RATIO AND PROPORTION

RATIO

381. The relation of two numbers that is expressed by the
quotient of the first divided by the second is called their ratio.

382. The sign of ratio is a colon (:).
A ratio is expressed also in the form of a fraction.

The ratio of q to b is written @ : b or B

Tlhe colon is sometimes regarded as derived from the sign of division

by omitting the line.

383. To compare two quantities they must be expressed 1n
terns of @ comanon widt.

Thus, to indicate the ratio of 20¢ to $1, both quantities must be' ex-
pressed either in cents or in dollars, as 20 : 100¢or$4: 81,

There can be no ratio between 2 pounds and 3 feet.

The ratio of two quantities is the ratio of their numerical
measures.

Thus, the ratio of 4 rods to 5 rods is the ratio of 4 to 5.

384. The first term of a ratio is called the antecedent, and
the second, the consequent. Both terms form a couplet.
The antecedent corresponds to a dividend or numerator; the

consequent, toa divisor or denominator,

In the vatio @: b, or &, q is the antecedent, b the consequent, and

the terms @ and b form a couplet.
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385. The ratio of the reciprocals of two numbers is called
the reciprocal, or inverse, ratio of the numbers.
It may be expressed by mterchanging the terms of the
couplet.
el | |

The inverse ratio of g to § is = : =. Since - + - = b the inverse ratio
a b & ba

of @ to b may be written b orb:ag.
a

Properties of Ratios

.386. It is evident from the definition of 4 ratio that ratios
have the same properties as fractions; that is, they may be
reduced to higher or lower terms, added, :.-nbtrrwﬁe&, etc. Hence

Principrns. —1, Multiplying or dividing both terms of‘c;
ratio by the same number does not change the valve of the -r'c;fia.

2. Multiplying the antecedent or dividing the ('Gii.';P(jl(f‘??t of a
ratio by any number multiplies the ratio by that number.

3. Dividing the antecedent or multiplying the consequent by
any number divides the ratio by that number. .

EXERCISES
387. 1. What is the ratio of 8w to 4 m? of 4 m to 8m?

2. Express the ratio of 6:9 in its lowest terms; the ratio
122: 16 y; am:bm; 20ab: 100c; (m + n): (m? — 7,

8. Which is the greater ratio, 2:3 or 3:42 4.9 or 2:5°?
4. What is the ratio of 1 to 1? pt04? Jtod?

.“-»_nnnmﬂfm.ﬁ-“"h(‘n fractions have a common denominator, they
have the ratio of their namerators. :

5. What is the inverse ratio of 3:10 2 of 1272
teduce to lowest terms the ratios expressed by :
6. 1012, 8. 327 10. '12. 75 + 100,
7. 12:6. 9. 4:40. 11, 13. 60 =+ 120.

14. What is the ratio of 15 days to
1 week ? of 1 rod to 1 mile?

et |
e ST O

o

0 days? of 21 days to
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Find the value of each of the following ratios:

15, $z:42% 17 23:7% 19. a’bPrt: a'be.

16. §db:iac. 18. .Tm:.8n. 20. (@ =y (@—y)"

21. If 9 is subtracted from 4 and then from 5, find the ratio
of the first remainder to the second.

22. Change each to a ratio whose antecedent shall be 1:

5:20; 3x:122; §:§; 4:1.2

23. When the antecedent is 6z and the ratio is §, what 18
the consequent? .

PROPORTION

388. An equality of ratios is called a proportion.

3.10 = 6:20 and @ : x = b : y are proportions.

The double colon (::) is often used instead of the sign of
equality.

The double colon has been supposed to represent the extremities of the
lines that form the sign of equality.

The proportion a:b=c:d, or a:b::e:d, is read, ‘the ratio
of @ to b is equal to the ratio of ¢ to d,’ or ‘a istobascis tod’

389. In a proportion, the first and fourth terms are called
the extremes, and the second and third terms, the means.

Ina:b=c:d. aand d are the extremes, b and ¢ are the means.

390. Since a proportion is an equality of ratios each of
which may be expressed as a fraction, a proportion may be
expressed as an equation each member of which is a fraction.

Henee, it follows that:

GrNERAL PrivcrenE. — The changes that may be made in a
proportion without destroying the equality of its ratios correspond
to the changes that may be made in the members of an equation
without destroying their equality and in the terms of a fraction
without altering the value of the fraction.
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Properties of Proportions
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For, given a:b=c:d
b

a_c
b g

-
Clearing of fractions, ad = be

Test the followi inei
~ Test ing by principle 1 to £ 7
true proportions: ] i

1. 6:16=3:8.

r they are

3. 7:8=10:12

392. In the proportion a:m = m:b, m is

portional between a and b. ek h . T

By Prin. 1

L ]
’ m” =ﬂ!'r;

m =~ ab,

Hene roporti
! €, @ mean proportional between two num
the square root of their product,

1. Show
either 6 or — 6.

bers s equal to

that the mes i
1at !hf, .mn.m proportional between 3 and 12 is
Write both proportions. %

