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BIBLIOTECA 

ANALYTIO GEOMETRY 

CHAPTER 1 

ALGEBRAIC PRINCIPLES 

Art 1. Constants and Variables 

In analytic geometry much use is made of algebra. Hence a 
brief review is here given of some algebraic principies and processes 
used in this book. 

In a given investigation a quantity is constam if its value is the 
same throughout that work, and variable if it may have clifferent 
values. It should be noted that a quantity that is constant in one 
problem may be variable in another. Thus, in discussing a particu
lar circle the radius would be constant, but in a problem about a 
circular disk expanding under heat the radius would be variable. 

A quantity whose value is to be determined is often called an 
unknown. Such a quantity may be either constant or variable. 
In sorne cases it is not even known in advance whether it is con
stant or variable. 

Real Numbers. -The simplest constants are numbers. The proc
esa of counting gives whole numbers. Division and subtraction give 
fractions and negative numbers. Whole numbers and fractions, 
whether positive or negative, are called rational numbers. A 
number, like -v'2, that can be expressed to any required degree of 
accuracy, but not exactly, by a fraction, is called irrational. Ra.
tional and irrational numbers, whether positive or negative, are 
called real. 

The alisolute value of a real number is the number without its 
algebraic sign. The absolute value of x is sometimes written I x ¡. 
Thus, 1-21 = 1 +21 = 2. 
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2 ALOEBRAIC PluNCIPLES Chap.1 

Graphical Representation. - Real numbers can be representccl 
graphically by the points of a straight line. U pon any point O of a 
line mark thc number O. Choosc a unit of length. On one side of 
O mark positive numbers, on thc othcr negative numbers, making 
the number at each point equal in absolutc value to the distance 
from O to the point. The result is a scale on the line. When thc 
line is horizontal, as in Fig. 1, it is usual, but not nccessal'.)', to lay 
off the positive numbers on the right of O, the negative numbers on 
the left. 
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Fw. 1. 

The point A rcpresenting the number a divides the scale into two 
parts. On one side of .-i, callcd the positivc, lic ali numbcrs greatcr 
than a; on the other side, callcd thc ncgativc, lie all numbcrs less 
than a. At a point B on the positive side of A is located a number 
b greater than a, at a point C on the negative side of A is a numbcr e 
less than a. 

The distance betwccn two point.ci of the scale is equal to the 
differcnce of the numbers at those points. This is obvious if the 
numbers are both positive. Thus 

AB = 0B - OA = b - a. 

I t is still true if one or both are ncgative. Thus, since e is negative, 
CO =-e and 

CB = CO + OB = -e + b = b - c. 

Irnagirnuy Quantities. - The extraction of roots sometimcs leads to 

exprcssions like v=-i or a + b ~. where a and b are real num
bers. Thcse expressions are callcd imaginary. This mcans merely 
that such exprcssions are not real numbers. It should not be in
ferrcd that imaginaries eannot be uscd or that they have no meaning. 
A quantity may have a meaning in one problem and not in another. 
For example, in determining the number of workmen nccdcd in a 

certain undertaking the answer 3} would be absurd since 3} work
men cannot exist. In detcrmining the arca of a field the answer 
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- 10 acres would be mcaninglcss since therc is no negative arca. 

In detcrmining the ratio of two lengths the answer v - 2 is imagi
Ilal'.)' since the r<'Sult must be a real numbcr. But in still other 
prohlems, notably in work with alternating currentll, an interpreta
tion can be given to the process of extracting the square root of a 
negative numher and then such rcsults are entirely real. 

Art. 2. Equations 

An equation is the expression of equality betwcen two quantitics. 
An ide11tical cquntion is one in which the equality is true for ali 
valucs of the variables. Thus, in 

(x - y)2 + 4xy = (x + y)2 

the two sidcs are cqual whatever valucs be assigncd to x and y. 

In many equations, howcver, the cquality is true only for certain 
valucs of the variables; thus x2 + x = 2 is an cquation not true for 
ali valucs of x, but only when x = +1 or -2. 

Two or more equations are callcd simultaneous if ali are satisficd 
at the same time. Equations often occur that are not simultancous. 
Thus if x2 = 1, then x = 1, orx = -1, but not both simultancously. 

A solution of an equation is a set of values of the variables satis
fying thc equation. Thus x = 3, y = 4 is onc solution of the 
cquation x2 + y2 = 25. A solution of a set of simultaneous ~ua
tions is a set of Yalues of the variables satisfying ali of the equatiolliJ. 

Equivalent Equations. - Sets oí equations are called equival,ent if 
they have the same solutions. Thus the pair of s~ultaneous 
equations 

x2 + xy + y2 = 4, 

is equivalent to 
x2 + y2 = 3, xy = 1 

(obtained by adding and subtracting the original equations) in 
the sensc that any valucs of x and y, satisfying both cquatiolliJ 
of one pair, satisfy both equations of the other pair. Similarly, 
(x + y) (x - 2 y) = O is equivalent to the two equations 

x+y = O, X - 2y = 0 
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in the sense that if x and y satisíy the equation (x + y) (x - 2y) = O, 
then either x + y = O or x - 2 y = O; and, convcrsely, if x and y 
satisfy either of the latter equations, they satisfy the former. 

The main problem in handling equations is to replace an equation 
or set of equations by a simpler or more convenient equivalent set. 
To solve an equation or set of equations is merely to find a particu
lar equivalent set of equations. 

