X
Hence o 5
OP;=0A+ APi=[24+2,2-3] = [ﬁ%, —1], e
OP,=0A+ AP,=[2+3,2 - 1] =[5, 1].
Consequently P; and Py are (4, —1) and (5, 1). Aljo s
PP,=AP,— AP, =[3—-2,-14+3]=1], ! A
Ez.3. If weights wi, ws, ws, ete., are located at the pomtsd 1 thz
P, :t:c .the center of gravity of these weights can be defined as
8 =

5|
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point P satisfying the equation
wlPPl-I-wJ)Pz-i-wsPPg—f—etc. =0,

Find the center of gravity of three weights of 2, 3 and 5 pounds
placed at the points P (-2, 1, P, (1, =3), P; (4, 5) respectively,
The center of gravity P satisfies the equation

2PP; + 3PP, + 5 PPy = 0,
that is,

ﬂ—2~a1—m+3u—@_3~m+5u_%5_m
= [19-10z, 18 —104] = 0,

Cousequcutly the codrdinates of the center of gravity are z = 1.9
and y = 1.8,

Exercises

L. Given P (1, =3 Q(7,1),R (=1, 1), § (2, 3), show that PQ has
the same direction as RS and is twice as long.

2. Given P (2, =3), P2 (=1, 2), find the point on PP, which is
twice as far from P, as from Py, Also find the point on PP, produced
which is twice as far from Py as from P,

3. Find the points P and € on the line through P, (2, —1), P, (-4, 5)
lfPlP = —%PP;H_, IJlQ = —%Png.

4. Oneendofa segment is (2, —5) and a point one-fourth of the dis-
tance to the other end is (—1,4). Findthe codrdinates of the other end.

5. Given the three points 4 (-3, 3), B (3, 1), C (6,0) on g line, find
the fourth point D on the line such that AD: DO = — AB: BC,

6. Show that the line through (—4, 5), (=2, 8) is parallel to that
through (3, =1), (9,:8).

7. i the vectors AC and AB satisfy the equation 40 = TAB, where
risareal number, show that 4, B, Clieon aline. In this way show that
(2, 8), (—4, —7) and {5, 8) lie on a line,

8. Given 4 (1, 1) B2, 3, C (0, 4), find the point D such that
BD =2DC. Show that AD = 1 [AB 4 2:40].

9. In Ex. 8 find the point P such that PA + PB + PC = .

10. Ifvisany vector let 12 mean the square of the length of ». Given
B = [2, 8], » = [10, —4], show that (5 + v}t = 0% + 12 and conse-
quently that o and », are perpendicular to each other.

11. Show that the veetors from the vertices of a triangle to the
middle points of the opposite sides have a sum equal to zero,

12. Find the center of gravity of two weights of 1 and 4 pounds
placed at the points (3, —4) and (2, 7) respectively,

-
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Art. 18 Srore OF A Line

i reights placed ab
ty of four equal weig ced
that the center of gravity 8 s i
h13. ?i]?:?a:of : quadrilateral is the middle point oi"i tﬁetseillnen i
zhz ‘I;Jeirddle points of two opposite sides of the quadrilateral.

Art. 18. Slope of a Line
i i Th
Let Py (21, 41), Pa (xs, ¥2) be two points of the line MN. e
ratio iin o
s Ty — T
7 slope
is called the slope of the line MN. The same \-:%lue ofl theF Zropif
is obtained whatever pair of points on the line is used. .

¥

0

By
M

Fia. 18b.
Fic. 18a.

¥ _—
P., P, and P, P, are pairs of points on the same line, the triangles
1 2 and 73, I'4 s
P:RPg and P33P, are similar and
yo—y1 RP: SPs _ys—1Us
:1.'2-'$1=ER-P3S Xy — T3

IJEt ¢ l)e i e ang measure Tom th{: p(}&ltii‘e airecuio
a Dle 184 d f ].u tl Ji§ ()f t}le
Z-ax18 tO lhe hn(} lw J\ . 1hlS :ulgle 15 CD]lbldEI Ld D()Sltue When
i meas-
d > ] g
Ule&SlHed mn t)he C{)U.Ilte] Cl()CkWLSC 1rec thB ne -'Ltl\'e W hen mneas
lll‘ed n trhe Othel du ECtlon. Ih(} bangent Of tyhlb allgle 18 RJ 2/1 ]IE.

