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The same reasoning applies approximately to the curves of
conduits, canals, and rivers. In any length / there exists a radial
dynamic pressure P;, acting toward the outer bank and causing
currents in that direction, which, in connection with the greater
velocity that naturally there exists, tends to deepen the channel
on that side. This may help to explain the reason why rivers run
in winding courses. At first the curve may be slight, but the
radial flow due to the dynamic
pressure causes the outer bank %}”L*
to scour away; this increases
the velocity v, and decreases 2
(Fig. 156b), and this in turn
hastens the scour on the outer
and allows material to be.de-
posited on the inner side. Thus
the process continues until a
state of permanency is reached,
and then the existing forces tend to maintain the curve. The
cross-currents which the radial pressure produces have been
actually seen in experiments devised by Thomson,* and it is
found that they move in the manner shown in the above figure,
the motion toward the outer bank being in the upper part of the
section, while along the wetted perimeter they flow toward the
inner bank. When the slope is small and the mean velocity
low, the influence of the cross-currents is relatively greater than

for higher slopes, and this is probably ‘one of the reasons why
the sharpest curves are found in streams of slight slope. Per-
haps another reason for this is that at very low velocities the law

of flow is different, the head varying as the first power of the
velocity (Art. 124).

The elevation of the water on the outer bank of a bend is
higher than on the inner. This is only a partial consequence of
the radial dynamic pressure, as in straight streams it is also seen
that the water surface is curved, the highest elevation being where
the velocity is greatest. In this case cross-currenfs are also ob-

-

Fig. 156b.

* Proceedings Royal Society of London, 1878, p- 356.
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Arrt. 157. WATER HauMmEeR IN PIPES
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to Dd, and a series of oscillations follows until finally the dis-

turbance ceases. A diagram of this kind may be autographically -

drawn by suitable mechanism connected with the pressure gage,
and such were made in the experiments conducted by Carpenter,*
as also in those of Fletcher.t

Let p represent the excess of maximum dynamic unit-pressure
over the static unit-pressure when there is no flow; that is, the
difference of the ordinates Cc and Ee. This is the excess unit-
pressure due to the water hammer, and it is required to determine
an expression for its value. It is first to be noted that the actual
dynamic unit-pressure produced by the retardation of the velac-
ity is the difference of the ordinates Cc and Bb and this difference
i8 p + po — p1. The dynamic pressure on the area ¢ of the cross-
section of the pipe is then (p + po — p1)a, and for brevity this
may be represented by P. If this pressure be regarded as
varying uniformly from o up to P during the time # in which the
valve closes, its mean value is 2 P and its total impulse during
this time is § P¢. If / be the length of the pipe, w the weight of
a cubic unit of water, and 7 the velocity during the flow, the total
weight of water in the pipe is wal and its impulse is wal - /.
Equating these expressions of the impulse there is found P = 2

walv/gt, and replacing P by its value, there results

2wl

Aoy o (157),
gt .

as the excess dynamic unit-pressure due to closing the valve in
the time #. This formula, having been deduced without consid-
ering the fact that time is required for the transmission of stress
through water, cannot be regarded as applicable to all cases.

In Art.5 it was shown that the velocity with which any dis-
turbance is propagated through water is about 4670 feet per
second, and this velocity may be represented by u. Now let the
Pipe of length / have an open valve at the end, and let the water
be flowing through every section with the velocity ». Then the

»
h * Transactions American Society of Mechanical Engineers, 1804, vol. 13.
f Engineering News, 1898, vol. 39, p. 323

Il
|

:If i |
I

HJ\: :




Water Hammer in Pipes. Art. 157 41

"