Degree of Equation. - The equations of algebra usually have the 
form of polynomials equated to zero. By a polynomial is meant 
an expression, such as x3 + x2 - 2 or x2y + 3 xy - y2, containing 
only positive integral powers and products of the variables. 

The degree oí a term like x3 or 3 xy is the sum of the exponents of 
the variables in that term. Thus the degree of x3 is three, that 
of 3 xy is two. The degree of a polynomial is that oí the highest 
term in it. Thus, the polynomials given above are both oí the third 
degree. 

If a polynomial is equated to zero, or if two polynomials are 
equated to each other, the degree of the resulting equation is that 
of the highcst term in it. For example, x2 + y2 - x = O and 
xy = l are both equations of the second degree. 

Exercises 

l. Determine which oí the íollowing equations are identities: 

(a) x"'x" = x"'+", (b) :'. + ~ = 2, (e) ! + ! = x +Y. 
y X X y xy 

2. Expand (x + y)5 by the binomial theorem. Is the resulting 
equation an identity? 

3. Show that x = v'2 is a solution oí the equation 

x5 + 2x3 - x2 - Sx + 2 = O. 

4. Show that x = -1, y = 2 is a solution of the simultaneous 
equations 

5. Show that the pair of simultaneous equations 

x3 + 'lf = 2, X + y = 1 

1 • 
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is cquivalent to the pair 
x2-xy+y2 =2, x+y=l. 

6. Find a set oí three equations equivalent to 
(x2 - 1) (x3 + 2) = O. 
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Explain in what sense the three are cquivalent to th~ one .. 
7. Is x2 - 4 xy + 3 y2 = O equivalent to the pru.r oí S11Dultaneous 

equations x = y, x = 3 y? 
8. The symbol v'2 is generally used to represent the positive square 

root oí 2. Is x = v'2 equivalent to x2 = 2? 
9. Show that Yx + 1 + Yx - 2 = 3 is equivalent to x = 3. 

10. The solution of the simultaneous equations 

X+ y= 3, xy = 1 
can be written 

X = ½ (3 ± V5), y = ½(3 ::¡:: V5). 
What do these mean? How many solutions are there? 

11. What is the degree of the equation (x + y)• = 3 xy? 
12. If x and y are the variables, what is the degree of ax2 = bxy? 

Art. 3. Equations in One Variable 

Quadratic Equations. - The quadratic equation 

ax2 +bx+c=O 

can be solved by completing the square. Transposing e, dividing 
by a and adding b2/4 a2 to both sides, the equation becomes 

b b2 b2 -4ac 
x2 + ~ x + 4 a2 = 4 a2 

Extracting the square root and solving for x, 

- b ± v'b2 -4ac 
x= 2a 

If the expression under the radical is positive, the square root can 
be extracted and real values are obtained for x. If it is negative, 
no real square root exists and the values of x are imaginary. 

Solution by Factoring. - Another method for solving quadratic 
equations is factoring. Thus 

x2+5x-6=0 
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is equivalent to 

(x - 1) (x + 6) = o. 
Since a product can only be zero when one . . 
above equation is satisfied nJ h of its factors IS zero, the 

o y w en x = 1 or x = -6 
If the quadratic cannot b f t d . . 

factored by completing th e ac ore by mspection, it can still be 
e square. Thus 

3x2-2x+l=3(2 2 1 x - ax+ a)= 3 [(x - ½)2 +·¡¡ 
= 3 (x - ½ - ½ V-2) (x - l. + i v' -2) 

Th 1 . a a . 
e so ut1ons of the equation 3 x2 - 2 + 1 x = O are then 

X = ½(1 ± V_ 2). 

In this way any equation can be solved if h . 
to zero can be factored F 1 t e expressrnn equated 

. or examp e, to solve the equation 

x3+x2-2=0 
write it in the forro 

x3 - 1 + :¡;2 - 1 = o. 
Since x3 - 1 and x2 _ 1 both ha _ 1 is equivalent to ve x as ª factor, the equation 

(x - 1) (x2 + 2x + 2) = O. 

The solutions are consequently 

x = 1 and x = -1 ± V-1. 

E:i:ercises 
Solve the following equations: 

l. 2 X2 + 3 X - 2 = Q. 

2. X2 + 4 X - 5 = 0. 
3. 3 x2 + 5 x + 1 = o. 
4. x2 +X+ 1 = 0. 

Solve by factoring 

8. x2 
- 3 x - 1 = o. 

9. 2 ;¡;2 + X - 2 = 0. 
10. X2 - x + 1 = O. 

5. (x2 - 1) (x2 _ 2) = o. 
6. (x2 - 1) -

(x2 - 4) - O. 

7. !+ _1_ + _ 1 __ 
X X - 1 X+ 1 - 0. 

11. x3 - 2 x2 - X + 2 = 0 
12. x3 - 1 = o. . 
13. x4 = I. 

14. Solve the equation x4 + 1 = 0 b 
(x2 + 1)2 - 2 x2 = O. Y reducing it to the form 
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• 15. Solve the equation x' + x2 + 4 = O by the method of the last 

example. 
16. Factor 4 x2 + 4 xy - y2 by completing the square of the first two 

terma. 

Art. 4. Factors and Roots 

It has been shown above that the roots of an equation can be 
found if the factors of the polynomial equated to zero are known. 