Accordingly i (18h)

) m
Hence the slope of a line is equal to the tangent of the angle fro

itive directi -axis to the line. -
tive direction of the z-axis 0 | }e
thgifl(c)sel t;e x-axis is horizontal, the steeper the line the nearer is th
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angle to 90° and consequently
thus & measure of the steepnes

If the line extends upward to the right, as in Fig. 184, the com-
ponents PR and RP, have the same sign and the slope is positive.
If the line extends upward to the left, ag in Fig. 18b, the componentg
have opposite signs and the slope is negative,

Parallel Lines, — J f two lines are parallel,
for the angles é1 and ¢, (Fig, 1
tan ¢, and tan $s, are equal,

the angles are equal and the lir

Chap, 2

the greater the slope. The slope is
8 of the line,

they have the same slope;
8¢) are then equal and theijr slopes,
Conversely, if the slopes are equal,
168 are parallel,

Fia. 18¢, Fia, 184,

Perpendicular Lines, — I, Fig. 184, let the lines 4B and €D be per-
pendicular. Since the exterior angle is equal to the sum of the two
opposite interior angles

$2 = ¢1 4+ 90°,

Consequently !

t = —cobg¢; = — .
anl ¢g COtL ¢y tan ¢,
Conversely, if this relati
lines are perpendicular,

Tz = fan ¢,, and

on holds, ¢, and ¢z differ by 9g°
If m: and my are the slopes, m,

and the
= tan &1,

1

My = — —.

e (18¢)

Two lines are perpendicular if and only if the slope of one is equal
to the negative reciproeal of the slope of the other,

Angle between Two Lines. — Let two lines Li and L, make with the
-axis the angles ¢, and ¢2 (Fig. 18¢). If g is the angle from I, to

41
Art, 18 SrorE or A LiNg

Ly (positive when measured in the counter-clockwise direction),
2 \PO
then
B = ¢2 = ¢1
Hence
tan g = tan (2 — ¢1)
tan ¢, — tan ¢; i
% 1 4 tan ¢, tan ¢

If m, and m. are the slopes of the
lines, my = tan ¢y, mp = tan ¢s,
whence

oot (18d)
e = .1_—|— Maia
o d
In using this formula it should be remembered that g is measure
nu
to L. B
fmgccf:aple 12 Show that the line through A (1,1)—3), B (5, —1)
- -3, —2), D (-1, —1).
parallel to that through C (-3, -)-,1 +(3 .
. Slope Of AB = T—i = 2r
- =143 -1
-143 2°
Since the slopes are equal the lines are p‘arallelé o
Ez. 2, Show that the line shrough A (2, 3), B (—4,
dicular to that through C (1, 1), D (2, 4).

5—3
g
4=1
slope of CD = i 3.

slope of CD =

Slope of AB = g

Binee either slope is the ﬂegative reciprocal of the other, the lines
p dicular. . ;

; %iergenf‘ind the angles of the triangle formed by the points

1, 4).

4(=12), B@Q, 1), C@B, _ ‘ o
'(I'he ’tris:ngle is shown in Fig. 18f. The slopes of AB{- ki
re found to be — 1, & and 3 respectively, Between two lin

are 4

Ne f
a8 AB and AC are two positive angles less than 180°. One o
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Chap. 2

these is interior, the other exterior 4o the triangle,

From the
4 is seen
quently,

figure the positive interior angle
to extend from AR to AC. Conge

1 1
3— (=1 4
A= _"’_E(_L)Q =
Sl S s
- In the same way it

is found that
Fro. 1/, e fan B = =8, tanC ='$, The angles of the

triangle are therefore the positive angles Jegs
than 180° whoge tangents are #

5 —8and 4. The angles A and ¢'
are acute, B is obtyge, :

Exercises
1. Find the slopes of the sideg of the triangle formed by the points
(=1, 2), (1, 8) and (2, —4).