2. Find tw g '
d two mean proportionals between 4 and 25

! 3]93 PI*ZI.\'('H'].P. 2 —_ I'.‘i.fr’lf?." extreme nf a pr 1%
o the product of the me i “ woportion is equal
7 of the means divided by the other extreme :

I (2 /ff‘l mean f!ll to the ? ) Ct o] the €8 e by,
Sl i 18 F_‘f/ L ll
2 prodauet p
B : J OF i ety enies H-f{] d /|
l'.)l. given a:h= c:ad
: 1 8
J oy . =
”\r 1 Tin, 1 ad = b .
e g 1o y Uy -
So ving for a d, b and ¢ in suc ss8io! 1, A
s Uy 1IN BUCCES
lon, X. 4,
= i s = __f‘

__ad
= ”.f/ﬁ—.('

_ad

¢ o

1. Solve the proportion 8:4 — 220 for
= 20, for =,

2. Solve the proportion z:q = 2m:n, for
-d=ZMm:n, Ior 2.
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3. If @:b=Db:¢, the term ¢ is called a third proportional to @
and b. Find a third proportional to 6 and 2.
b = ¢:d, the term dis called a fourth

4. In the proportion a:
ind a fourth proportional to 4, %

proportional to d, b,and ¢. F
and .

394, Prixcipie 3. — If the product of two numbers is equal
to the product of two other numbers, one pair of them may be
made the extremes and the other pair the means of a proportion.

For, given ad = be.

;

Dividing by bd, Ax. 4, ’5 =2;

that is, B

By dividing both members of the given equation, or of be=ad, by
proportions may be obtained ; but in all

the proper numbers, various
and b and ¢ the means, or vice

of them o and d will be the extremes
vorsa, as illustrated in the proofs of principles 4 and 5.

1. If @ men can do a piece of work in @ days, and if b men
can do the same work in  days, the number of days’ work for
one man may be expressed by either az or by. Form a pro-
portion between a, b, @, and y.

]?(l = WD

expresses the physical law that, when a lever just balances,
the product of the numerical measures of the power and its
distance from the fulerum is equal to the product of the
namerical measures of the weight and its distance from the
fulgram. Express this law by means of a proportion.

2. The formula (See p. 166)

995. Prixorery 4. — If four numbers are in proportion, the
ratio of the antecedents is equal to the ratio of the consequents;
that is, the numbers are in proportion by alternation.

Fot, given

Then, Prin. 1.

Dividing by cd, Ax. 4,

that is,
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896. Prix E
g Hix.\c;PL;f.—]—lD" Jour numbers are in proportion, the
e second to the first is equal to t] io of
- ‘ i Le ratio of the 7
% ey ¢ fourth
the third; that is, the numbers are in proportion by invve/;sion
For, given aih=c:d |
Then, Prin, 1, ad = be.
Sobe=ad,
Dividing by ac, Ax. 4, b =9
: a ¢’
that is, big=d=-¢
397. NCTF
R ﬂPJR;)f?IfLE: 6. —.-If Jour numbers are in proportion, the
u we terms of the first ratio is to either term of the first ;{m'o
s the sum of the terms of the second ratio is to the r:orreqponding

tlﬂ" m l)f “J.F Se ( t”.e ¥ Z !
Co Cand ialflﬁo 3 t‘h.r';t! 15 ¥
Luinbf!& are in [} n
J y Dropoertio
:EOI, given f!-b—(’.d
L 2 ]

or
Then, Ax. 1,
or
that is, a+b:b=c+d:d

Similarly, taking the gi i
: g the given proportion by inversi i
ing 1 to both members, we obtain s

a+bia=ctdse

398. Prixcrere 7 -
T NCIPLE T.—If four numbers are in proportion, the
"ene "0 - ; : o
i [;‘ ; 1:9 ;6:!5.",(9?}, the terms of the first ratio is to either term of
Jirst vatio as the differenc y

difference befween the terms 1
ratio is to the corre ] B
] sponding terin of the secon ]

: 2 ‘ , 0 2 second. ratio; that is
the numbers are in proportion by division ’ A

Fi)], in the prﬂ(]f ri ¥ 5 sul Ci instead of a{llle(l the
Of Prin C 'IE i i ubii i

: ) o Uy subiracted 3

fU“OWlnm] 31'0[)()1'“0[13 are obtained :

a—=b:b=¢—d:
e h=¢—d:d,
a—b:a=c~d:e.
MILNE'S 18T ¥R, ALG.—19
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399. Prixcreie 8. — If four numbers arve in proportion, the
sum of the terms of the first ratio is to their difference as the sum
of the terms of the second ratio is to their difference; that is, the
numbers are in proportion by composition and division.

For, given aib=c:d

¢
By Prin. 6, =

By Prin. 7,

AT, g : ._.c
Dividing (1) by (2), Ax. 4, B—b s el

that is, a+bia—b=ct+d:c—d.

400. Princivie 9. — In a proportion, if both terms of a couplet
or both antecedents, or both consequents are muliiplied or divided
by the same number, the resulting four numbers form @ proportion.

For, given ari=e¢rd,
e_.&
"
Then, § 181, me ic, or ma : mb = ne : nd.
mb  nd
m

_6 _m
% 8

Also, Ax. 3, ;—: . i or ma ;: nb=me : nd.