Conversely, if the roots are known the factors can be found. This 
is done by the use of the following theorem: If r is a root of a poly
nomial equation in one variable x, then x - r is a factor of the poly

nomial. To prove this, Jet 
p = axn + bxn-1 + . . . + px + q 

be a polynomial of the nth degree in which a, b, . . . , p, q are con
stants. If r is a root of the equation given by equating this poly-

nomial to zero, 

arn + brn-t + · · · + pr + q = O. 

Since subtracting zero from a quantity does not change its value, 

P=ax"+bx"-1 + • • • +px+q-(ar"+brn-1 + · • · +pr+q) 

= a (x" - r") + b (xn-1 - r"-1) + · • · + p (x - r). 

Each term on thc right side of this equation is divisible by x - r. 
Hence the polynomial, P, has x - r as a factor, which was to be 

proved. 
Number of Roots. - It can be shown that any polynomial equation 

in one unknown has a root, real or imaginary. Assuming this, it 
follows that any polynomial of the nth degree in one variable is the 
product of n first degree factors. In fact, if r1 is a root of P = O, 

then 
p = (x - T¡) Q, 

Q being the quotient obtained by dividing P by x - r1. Similarly, 

if rds a root of Q = O, 

Hence 
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In the same way R can be factored, etc. Now cach time a fa 
x - r is divided out the dcgrec of thc quotient is one 1~. Af 
ta.king out n factora, wbat is lcft will be of zcro degrce, that is, 
constant. If a is the constant , 

P = a (x - r1) (x - r:) ... (x - Tn), 

Hcnce Pis the product of n first degrce factors, a (x - r1), (x - rs), 
etc. 

Since a product can only be zero wben one of its factora is zero, 
it follows that the roots of P = O are r1, r2, ... , r,.. It is thus 
shown that a,1 equation of the nth degree has 11 rool~. Sorne of these 

r's may be cqual and so tbe equation rnay havo lcss than n distinct 
roots. 

Rational Roots. - Though cvery polynornial equation in one un

known has a root, no very dcfinite rncthod can be given for finding 
it. If nothing in thc particular cquation suggcsts a bcttcr rnethod, 
it is customary to try first to find a whole numbcr 9r fraction that is 
a root of the equation. Such roots are found by trial. Sorne 
mcthods that may be useful are shown in the following cxamples. 

Example l. Solvc thc equation 4 x3 + 4 x2 - x - 1 = O. 

Since x is a factor of ali tbe tcrms in this equation except the last, 

-1, it follo"'-s that any integral valuc of x must be a divisor of -1. 
The only integral roots po~ible are then ±1. Dy trial it is found 
that x = -1 satisfics the cquation. Hcnce x + 1 is a factor of the 
polynomial. Factoring, the cquation becomes (x+ 1) (4 x2-1) =0. 

The roots are consequcntly -1, and ±½. 
Ex. 2. Solve the cquation 27 x3 + 9 x2 - 12 x - 4 = O. 
Proceeding as in t'he last cxarnple it is found that the equation 

has nÓ integral root. Suppose a fraction p/q (reduced to its lowest 
tcrms) satisfies the equation. Substituting and rnultiplying by <f, 

27 p3 + 9 p2q - 12 p<f - 4 <f = o. 
Since all the terma but the last are divisible by p, and p and q have 
no common factor, -4 must'be divisible by p. For the same reason 

27 must be divisible by q. Any fractionnl root must then be equal 
to a divisor of 4 dividcd by a divisor of 27. It is found by trial that 

Art. 11 APPROXIMATE SoLUTION OF EQUATION!. 
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i is a root. Hencc x - i is n factor. Dividing and factoring the 

quotient, thc equation is found to be 

2i (x - ~) (x + s) (x + ½) = o. 
The roots are conscquently ±} ami -!. 

Exercisea 

Solve the following cqu:üion::!: 
· l. ;¡;I - 2 ¡,2 - X + 2 = 0. 
. 2. 3 :r;I - Í x2 - 8 X + 20 = Q. 

-3. 4r-S.X'-35x+i5-0. 
4. 8 :r;3 - 28 V + 30 X - 9 = Q. 

5. r - 4 x1 - 2 X + 5 = Q. 

6. .za + 4 .z1 + h + 3 = o. 

7. -tx4+Sr+3:c'-2:c-l•0. 
8. 6x4-11:c3-3ix2+36:c+36 

= o. 
o. 3x4-li:c3+41x2-53x+3o 

= o. 
10. 2 ,¡;4 - 9 ,ti - 9 X: + 57 X - 20 

= o. 

Art. li. Approximate Solution of Equations 

If the equation has no whole nwnbcn; or fractions as roots, any 

real root.8 can still be found approximatcly. The mcthod de~n<ls 

on thc following thcorem: Betu·ecn two ralues of x _Jor. w_hich a 
polynomial ha-~ 071posite sig11s mus! be a t·alue f ~r u:_Jnch ~t _is zero. 
To show thi.s suppose whcn x = a thc polynomial L':! pos1tive and 
when x = b it is ncgativc. Let x, bcginning with the value a, 
gradually changc. The value of thc polynomial chang~ gradually. 