2. Find the angle from the @-axis to the line Joining (1, 1) and
(=4, 5),

3. The angles from the z-axis to three lines are 45° 120° and -30°
respectively. Find the slopes of the lines.

4. The sides of 5 triangle have slopes equal to #land 2, Show that
the triangle is isosceleg.

9. If the slopes of AR
line. In thig way show th
line,

6. Show that the line throu,
that through (3, —35) and (0, 4)

7. Show that the li
and (1, 7), (3, 6) are

8. Show that the
Perpendicular if 3/g ~ —¢/d.
9. Find the interior angles of the triangle formed by the points (2, 3);
(=4, 5) and (1, -2),
10. Lines join the point (-2,

(I, =1). Show that one of theg
two.

1. Two lines hay,

and BC are equal, show that 4, B, Clie on a
at the points (4, 1), (1, 2) and (=5, 4) lie on g

gh (1, —3) and (-1, 3)

nes determined by the pairs of points (2, 3), (3, 5)
perpendicular to egoh other,

veetors [a, b] and l¢, d] are parallel if b/a = d/c and

is parallel {o

2) to the points ( =31}, (0; 2 and
e bisects the angle between the other

e slopes equal to 2 and —=3. Find the slopes of the
two bisectors of the angles between these lines,

12. Find the angle between the lines joi
points of trisection of the seg;
13. The slope of AB is 3

AB to €D is 30°,

ning the origin to the two
ment joining (=2, 3) and (L,—="7),

Find the slope of CD if the angle from

TIETN GrAPHS

$ how that
14. By showing that the angles CAD and f:gD ;r(el eqfalls E: =
the p‘{)ints A (6, 11), B (=11, 4), C (—4, —13), ;

| g o of the
=i A point is 7 units distant from the origin and the slope o
linel ?omni: #46(3, Oz} Find i(t:s cl(;é')rtiiiwitez sl
int is idistant from (2 a —4,
. A point is equlchstant_ B mana B ;
thell?ne joih;)ing it to (1, —1) is §. Find its codrdinates

Art. 19, Graphs

ntities are
ing values of two related quan
cases corresponding va S
ann f&nﬁach pair of vétlues can be taken as the Loolzdénategs) ;}ph
g ints is called a graph.
i f such points is ca
int. The totality, or locus, o - e
%(ixl;t aph exhibits {)ictorially the relation of the qual?tl?;i z:};:ich
tef§I ‘pThere are three cages differing in the accuracy wi
sented. :
int diate values are known. . _ ' Gl
m'tSQtamtli:tical Graphs. — Sometimes definite pairs (?f valuclzs arec &gn e
but there is n(; information by which intermediate values i
even approximately inferred. In such cases the \;'alueioar;hgw i
and consecutive points connected by straight lines
r in which the values are given. ‘ o
Dr?xaﬁpk 1. The temperature at 6 A.m. on ten consecutiv ¥
at a certain place is given in the following table:

.lﬂ n 6 ; S 9 ].U
. 1 2 g 3 4: J

ints in Fi , ints repre-
These, values are represented by points in Fig, 19(1). t:;(; el
sentin:g temperatures on consecutive days are connect :
lines. At times between those
marked no estimate of the temper- ;
ature can be made. /
Physical Graphs. — In other cases w,
it is known that in the intervaljs i [TT] I
between the values given the vari- Jam1 % 8 & 8
ables change nearly ]91'0130rtmnaliyi
ints ted .
ses the points are plot o
In(;mhsizﬂoth a c?u've ag possible i3 drawn through them. Poin
and as

=
s Sy

o

S S0

Temp. Fahrenheit
w e

._.
(R

F1a. 19a.
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of this curve between those plotted are assumed to represent
approximately corresponding values of the variables,
Ez. 2. The observed tempera

tures @ of a vessel of cooling water
at times ¢, in minutes, from

the beginning of observation were
=0 1 2 3 5 7
0 =920 g53° 79.5° 745 gre 60.5°

These values are plotted in Fig. 195,
creases gradually and during the inte

10 15 20
83.5° 450 39.5°
Bince the temperature de-
rvals given at nearly constant
rates a smooth curve drawn through
these points will repre
mately the relation of
and time throughout
ment,

‘ The Graph of an E
$6 810 12 1€ 16 13 % other ¢
Time

o

sent approxi-
temperature
the experi-

Temperature
S8, 8,

o .
eSS 8,8,

quation, — In
ases the equation connect-
Fia. 195, ing the variables is known. The
graph then congists of
whose codrdinates satisfy the equation. Arbitrary
signed to either of the variables, the
corresponding values of the other vari-

able caleulated, and the resulting pointg

plotted. When the points hay
plotted so closely that between consecy-
tive points the curve 18 nearly straight,
a smooth curve is drawn through them.