414 Chap. 12. Dynamic Pressure of Water
3]

From the first of these formulas the value of ¢, when p=o,is
) i)

found to be .
Iy

time //u must elapse after the valve begins to close before the -
velocity begins to be checked at the upper end of the pipe, and
the further time of //u must elapse before the pressure due to this t=o0.027

retardation can be transmitted back to the valve. The total po— 1
time 2l/u is then required before the gage at the valve can indi- which is the time of valve closing in order that th
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customary to arrange valves i mer, 1t 1S HHAY
c e es § A\ OO il
s 5o that they cannot be closed very "”"”E

uickly .
quickly, and the last formula furnishes the means of estimating i‘ L
1 ‘\I : |

cate the pressure due to the ret
length /. Hence, if the time in which the valve closes be

to or less than 2//u, the time ¢ in the above formula is to be re-

placed by 2//u, and thus

e e

=

P=%U+P1—Po (157),

is the maximum excess dynamic unit-pressure that can occur in

the pipe. This depends upon the velocity of the water and upon
the initial and final static pressures.

The subject of water hammer in pipes is one of the most diffi-
cult in hydromechanics, and the above investigation cannot be
regarded as final. Formula (157); is probably correct only for
a certain law of valve closing. Formula (157)s, however, is cer-
tainly correct, for it may be proved by other methods, one of
which is as follows: When the water is in motion, the kinetic
energy in a length 8l at the gage iswadl - v°/2g; when it is brought
to rest under the unit-stress S, its stress energy is adl - §*/2E, i
E be the modulus of elasticity of the water.* Equating these
expressions, and substituting p + po — f1 for S, there results for
the excess dynamic unit-pressure

p= (iuf’d +p1— Po

and this reduces to (157): if E be replaced by wi?/g, which is
its value according to formula (5).
When o is in feet per second, and po, P1, and
per square inch, these formulas become
p=o0.027(l/D)v+ pr— po p=630+ pr— o (157)s
the first of which is to be used when is greater than 0.000428/
and the second when £ is equal to or less than it, / being in feet.

p are in pounds

* Merriman’s Mechanics of Materials (New York, 1911), p. 306.
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concludes that, owing to the influence of th.e met.al of the pipes,
the velocity # with which stress is transmitted in .the Water. is
about 4200 instead of 4670 feet per second. ThlS- conclusion
may be applied in practice by using 50v instead of 639 10 (157)s.
Fig. 157a shows the waves of pressure 'fqr a case where the
valve is closed in a time greater than 2l/u.  Fig. 157b shows

2 i
b.

Fig. 157

the oscillations for two cases, the broken line being forf = 0.7
seconds and the full line for # = 0.3 seconds, both cases ref.errmg

. to a pipe for which the time 2//% is about 0.6 sec'onds. It.1s seen
that the crests of the waves are flat when the time of closing the
valve is less than 2!/u, and diagrams of this kind only were drawn
in the experiments of Joukowsky.

In computing the thickness of water piPes it is cusitoma,ry to
add 100 pounds per square inch to the static pressure in order t‘o
allow for the influence of water hammer. This is equw:%lent, if
Py is zero, to making po + 100 equivalent to 63?; When.v is 3 feet
per second, then po is 8¢ pounds per square inch. Slr.lce these
values of » and p are larger than the usual ones for a c1t}f water
supply, the customary prac‘;ice is on the safe side 'for this case,
but it would not give sufficient security for the high velocities
often used in pipe lines for power plants. When a wave of dy-
namic pressure travels toward a dead end of a pipe, the water
hammer at that end may be two or three times as great as the
maximum pressure given by the formula.

In the case of a water power plant supplied from a pipe or

long penstock, a “surge tank” * may be placed near the lower end
in order to prevent sudden changes in pressure due to sudden

* Transactions American Society of Mechanical Engineers, 1908, p. 443.
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changes in load on the wheels and the consequent fluctuations of
velocity within the feeding pipe.

Prob. 157. The pressure-head at the entrance to a nozzle is 400 feet
when there is no flow and 200 feet when the water is flowing. The pipe is
1500 feet long and the velocity in it is 4 feet per second when the nozzle
is in operation. Compute the excess dynamic pressure when the valve is
closed in 0.7 seconds and also when it is closed in 0.3 seconds.