• When x reachcs b the polynomial ii; ncgative. Therc must have 
been an iruitant whcn it ceascd to be posifo·e and bcgan to ~e_ncga
tivc. Now a numbcr can only change gradually frorn pos1tlve to 

negativc by going through zcro. Therc is conscquently a valuc oí 

x betwccn a an<l b for which thc polynomial is zero. 
The thcorcrn can be illustratcd by u. figure. Lct x be the numbcr 

at thc point Jf in a scale OX (Fig. 
5), and lct the perpendicular JIP 
bave a mcasure cqual to thc value O ,1 'l-.:.!L-~---'r---'r.:-.; 
of the polynomial for that valuc of o a 

x, it being drawn above OX when 
the valuc is positive, below whcn Fm. 5. 

negative. As M mo,·es along OX 
d ·¡ 8ince thc curve is from A to B, the point P cscn >C::! a cun·c. 
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abo,·e at A and below at B, it must cross the axis at sorne inter
mediate point C. At that point the value of the polynomial is 
zero. 

Example l. Find the roots of x' + 3 x' - 1 = O accurate to one 
decimal place. 

By substitution thc following paira of values are found: 

X= -3
1 

x'+3x'-1=-l, 
-2, 

+3, 
-1, 

+1, 
o, +1, 

-1, +3. 

The polynomial changos sign between x = -3 and x = -2, be
tween x = -1 and x = O and between x = O and x = l. Thcre is 
consequently a rnot of the equation in cach of these intcrvals. To 
find the root between O and 1, makc an cnlarged table for Ibis region. 

X= 0, 
x'+3x'-l=-1, 

0 .5, 0.6, 
- .125, + .296, 

1, 

3. 
It is thus seen that the rnot is between 0.5 and 0.6. When x = 0.55 
the polynomial is positivo. Uence the rnot lies between 0.5 and 
0.55. Thc valuc 0.5 is thcreforc correct te onc decimal. In the 
same way the value -2.9 is found for the root between -2 and -3, 
and -0.7 for the onc between -1 and O. Since the equation can 
have only three rnots Ibis completes the list. 

Ex. 2. Solve thc equation ,:3 + x - 3 = O. 
Sincc x' + x increases with x it can eqllill 3 for only one real 

value of x. To two decimals this rnot is found to be 1.21. The 
polynomial then ha.s x - 1.21 as an approximate facter. Dividing 
by this the quotient is 

:r;' + 1.21 X + 2.46. 

The solutions obtained by equating this to zero are 

X= -.6 ± 1.4 V-1. 

Ezercises 

Find to one decimal the roots oí tbe fo~owing equations: 
l. x' - 3x• + 1 = O. 
2. x' + 3x - 7 = O. 
3. x' + x' + X - l = 0. 

4. x' - 3 x' + 3 = o. 
5. x'+x-1=0. 
6.x'-3x-1-o. 

Art. 6 lNEQUALlTIES 

Art. 6. lnequalities 

11 

An inequality expresses that one quantity is greater than ( >) or 
less than ( <) another. Thus, 

x'+l >2x and (x-l)(x+2) <0 

are inequalities. The firat of thesc is an iclentical inequality (true 
for ali values of x), the second is not. As in equations, terms can be 
shifted (with chango of sign) from one side of an inequality te the 
other and inequalities having the same sign ( > or <) can be added 
but not subtracted. Both sidos of an inequality can be multiplied 
or divided by a positive quantity, but the sign must be changed 
( > to < and < to >) when an inequality is multiplied or divided 
by a negative quantity. 

The main problem in incqualities is to determine for what values 
of the variable an inequality holds. How this is done is best shown 
by an example. 

or 

Example. Find the values of x for which 

5x'-x-3 
x' (2 - x) > l. 

This is equivalent te 

5:t'-z-3 
'"xt (2 - x) - - 1 > O 

(x + 1) (x - 1) (x + 3) > 
0 z' (2 - x) · 

The problem is to determine the values of x for which the expression 
on the left is positivo. Since x' is always positive, the sign of the 
expression is detcrmined by the signs of the other four factors. The 
values of x making one of these factora zero are -3, -1, 1, 2. Mark 

-------♦♦f.+1♦+------+++------

-3 -1 0 1 2 

Fto. 6. 

these values on a scale (Fig. 6). If x < -3 the three factors in the 
numerater are ali negative, and (2 - x) is positive. The whole 
cxpres,ion, having an odd number of negative factora, is negative. 
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If x is bctwcen -3 and -1, there are two negative factors, x + 1 
and x - 1, and the whole expression is positive. If x is between -1 
and + 1, the only negative factor is (x - 1) and the expression is 
ncgativc. If x is betwecn 1 and 2, ali the factors are positive and 
thc whole expression is positive. If x > 2 thcre is one negative 
factor, (2 - x), and the cxpression is negative. 

The expression is positivo when x is between -3 and -1, orbe
tween 1 and 2. These conditions are expressed by the inequalities 

Chap. 1 

-3<x<-I and l<x<2. 

The original inequality is equivalent to these two in the sense that 
it holds when one of these does and conversely. ' 

E:i:ercises 

Find the values of x satisfying the following inequalities: 
l. X

2 t X - 2 > 0. 4. x3 - 3 X - 1 < Q, 
2. x3 > x. 1 1 1 
3. x3 - 2 X2 + 2 X - 1 < 0. 5· X+ X - 2 + z+2 > 0. 
6. Show that :c2 - 3 x + 3 > O is true for ali values of x. 
7. Find for what values of x, the value of y is real in the equation 

:c2 + X1J + y2 = l. 
8. Find the values of x satisfying both the inequalities 

:c2 > x, :c2 > 2. 