Ez. 3. Plot the graph of the equa-
tion y = 22,

In the following table values are as-
signed to z and the
values of y caleulated:
TE=i—ph =4 3 9. 4 0123845
¥= 25 16 9 4y 101491625
The points are plotted in Fig. 19¢. The

part of the curve shown extends from = —
curve extends to an indefinite distance,

all points
L ]
values are ag-

e been

corresponding

S to =45, The whole
Horizonta] lines cut the

45
Art. 19 GrAPHS

-axis, This
the curve at equal distances right and left of t@e ly Ef,zllsrespect
is expressed by saying that the curve is symmetrical wi

-axis. : N5
to,;'];ei The force of gravitation between two bodies varies

i = k/d% k
* yersely as the square of their distance apart, that is, F' = £/

being constant. Assuming k& = 10, plof1 Fl;e c:;‘ve N
representing the relation of force and 1'5.5 -@d .to

In the following table values are a-smgnl{‘)t .
d and the corresponding values of F calculated:

g=0: G5 1 1.5 2 BT A 501
Y=l 40 10 4.4 2.5 1.1 0.4 0.

The distance d cannot be negative. 17\‘0r71ve1:11'i
large values of d, I is very sma]l._ I:Iencu \\; ;ethe
15 large the curve very nearly coincides T\l e :

horizontal axis. When d is very smz}ll F is ch
large and the curve very nearly coincides with
e v'emcai;?lse(z 3‘5;'&;?1‘1;'1]1 be plotted a length must be chosen on
U“Jts'f‘ e‘m'r'mit a unit measure of the quantity represented
T t‘? lliepfﬁ | If the quantities represented by « and y are
il t_hﬂ't Coozn]ji‘i ef.or example temperature and time, these. l.engths
-y ‘D,dc )erlident.ly. If, however, these quantities are
. ehoseln' 1;it 1iq’u&maliy more convenient to hav.e the sa.me
s 'the S?Ine }?Izldonw kboth axes. This is also the case i g.rap}-nng
g:h(e);q?ilgl equasions where no physical interpretzjltlgjt ;;g;}\;ji

e ings being equal, a large curve is bett
Do Oéhz;lt}:i%: l()azuifn:fi‘i shouldgthen be chosen as to
: sfautl?; e;:uﬁ: spread both vertically and ho:iizontzﬂly :;mtyn
e e awvailable for it. If several graphs are t

Eza(r:?;‘s(;‘;idth:h; esg;;l; ;;;ltl ﬁmgths should be used for all.

0 )

Fia. 194.

Exercises <

1. The price of steel rails each year from 1892 to 1907 was as follows,

in dollars per gross ton: " i
30 28 24 24 2% 19 18 28 32 27 28 28 28 28

i i t z be the
Make a graph showing the relation of year and price. (Let %
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number of years beyond 1892 and y the amount that the price exceeds
18 dollars.)

2. The amplitudes of successive vibrations of a pendulum set in
motion and left free were

Number of vibration 1 92 3 4

&

5 6 ¥
Amplitude 69 48 335 23.5 16.5 11.5 §

Plot points representing these pairs of values and draw a smooth curve
through them. Do points of this curve between those plotted have any
physical meaning?