Art. 168. Movine VANES

A vane is a plane or curved surface which moves in a given
direction under the dynamic pressure exerted by an impinging
jet or stream. The direction of the motion of the vane depends
upon the conditions of its construction; for example, the vanes
of a water wheel can only move in a circumference around its axis.
The simplest case for consideration, however, is that where the
motion is in a straight line, and this alone will be considered in
this article. The plane of the stream and vane is to be taken as
horizontal, so that no direct action of gravity can influence the
action of the jet. :

Let a jet with the velocity » impinge upon a vane which moves
in the same direction with the velocity », and let the velocity of
the jet relative to the surface at the point
of exit make an angle 8 with the reverse
direction of %, as shown in Fig. 158a.
The velocity of the stream relative to the
surface is » — #, and the dynamic pres-
sure is the same as if the surface were at
rest and the stream moving with the ab-
solute velocity » — ». Hence formula (154); directly applies,
replacing » by v — # and @ by 180° — 8, and the dynamic pres-
sure is

Fig. 1584,

P=(14cosB) L%
8

" In this formula W is not the weight of the water which issues from

the nozzle, but that which strikes and leaves the vane, or W = wa
(v — u); for under the condition here supposed the vane moves
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continually away from the nozzle, and hence does not receive
all the water which it delivers.

Another method of deducing the last equation is as follows:
At the point of exit let lines be drawn representing the velocities
v —u and %; then, completing the parallelogram, the line 24
is the absolute velocity of the departing jet (Art. 28). Let 6 be
the angle which 2 makes with the direction of %, and B as before
the angle between v — % and the reverse direction of u. Then
the dynamic pressure on the vane is that due to the absolute
impulse of the entering and departing streams: the former of
these is W - v/g and the latter is W -9, cosf/g. Hence the result-
ant dynamic pressure in the direction of the motion of the vane
is the difference of these impulses, or

p=W’= 2, cost

But from the triangle between v, and %
9, 0080 =u— (v —u) cosPB

Inserting this, the value of the dynamic pressure is
P = (14 cosB)W g
4

which is the same as that found before. If B = 180°, there is no
pressure, and if B = o°, the stream is completely reversed, and
P attains its maximum value. The dynamic pressure may be
exerted with different intensities upon different parts of the vane,
but its total value in the direction of the motion is that given

by the formula.

Usually the direction of the motion is not the same as that of
the jet. This case is shown in Fig. 158b, where the arrow marked
F designates the direction of the impinging jet, and that marked
P the direction of the motion of the vane, & being the angle be-
tween them. The jet having the velocity » impinges upon the
“vane at A, and in passing over it exerts a dynamic pressure P
which causes it to move with the velocity #. At A let lines be
drawn representing the intensities and directions of v and #, and
Jet the parallelogram of velocities be formed as shown; the line

Moving Vanes. Art. 158 419

V then represents the velocity of the water relative to the va
at. A. The stream passes over the surface and leaves it £nBe
with the same relative velocity V, if not retarded by fricti .
foam. At B let lines be drawn i
to represent # and V, and let
B be the angle which ¥ makes
with the reverse direction of % ;
let the parallelogram be com-
pleted, giving v, for the abso-
lute velocity of the departing
water, and let 6 be the angle
which it makes with #. The
total .pressure in the direction
of the mc_;tion is now to be regarded as that caused by the
pltl)nents in that direction of the initial and the final 3;mpul;:'::)r;
itS f;;ta;;r. ; ’flhf: impulse of th.e stream before striking the vane
ing f/én 'l{;s‘c‘omponent in the direction of the motion is
iy .+ The impulse of Phe stream as it leaves the vane
21/¢ and its component in the direction of the motion i
W -9, cbsf/g. The difference of these components is th .
ant dynamic pressure in the given direction, or "

Fig. 158b.

P =y ?.C0se — 21 cosf
This is a general formul :
A ,Ormu a f.or t.he dynafnic pressure in any given
i \,ane. mo?*mg i a straight line, if « and @ be the
. gles between that direction and those of v and ;.  If the surf
e at rest, v and 9; are equal and the formula reduces to (154;H =
/2.