Art. 7. Simultaneous Equations 

Simultaneous equations in more than one unknown are solved by 
a process called eliminaJ,ion. This is a name applied to any proc
ess by which equations are found equivalent to the given equations 
but some of which contain fewer unknowns. By a continuation of 
this process equations may eventually be obtained each containing 
ª. single unknown and these can be solved by thc methods already 
g1ven. In other cases it may not be possible to solve the equations 
~ompletely b~t th~y ~ay be reduced to a simpler forro. If nothing 
m the equat1ons mdicates a simpler way, there are three general 
methods that may be useful: 

(1) Multiply the equations by constants or variables and add or 
subtract to get rid of an unknown or to obtain a simpler equation. 
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(2) Solvc one of the equations for one of the unknowns and sub
stitute this value in each of the other cquations. 

(3) Between one of the equations and each of the others eliminate 
the same unknown. Proceed with the new equations in the same 
way until finally (if possible) one of the unknowns is found. . Tben 
determine the other unknowns by substituting this value ID the 
previous equations. 

However the solutions be found they should be checked by sub
stitution in each of the original equations. 

Example l. Solve the simultaneous equations 

x+ y+ z = 2, 
2x - y+ 3z = 9, 
3x+2y- Z= -l. 

Adding the second to the first and twice the second to the third, 

3x+4z=ll, 
7x+5z=17. 

Subtracting 5 times the first from 4 times the second of these equa
tions, there is found 13 x = 13, whence x = l. This value substi
tuted in either of the preceding equations gives z = 2. The values 
of x and z substituted in either of the original equations give Y = -1. 
The solution is x = 1, y= -1, z = 2. These values check when 
substituted in the original equations. 

Ex. 2. Solve the equations 

x2 + y2 - 2x + 4y = 21, 
:i;2 + y2 + X - y = 12. 

Subtraction gives 5 y - 3 x = 9. Hence y = ! (x + 3). This 
value substituted in the second equation gives 

17 x2 + 32 X - 132 = Ü. 

The roots of this are 2 and -H. The corresponding values of Y 
are 3 and -/.,. The solutions are x = 2, y= 3 and x = -H, 
y = -/..,-. These values check when substituted in the original 
equations. 
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E:rercises 

Salve the following simultaneous equations: 

l. 4 X - 5 y + 6 = 0, ' 6. z2 + y2 + 2 X = 0 
7 X - 9 y + 11 = 0. ' 

2 x+2 Y=3x+4. 
• y - z + 3 = O, • 7. h2 + k2 - 8 h + 4k + 20 = r2 

2 X - y - 5 = o, h2 + k2 + 6 h + 2 k + 10 = T/ 
x+2z -8=0 2 ' 

3. x + 2 y + _ 0 · h + 8 h + 16 = r'. 
Z-, •8. x2+4y2=5 

X- y-z=I ' 
2 ' xy=-I 

X + y - Z = 0. • 1 1 , 
4. x+2y+3z=3 9. x=-+-, 

• ' y z 
x - 2 y + 3 z = I, l l 
X + 4 Y + 9 Z = 6. Y = - + - , 
1 1 z X 

5.-+-=1 1 1 
X y ' Z=-+-· 
1 1 • ' X y - + - = 2 10. x2 + y2 + z2 = 6 y z ' ' 
1 1 x+y+ Z=2, 
z + z = 4, 2 X - y + 3 z = 9. 

Art. 8. Special Cases 

Inc~nsistent Eq~ations. - Somctimes equatiollS are incoI1Sistent 
that IS, have no s1multaneous solution This is all h ' 
th f · • · usu Y s own by 

e equa IOilS requmng thc same expression to have different val 
For example, take the equations ues. 

x+ Y+ z = I, 
2x+3y+4z=5 

' x+2y+ 3z = 3. 

~tion of x between the first and second and first and th' d 
gives Ir 

. Y + 2 z = 3, y + 2 z = 2. 

Any solution of the original equations must satisfy the s· 
the e . + se. mee 
. xpress1on y 2 z cannot equal both 2 and 3 there 18. l 

t1on. ' no so u-

De~endent Eq~atioñs. - Sometimes the solutions of part of the 
equat10ns all satisfy the remaining equations These l t . 
dd d inf · · as give no a e ormat1on. Such equatio~ are called <lepe d t nen, 
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For e~ple, take the equations: 
' Ól.-

x + y = 1, X~ - y2 +X+ 3 y= 2. 

Substituting 1 - x for y in the second equation, it becomes 2 = 2. 
All the solutions oí the first equation satisfy the second. The two 
equatioDB are equivalent to one equation x + y = l. They have 
an infinite number of simultaneous solutions. 

Number of Solutions. - In general, definite solutions are expected 
if the number of equations is equal to the number oí unknowns. 
Thus, two equations usually determine two unknowns, three equa
tioDB determine three unknowns, etc. This is, however, not always 
the case. The eqlliLtions may be inconsistent and have no solution 
or may be dependent and havo an infinite number oí solutioDB. If 
the equations determine definite solutions, the number of solutions 
is expected to equal the product of the degrees of the equations. 
Special circumstances may, however, change this number. It can 
be shown that unless the number of solutions is infinite it cannot 
exceed the product of the degrees of the equations. 