3. The atomic weight, W, and specific heat, S, of several chemical
elements are shown in the f ollowing table:

W=7 91 11 12 93 28 39 55 56 108 196
S =0.94 0.41 0.25 0,147 0.29 0.177 0.166 0.122 0.112 0.057 0.032

Make a graph showing the relation of specific heat and atomic weight,

4. The table below gives the maximum length of spark between
needle points of an alternating current under standard eonditions of
needles, temperature and barometric pressure,

L = length in millimeters, V = electromotive foree in kilovolts.
V=10 15 20 25 30 35 40 45 50 60 70
L=12 18 25 33 41 5 62 75 90 118 149 180

Make a curye showing the relation of voltage and length of spark,

9. In the table below are given the maximum VADOT pressures of
water at various temperatures, where 7' = temperature in degrees Centi-
grade and P = pressure in centimeters of mercury:

i 4 0 10 20 30 40 50 60 70 80 90 100
P =0.46 0091 1.74 3.1 5.49 9.20 14.9 23.3 35.5 52.5 76

Make a graph showing the relation of temperature and vapor pressure,

6. The rate for letter postage is two cents for each ounce or fraction.
Make a graph showing the relation of weight and cost of postage. (The
cost for 1.5 ounces is the same as that for 2, ete.)

7. Make a graph showing the number of centimeters y in 2 inches,

8. Make a graph showing the relation between the side and the ares
“of a square.

9. According to Boyle's Iaw the pressure and volume of a.gas at con-
stant temperature are connected by the equation P = constant.
Assuming the constant equal to 10, construct the curve representing
the relation of pressure and volume. Can p or » be negative?

10. Plot the curve y = 22 — 9 %+ 3. Show that it Passes through
the point (1, 2).

i 47
EquaTion or A LOCUS
Art. 20

= 1
i he curves y =zt and y = (z + :
the same diagram plot t ( .
Hmlavl 'ar(;nthey related? Show that they both pass through the poin
B 1o EAT,
f,Z Ib())n the same diagram plot the curvesz = 1/ and » 1) 1/(y—2)
How ;a,re they related? Show that both pass th}ioug? (T1,+ y i
diagram plot the graphs of =z =2
2 - Soyn t};e S‘;:}{ll:t areg&hey? Find their point of intersection. (It
z— =1,

must have codrdinates satisfying both equations.)

Art. 20. Equation of a Locus

If a locus and an equation are such that (1) every pount on t.hs:

. ') 14 BNOT 4 Ln

locus has coordinates that salisfy the equation and (Zt)h c,wtrfy p;m
ordinates satisfy the tion lies on the locus, then the equa-

whose codrdinates satisfy the equa e, -
tion is said to represent the locus and the locus lo represent the equation

: g its
Usually a locus is defined by a property possessed by each of i

points. Thus a cirele is the locus of points at a constant distance

from a fixed point. To find the equa-
tion of a locus express this property by
mearis of an equation connecting the
coordinates of each locus point. Th.e
graph is constructed by using the d.eﬁm-
tion or by plotting from the equation.

Ezample 1. Find the equation af_ a
circle with center C (—2, 1) and radius
equal to 4.

: int
Let P (z, y) (Fig. 20a) be any poin . s
on the circle. By the definition of a circle, CP = 4, and this i3

Fia. 20a.

equivalent to

Vie+22+ @y — 1) =4,

: = Ay
which is the equation required. By squaring this can be reduc
to the form

(¢ +2¢+ (@ — 1) =186

Ez. 2. A curve is described by a point P (;vi ) r'noving in sucith;
way that its distance from the z-axis equals 1Fs chstau'ce from
point @ (1, 1). Construct the curve and find its equation,
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Locus 9
] Point ON A ’
Chap. 2 Art. 21

g points such that MP = 0. Given P, 3), P:(4, — i : locus de-
QP bven. find the equation of the:,
3 can b eq'Uﬁ y distan ik 1(1" lon '1.)’di%ta.nces from P; and Pyis 5. TFree
oty om Q and. geribed by P (z, ) if the sum of its dis Shi
g X : 111;l S the equation of radicals and show that the resu
the z-a; is, the curve lies entire]y sho
X

(47 +3y — 182 =0.
the z-axis, Hence Y is positive and
P (z,y)

: : all points of this graph belong to
equil o the distance MP.  Also Make a graph of this equation. Do all points o 8 gr

B0 ] stance )

q . the locus? 6,0), C (7, 3), P (z, y). 1f the angle from
QP = V(z — D'+ (y — 12 11. Given 4 (2, —2), B (6, 0), oty

The curve is constructed by locatin;
Since no point below the

Con-

sequently, if P (z, y) is any point on

the curve,
: =ViE—1P4 (-
Fia. 206, . ( 4 :