(158)

If i ; :
» f it be reqmrfa(.i to find the numerical value of P, the given

a are the velocities » and % and the angles @ and 8. The term
74 COS i .
t;l co:;(? is hence to be expressed in terms of these quantities, From

e triangle at B between , and #, there is found ‘
v cosf =u—V cosB

and substituting this, the formula becomes

p=lcose—u+ V cosf3
g
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nvenient form for discussion. The

which is often a more €O
triangle at A between % and o,

value of V is found from the
thus: V2= u?+v* — 2uv cose

and hence the dynamic pressure P is fully determined in terms of

the given data.

In order that the stream may enter tangentially upon the vane,
and thus prevent foam, the curve of the vane at 4 should be tan-
gent to the direction of V. This direction can be found by ex-
pressing the angle ¢ in terms of the given angle «. Thus from
the relation between the sides and angles of the triangle included

between %, o, and V there is found
sin (¢ — «) /sing = u/
swhich s easily reduced to the form
cot$ = cote — —
7 sSinc
computed when %, 7, and « are given.

from which ¢ can be
1to 3o, and if «be 30°, then cot is 0.732,

For example, if # be equa
whence the angle ¢ should be 533°, in order that the jet may enter

without impact. If the angle made by the vane with the direc-
tion of motion be greater or less than this value, some loss due to
impact will result at the given speed.

Prob. 158. Givenu = 86.6 and o = 100.0 feet per second, and & = 307

What should be the value of the angle ¢ in order that no loss by impact
may occur? Draw the parallelogram showing the velocities %, v, and V.

Art. 159. WORK DERIVED FROM MoviNG VANES

The work imparted to a moving vane by the energy of the
impinging water is equal to the product of the dynamic pressure
P, which is exerted in the direction of the motion and the space
through which it moves., Ti % be the space described in one
second, or the velocity of the vane, the work per second is

k= Pu
w to be discussed in order to determine the

This expression is no
value of # which makes k a maximum.

Work derived from Moving Vanes. Art. 169 421

;;\ ]?en Fhe vane moves in a straight line in the same direction

as ing jet ¢

a tF e impinging jet and the water enters it tangentially, as shown
. - ! -

11 : 1gi: 15450, 'the work imparted is found by inserting for P its

m(;:c r;m ( 1;)-4})1. If a be the area of the cross-section of the jet

and w the weight of a cubic unit of w: i

‘ | ater, th /18 1

(v — u), and then e

k=(1+cosB)W (LiTn)u =(1 4 cosB)wa (0= u)
8

The v: i
4 e tx. lue of # which renders £ a maximum is obtained by
juating to zero the derivative of £ with respect to #, or
?

ok %
i X ro=h) f (*—qou+ 309 =0

from which the value of # is §; and accordingly

o
k=3% (14 cosB)wa —
- h Qg
is t Z maximum wm:k that can be done by the vane in one
second. The theoretic energy of the impinging jet is .
'UZ '03
K=W-—=uwa
28 28
a?d the efficiency of the vane is the ratio of the effective work
of the vane to the theoretic energy of the water, or

b e=k/K =% (1+ cosB)

{8 = 180° ST

. _180 ; -thc jet ghodes along the vane without producing work
t. 1/ = if B =99, the water departs from the vane normal
o its or.lgmul direction and e = 3% ; if 8 = 0°, the direction of th
stream is reversed and ¢ = 3£. : gt

4 OIJt 2;)[;@}&1{5 from the above that the greatest efficiency which can
ned by a vane moving in a straight i i
S r aight line under the impulse
s 37; that is, the effective work is onl

it , the y about er-

Eentt o}fl the tht:oret{c energy attainable. This is due to two csfuls:.)eé'

; r; it ; quantity of water which reaches and leaves the vane per secon(i
s less th: i :

ess than that furnished by the nozzle or mouthpiece from which the

* water 1s : ;
r issues; and, secondly, the water leaving the vane still has an

absolute veloci 3t i
: poot;t: r\r elocity of o. A '\rfme moving in a straight line is therefore
angement for utilizing energy, and it will also be seen upon