If there are fewer equations than unknowns, the un.knowns will 
not be determined. In this case, if the equations are consistent, 
there will be an infinite number of solutions. 

If there are more equations than unknowns, usually there will 
be no solution. In particular cases, however, there may be solu
tions. To determine whether there is a solution, solve part of the 
equations and substitute the values íound in the remaining equa
tions. If any of them satisfy ali of the equatioI1S, there is a solu
tion, otherwise there is none. 

Homogeneous Equations. - If all the terms of an equation have 
the same degree the equation is called horrwgeneous. A set of homo
geneous equations can often be solved for the ratios of the variables 
when there are not enough equations to determine the exact values. 

For example, take the homogeneous equations 

X - y - Z = 0, 3 X - y - 2 Z = 0. 
Solving for x and y 
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Any value_ can be a.ssigned to z and the values of x and y can then 
be deternuned from these equations. Let z = 2 k Th 

1 
ti 

is then · e so u on 

x = k, Y = -k, z = 2 k. 

Since k_ is arbitrary, x, Y, z have any values proportional to 1, -1, 
2. This result can be written x: y: z = 1: -l: 2_ 

Ei:ercises 

D~termin~ whether the following equations have no 
definite solut1ons, or an infinite number of solutions: 

l. X + y+ z = I, 6. X - y+ 2 z ·= I 

solutions, 

2 X - 2 y + 5 Z = 7, 3 X + y _ z = 
5
, 

2 X - 3 y + 4 Z = 5. 3 X + 2 y - 3 z = 2'. 
2. X + 2 y + z = o, 7. 3 X + y + I = O, 

2 X + y - Z = 5, 2 X + 3 y - 4 = 0, 
5 X + 7 y + 4 z = 2. X + 2 y _ 3 = O. 

3. x + 2 y + I = O, 8. 
3x - y - 4 = O, 
2x + 3y + I = O. 

4. X+ y - Z = 4, 
X+ 2y + 3z = 2, 

5x+By+7z=I4. 
5. X+ Y - 5 = 0, 

3 X + 2 y - 12 = 0, 
2x + y- 6 = o. 

X -y = O, 
x2-y2=1. 

9. (x - y)2+(y - z)2 + (z -x)2 = 1, 
x2 + y2 +z2 =2 

(x +y)2+(Y.+z)2+(z+x)2=3'. 
10. W + X + y + Z = 1, 

w+2x-3y-4z=2, / 
W - X - 2 Y - 3 Z = 3, . 
W - 5 X + 2 y + 3 z = 3. 

Find_ value.s to which the variables in the following equations are proport1onal: 

11. X+ Y - 2z = 0, 
3x - y - 4z = O. 

12. X + 2 y + z = 0, 
4y + 3z = O. 

13. X + y - z = 0, 
x2 + y2 _ 5 z2 = O. 

14. x2 + y2 = 2z2, 
Y2 = xz. 

I 

Art. 9. Undetennined Coefficients 

It is_ often necessar! to reduce a given expression or equation to 
~ req1.llre_d form. This form is indicated by an expression or equa
hon ha~g letters for coefficients and thc reduction is made by 
calculatmg the values of these coefficients. 

In this w~rk ~requent_ use is made of the following theorcm: If 
two polynomials in one variab'le are !J!lual f or all values of the variahl,e, 

.. 
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the coefficients of the same power of the variable in the two polynomials 
are equal. To show this, suppose, for ali values of x, 

ao + a1x + aii;2 + · · · + anxn = bo + b1x + b?>X2 + · · · + bnX"• 

Then for ali values of x 

(ao - bo) + (a1 - b1) x + · · · + (a,. - b.,) x" = O. 

If the coefficicnts in this equation are not zero, by Art. 4, it cannot 
h:1.ve more than n distinct roots. Hence the coefficients must ali 
be zero and ao = bo, a1 = b1, etc., which was to be proved. 

To reduce an expression to a given forro, equate the expression to 
the given form, clenr of fractions or radicals, and determine the un
known coefficients by the above thcorem. 

Exampl,e l. To find the cocfficicnts a and b such that 

x a b 
(x - 1) (x + 3) = x - l + x + 3 

clear of fractions, getting, 

x = a (x + 3) + b (x - 1) = (a+ b) x + 3 a - b. 

If this equation holds for ali valucs of x, 

a+ b = 1, 3 a - b = O. 

Hence a = ¼, b = ¾. Conversely, if a and b have these values, the 
above equations are identicaliy satisfied. Therefore 

X 

(x -1) (x + 3) 
1 + 3 

4 (x - 1) 4 (x + 3) 

In many cases the expression can be more easily changed to the 
required form by simple algebraic processes. This is particularly 
the case with second degree expressions where completing the 
square may give the required result. 

Example 2. To reduce the expression 

1+4x-2x2 

to the forro a - b (x - c)2, it can be written 

1 - 2 (x2 - 2 x) = 3 - 2 (x - 1)2, 

which is thc result rcquircd . 
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I . p. 1 
n reducmg equations to a re· . d f . 

mulf I . . qwre orm it should be ·noted that 
Ip ymg an cquat1on by a number gives an e . al . 