Conversely, if thig equation is satis-
ant from @ and the z-axis and so lies

It is therefore the equation of the curve,
cannot be negative the equation is equivalent to

fied, the point P is equidist
on the curve, Since y

P=@E-17+@G-1p
and consequently to

P =22 -2y 42=0

Exercises
1. What loei are represented by the equations, (a) = 3,(b)y =—2,
@y=22 () 3= 17
2. The point P (z, y) is equidistant from (1, 2) and (3, —4). What
is the locus of P? Find its equation.
3. The point P (2, y) is twice as far from the z-axis as from the y-axis.
What is the locus of P? (Two parts.) Find its equation.

4. The slope of the line joining P (z, y) to (=2, 3) is equal to 3.
What is the locus of P? Find its equation,

5. Given 4 (-3, 1), B (2,0), P (z, ).
are equal what is the locus of P? Find its equation,

6. The point P (z, y) is equidistant from the y-axis
(=3, 4). Construct the locus of P. Find its equation. -

7. Given 4 (2, 3), B (=1,1),C @ ~3), P (z,4). If P moves along
the line through A4 berpendicular to BC, show that

PC* — PR? = AC? — AB?,

Find the equation of the line described by P.

8. Find the equation of a circle with center (

—1, 2) and radius 5,
9. Find the equation of the circle whose diameter is the segment,
joining (2, —3) and (=1, 4).

If the slopes of AB and BP

and the point

f
PC, show that the locus o
is equal to the angle from PB to PC, , 5
AB: t(;fc;llfci? Ii?lroﬁg]x A, B, €. Caleulate the t:n}g(;nta of the two
e cire I :
fn;es equate them and so get the equation of the circle
]

Art. 21. Point on a Locus

. . et
If a point lies on a locus its codrdinates satllsfy the efluatllor;uos
the 100153 Hence to ascertain whether a point lies on a gr; aﬁn :1) ;)u;
: i : ;
substitute its codrdinates in the equation of the locus and
ion is satisfied.
hether the equation is satisfie 2
- Ezample 1. Show that the curve 2? + y* = 2 o passes throug
the origin. ) -
Substituting the values z = 0, y = 0 the equar.tl?n b:}f; g
0. Since the equation is satisfied the curve passes : 3
' i In the same way it could be shown that any locus, z;
igin, 7 i
rozsiied by a polynomial equation with no constant term, pass
rigin. :
thrEoug];thff Othi curve z* 4+ 12 = 2ax passes through the point
stant a.
9, —1) find the value of the cons :
: :I‘he loﬁrdinates 2, —1 must satisfy the equation, Hence

2+ (—1) =24

Consequently, a = £. Y 3
Ex l:13. If the locus of y = me + b passes through (—1, 1) an
(3, 2), find the values of m and b.
The conditions required are

= —m+b 2=3m-+d.
ihass olg g _
The solution of these equationsis m = 1, b = £.

i r 1 have
Intersection of Curves. — An intersection of two cumcii musitn o
cobrdinates satisfying both equations. Hence to find the po
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intersection, solve the equations

simultaneously, All solutiong
should be checked by substitution.

51
TancenT CURVES
Art, 22

f § al ‘. &11 3.9 18
[{e]l.['fe l)” one lleﬂ l the V (o 1 1 1 001 Slm_ll ¥

18, 3 alu .
follﬂd EFO be the Oth! IOOt. 1he COIIO‘:pOlld!llg UEi.llleS Of y are

| The points of inter-
Ezample1. Plot the curves represented by the equations 2 = 2 7 ' 2/z = 1.8 and 06. imaljc 5
and 2* = 2y and find their points of gection are then approx e
intersection, ‘ (11, 18), (39, 06).
The curves are shown in Fig. 21a.
From the figure it is seen that there .

: j 2 tions t— 13
are two real points of intersection. I g+y=1 2z+3y=5 =+y=13
Squaring the first equation and substi- int.

through a po

tuting the value of 2? from the second, | and show t}lm"t thes;f:is in Figgmc. The

" | The graphs are S : - e B

Byiiviy i : solutioj of the first two eguations }13 e 2
satisfy the

e = —2 y = 3. These values satis . b the
:bh;d i, yation Consequently all the loci pass throug
t equation. ;

point (—2, 3).