Thus, x + y = l and 2 ¡; + 2 2 
qmv ent equation. 

tions are then equivalcnt wh Y = are ~quivalent. Two equa
portional. e~ corr':8P0nding coefficients are pro-

Example 3. To find k such that x + 8 Y - l - O 
- 3 + k (x + 3 _ l) _ . - and 3 x - y 
in the forro . Y - O are eqmvalent, write the last equation 

(3 + k) X+ (3 k - I) y - (k + 3) = o. 
This is equivalcnt to x + 8 y _ 1 = 0 if corre . . 
are proportional that · if spondmg coeffic1ents , 1s, 

3+k_3k-l k+3 
1 -~=1· 

These equations are satisfied by k = -5. 

Exercises 

Reduc~ the following expressions to the forma indicated: 
l. 2 x- + 3 x + 4 = (ax + b)2 + 
2. 3 + 2 x - x2 = b - (x - a)2 c. 

3. :¡;2 + xy +-y2 = a (x + my)• + b (y - 1 )' 
x+I a b nx. 4

• X (X - 2) = z + z=1' 
5. 1 - ax+ b e 

(x + 3) (x• + I) - x• + l + x + 3. 

Reduce the following equations to the forma indicated: 
6. 3 x - 4 y = 51 y = mx + b. 

7. 2 x + 3 y = 4, :: + Jl = l 
a b · 

8. 3 :¡;2 + 2 y• - 6 X + 4 y = I, 

9. :¡;2 - 4 yt - 4 X + 8 y = 4, 

10. 3 X - y + 5 = 0, 

(x - h)' + (y _ k)• 
a2 b• = l. 

(x - h)• _ (y - k)2 
a• b' = l. 

(x + y - l) + k (x - y + 3) = O. 

Art. 10. Functions 

It is often desirable to state that one quantity is dete . 
another. For this purpose the word ! t . . rmmed by 

une ion lS used. A quantity 
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y is called a function oí x if values oí x determine values oí y. Thus, 
if y = I - x2, then y is a function oí x, for a value oí x determines a 
value of y. Similarly, the area oí a circle is a function oí its radius; 

for, the length oí radius being given, the area of the circle is deter
q¡ined. 

It is not necessary that a value oí the variable determine a single 
value oí the íunction. It may be tbat a limited úumber of values 

are determined. Thus, y is a function of x in the equation 

To each value of x correspond two definite values oí y obtained by 
sohring a quadratic equation. 

Ií a single value of the function corresponda to each value of thc 

variable, the íunction is called single valued. If several values of 
the íunction correspond to the same value of the variable tbe 

function is called many valued. 
Kinds of Functions. - Any expression containing a variable is a 

function of that variable, for, a value oí the variable being given, a 

value of the expression is determined. Such a function is called 

explicit. Thus v' x2 + 1 is an explicit function of x. Similarly, if 

y = v x2 + 1, then y is an explicit function of x. 
Ií x and y are connected by an equation not solved for y, then y 

is called an implicit function of x. For example, y is an implicit 
function of x in the equation 

Also x is an implicit íunction of y. 

Explicit and implicit do not denote properties of the function 
but merely of the way it is expressed. An implicit function is 
rendered explicit by solving. For example, the above equation is 
equivalent to 

y= ½ (- 1 ± v5 - 8 x - 4 x2). 

A rationa,l function is one representable by an algebraic expression 
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containing no fractional powers of variable quant·t· 1 ies. For example, 

is a rational function of x. 
An irrational function is on 

sion which cannot be d de represen~ed by an algebraic expres-
. re uce to a rat1onal form. For exam le 

'Y'x+l IS an irrational function of x. p ' 
A function is called al,g br · 'f • 

implicitly by a finite nu:b:; ~f It tª~ b~ express~d explicitly or 
subtraction, multiplication diV1S.. a g~ _ra1c o~erat1ons (addition, 

. ' lOn, ra1Smg to mtegral p d 
extraction of integral roots). Ali th f . . owers, an 
tioned are algebraic. e unct1ons previou.sly men-

Functio~ that are not algcbraic are called transcendental F 
cxample, x 2 and 2 .. are transcendental functions of x • or 

The terms raf J · · · 
note properties ~~n;i:e ~=;~:~, i:!:~rbr~d :dn!t:scen~ntal de-
way the function is expressed. epen on the 

N otation. -A particular function of x . 
tion f (x), which should be read function ~ represfenfted by th~ nota
F o x, or o x, notf tunes x 

f 
or ~xam~) = ../x2 + 1, means that f (x) is the defini~ 

unction v x2 + l. Sirnilarl _ . 
(though pcrhaps unknown) fy, Yt_- f (fx) means that Y IS a definite 

. une 10n o x. 
T~e f m the symbol of a function should be considered 

sentmg an operation to be performed on th . bl as repr~ 
f ( ) _ ✓- e varia e. Thus ¡f 

x = vx2 ' 
adding 1 an: e~::i~es:nhts the operation of squaring the variable, 
la , g e square root of the result If . 

f:, ~~~=•
1
:~" i:o~:~:, ~ r:::::,~ i·:;;~'2 

opera 10n on 2. With the above value off, 

Similarly, 
f (2) = ../22 + 1 = ../5, 

f(y+l) = ✓(y+1)2+1 = ../y2+2y+2. 