Ez. 3. Plot the loci of the three equa~

Fic. 21a, Consequentlyj v @ —8) =o. The

two real solutions are ¥y=10,2. The
corresponding values of z are 5 — 1

7% =0,2. The points of
intersection are then (0, 0) and (2, 2). Substitution shows that
the coordinates of these irection

; } : ves have the same direction,
bomts satisfy both equa- —T ‘ i If at a point of intersection two curves hf?geand CD be tangent
. _‘L —t1 1 7 | | ¢ urves / :
G ' they are called tangent. Let 511eﬂcu1‘;vr) ). CD can be considered
Ez. 2. Plot the curves || L 1 J , 8t P (ng'.ﬂf ) f a curve C'D’
=2 &4y =4z,and |1 .: 6 s the limiting position ats Py and Ps
find their points of intersee- | 1 | 111 i gty A}f . t;ﬁepgtll?l;tiorts of AB
Hiin, - close together. ; "
The curves are shown in e smllﬂt&ﬂeoi’ S(;J’l;'
~ itk s, As
Fig. 216. It is seen that seR g e thblsi'm; approach
there are two points of in- . ! | Fra. 22a. approaches CD th?sis(;;i e-;o expect that
tersection. Elimination of ' ' equality. One mig £
; : Fia. 21. e solved simultaneously two o
¥ gives if the equations of AB and CD are solve it acel s
H—4d+4=0. the solutions will be equal and that, conversely ,t‘ia;lns indicate tan-
The equation can only be solved approximately. The figure indi- ring in the simultaneous solution of two equa
cates that the solutions are nearr = 1.2 and z = 4, By substitu-

Art. 22. Tangent Curves

tion the following values are found:

= 1.1 1.2 3.9 4
P-4z 4 0 14 —0.84 —1.9 4
There is a root between 1.1 an

d 1.2 and another between 3.9 and 4.
When z = 1.15 the expression

2* — 428 + 4 is found to be negative,

there
ency. This should however be chockefl 1'Jy the %r:g;ss as
ire ot-he[- cireumstances that result in comcxdent}s-o ]::rcle $;+ e
Ezample 1. Show that the line z + y = 2and thec
are tangent and find the point of tangency.
Eliminating g
s #24+R2—-zP—-2=0.
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This equation is equivalent to 2 (z — 1)* = 0 and so has two equal
Toots = 1. The corresponding value of Yi82—2z=1 The
line and ecircle intersect in only one
point (1, 1), They must therefore

be tangent at (1, 1).
Ez.2. Plot the graphs of 32 =
P~ and y = 35 and find their

intersections,

The graphs are shown in Fig, 22p,
Fic. 22, The first is a curve like 5 horizontal

figure 8. The second is a straight
line through the origin, Eﬂmmating U,

#4812 =,

This equation hag two roots z = . Two parts of the curve pass
through the origin and hoth cut the line at that point. The curve
and line are not however tangent,

Exercises

o4, B ¢ D, E being any fixed numbers, show that the curve
whose equation ig

Ax2+Bzy+Cy9+Dx+Ey=O

Passes through the origin,
2. X &, g, m are constant show that the locus of the equation
VY=th=m(@—a)
Passes through the point (&, 1),
3. The curve @@t 2 = passes through the points (0, 1) and
(2, 0). Find the values of ¢ and p and plot the eurye.
4. The curve ¥=az+b passes through the points (0, —1) and
(1, 2). Find the values of ¢ and p and plot the eurve,
Plot the following pairs of loci and find theiy points of Intersection:
5.3J:+2y=1, 8. y‘-’=:u+1,
2z~ y=0p, Ty =9
B g ¥ = 10, - Tyt =1,
2y—3z =3, 22—y =3,
7.32—_?;2:3, .:c'-’-21'~’=7,
Ptay+pp=7 2y+3z =7,

Tangent CURVES

S y=24
.22+ =6, y=3s &
. z—syﬂi- 14, mziszy+_50;+7:0.
12 #y+3y=">% % :

il a.t the fOHU wing curves h&V e common olnt:
g a n p
15 Sho W trh

2
A+yp=10, =2+4 V=773