If_ it is necessary to consider severa! functions in the sam dis 
cuss1on they ar dist' · e -

' e mgU1Shed by subscripts or accents or by the 

Art. 10 FONCTIONS 21 

use of different letters. Thu.s, !1 (x), !2 (x), fs (x), f' (x), f" (x), 
f"' (x) (read f-one of x, f-two of x, f-three of x, /-prime of x, f-second 

of x, f-third of x), g (x) represcnt (presumably) different fwictions 

of x. 
Functions of Severa! Variables. -A quantity 1¿ is callcd a function 

of severa! variables if values of u are determined by values of those 

variables. For example, the volume of a cone is a function of its 
altitude and the radius of its base¡ for the volume is determined by 
the altitude and radius of base. This is indicated by the notation 

v =f(h,r), 

which should be read, v is a function of h and r, or v is f of h and r. 
Similarly, the volume of a rectangular parallelopipcd is a function 

of the lengths of its three edges. If a, b, and e are the lengths of 
the edges, this is expressed by the equation 

v =f(a, b, e), 

which should be read, v is a function of a, b, and e, or v is f of a, b, c. 
lndependent and Dependent Variables. - In most problems there 

occur a number of variable quantities connected by equations. 
Arbitrary values can be assigned to sorne of these quantities and 
the others are then determined. Those taking arbitrary values 

are called independent variables; those determined are called de
pendent variables. Which are taken as independent and which as 
dependent variables is usually a matter of convenience. The num
ber of independent variables is, however, fixed by the equations. 

Exarnple. The radius r, altitude h, volume v, and total surface S 
of a cylinder are connected by the equations 

V = 1rr2h, s = 2 ..-r2 + 2 ..-rh. 

Any two of these four quantities can be taken as independent vari

ables and the other two calculated in terms of them. If, for ex
ample, v and r are taken as the indepcndcnt variables, h and S have 
the values 

2v 
S=2..-r2 +-· 

r 
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E:a:ercises 

1. H f (x) = z2 -
1
3 x + 2, show that / (1) = ¡ (2) .,. o. 

2. If f (x) =X+ x' find/ (x + 1). Also find/ (x) + l. 
3. Iff (x) = vz: ~ 1, find/(2x). Also find 2/•(x). 

4· If f (x) = 2: _ 3, find/ (!). Also find _l __ 
X f (X) 

5. H-;, (x) = x' + 
1
2 z2 + 3, show that .¡, (-x) = .¡, (x). 

6· If 4> (x) = x + x' show that [4> (x)P = 4> (x') + 2. 

7· If F (x) = ~ ¡ :, show that F (a) F (-a) = l. 

Chap.1 

~- ~f /1 (x) = 2z, /1 (x) = z2, find/1 [/1 (y)]. Also find/1 [/1 (y)) 
· f f (x, y) = xi + 2 xy - 5, show that J (1, 2) = o. · 

10. If F (x, y) = xt + xy + yi, show that F (x y) = F ( ) . 
11. If f (x y) - xi + 3 2 ' Y, X • 

12 
If b - . x Y + y!'. show that J (x, vx) = za¡ (l, v). 

. a, .' e are the Sides of a r1ght triangle how man of h 
tx, takcn as mdcpenclent variables? y t em can 

13. Express the radius and area of a sphere in terma f th 1 
taken as mdependent variable. o e vo ume 

14. Givcn u = zt + y2 v _ x + d t . of th . d d . , - Y, e errrune x and y as functions 
• e m epcn ent variables u and v. 

10· If x, Y, z satisfy thc equations 

x+y+ z=6, 
X - Y+ 2z = 5, 

2x + y - z = 1, 

show that none of them can be indcpeodent variabl 
16. Thc equations es. 

x+ Y+ z= 6 
tJ. X - Y + 2 Z = 5

1 

2x+4y+ z=l3' .... 
are_ ddepcndent. Show that any one oí the quaotities x y z can be tak 
ns m cpcndent variable. ' ' en 

17. If u, v, x, y are connectc<l by thc eqll!ltions 

U
2 + 1tV - y = 0, 1w + X _ y = 0, 

show that u and x cannot both be indcpendent 11.riables. 

•• 

CHAPTER 2 

RECTANGULAR COORDINATES 

Art. 11. Definitions 

Scale on a Line. - In Art. 1 it has bccn shown that real numbcrs 
can be attachcd to the points of a straight linc in such a wo.y that 

the distancc betwecn two points is cqual to the di.ffercncc (largcr 
minus smaller) of the nurnbers locatcd at thosc points. 

The line with its associatcd numbers is called a scale. Proceed
ing along the scale in one dircction (to thc right in Fig. lla) the 

•• ·t -3 - t -1 O I t S i G 

o 
Fm.lla. 

numbcrs increase algebrnically. Proceeding in the other direction 
the numbers dccreru;e. The dircction in which thc numbers in
crease is callcd positive, that in which thcy dccrcasc is called 

negativc. 
ColSrdinates of a Point. - In a plane take two perpendicular 

scales X'X, Y'Y with thcir zcro points coincident at O (Fig. llb). 

lt is customary to draw X'X, called 
thc x-a.ris, horizontal with its positive 
end on the right, and Y'Y, called the 
y-axis, vertical with its positivc end 
above. Thc point O is called the 
origin. The axes divide the plane into x 
four scctions called quadra11ts: These 
are numbered I, II, III, IV, as shown 

in Fig. llb. 
From any point P in thc plane drop 

II 

Q 
III 

y 

p 

o .X 

IV 
y ' 

Fio. llb. 

perpendiculars _PAI, PN to the axes. Let the number at M in the 
scalc X'X be :i: and that at Nin the scale Y'Y be y. These num-
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