401. Prixerene 10. — In a series of equal ratios, the sum of
all the antecedents is to the sum of all the consequents as uny
antecedent is to its consequent.

For, given agrlh=crd=9a1f

";5 =L_¢_», the value of each ratio.
il i

Then, Ax. 3, a=b¥, c=dr e=ir;
whence, Ax. 1, e+et+e=(b+d+[1)r

. q*"'ﬂ‘_f—?‘ @—,:

“heday b
s:h+d4+f=a:borc:dore:f
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EXERCISES
402. 1. Find the value of x in the proportion 3:5 = x: 55.
SOLUTION. 8:6=1=:56

Prin. 2, e :-5’—;-3 —

Find the value of « in each of the following proportions:
6. ¥+ 2:w=10:6.
6. w:xz—1=15:12
T.&2+2:8—2=3;:1.

8. Show that a mean proportional between any two num-
bers having like signs has the sign +.

9. Find two mean pl‘bportiouals between V2 and V/8.

10. Find a third proportional to 4 and 6.

2 3-5:61}
3 d:x=4:3.
4 liz=u:9.

11. Find a fourth proportional to 3, 8, and 71.
Test to see whether the following are true proportions:
12. 6}:3=4:1%L 14. 5:Tx=10:14 «
13. 4:13 = 2:6L 156. 24a:8a=6a:2a
16. Given gd=n-1

to prove that 2a+3¢:2a—3¢c¢=8b+12d:8b —124.

Proor. —Given asib=cid.
By alternation, Prin. 4, g:e="5:d
a

Expressing as a fractional equation, ==
¢

Multiplying the first member by # and the second by &, the equal of 3
2a.. Hb .
3¢ 12d
that is, 2a:3e=8b:124d.
By composition and division, Prin. 8,

2a+3c¢c:2a—3¢c=8b+124:8h 124,
When a: b = ¢: d, prove that:
17. d:b=ec:a. 20. a*: b =1:%
18. c:rl_:l:l- 21. m(;;:?:mr;:
b a 2
19. BB =atred 22. acibd =
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When a:b = ¢:d, prove that:
23. a+b:ct+d=a—0b:c—d.
24 Za+4+8b:2a=2c+bd:2¢
25. 4da —3b:4c—3d=ua:c
26, a:a+b=a+cia+b+c+d
27. a+b:e+d=Va+ 0 VEF @

Problems

403. 1. Theratioof the rate of a local train in the New York
subway to an express train is 1:2: If the local train runs 15
miles an hour, find the rate of the express train.

2. The consumption of gas in New York City one year was
to that in Chicago as 7:4. 1f 12 billion eubie feet were con-
sumed in Chicago, what was the consumption in New York ?

3. Michigan produces yearly 25 ¢; of the iron ore of the
United States. The ratio of Michigan’s output to Minne-

sota’s is 5:8. What per cent of the country’s output does
Minnesota produce ?

4. The United States manufactured 285 million pens one
year. The ratio of the steel pens to the whole number of
pens was 18:19. How many steel pens were manufactured ?

5. A diver descended 210 feet into a lake. The ratio of
this distance to the distance that is usually considered the
limit for divers is 7:5. Tind the usual limit for divers.

6. How many pounds of tea are made from 4200 pounds of
the green leaf, if the ratio of the weight of the manufactured
tea to that of the green leaf is 5:217

7. Two machines, one old and one modern, turn out 960 pins
per minute. The ratio of the number turned out by the old
machine to the number turned out by the modern one is 1:15.
How many were turned out by each machine ?

RATIO AND PROPORTION

8. Find a number that added to each of the numbers &2
4, and 7 will give four numbers in proportion.

9. The United States published 20,000 newspapers recently.
The relation of this number to those published in the whole
world was 2:5. How many were published in the world?

10. The ratio of the greatest length of Lake Lrie to the
greatest length of Lake Michigan is 5: 6. What is the length
of each, if Lake Michigan is 50 miles longer than Lake Erie?

11. The ratio of the loss of life in the Lishon earthquake to
that in the Messina earthquake is 12:23. If 53,000 more lives
were lost in the latter than in the former, find the loss of life
in each earthquake.

12. The length of a giant candle was to that of a Christmas
candle as 40:1. If 8 times the length of the latter was 96
inches less than that of the former, find the length of each,

13. The wool sales for one week in New York amounted to
555,000 pounds. The ratio of the domestic sales to the foreign
was 14:23.« What were the foreign sales?

14. Out of a lot of shell caps, 100 times the number rejected
by the government inspector for imperfeetions was to the total
number as 3:11. If 1097 were accepted, Low many were
rejected ?

15. In one year Egypt and Russia together sent 9} million
pounds of eggs to Paris. If Egypt had sent twice as many,
the ratio of this number to those sent by Russia would have
been 1:18. How many pounds were sent by each country ?

16. The sum of the three dimensions of a block of iee is 77
inches, and the width, 22 inches, is a mean proportional between
the other two dimensions. Find the length and thickness.

17. The ratio of the length of a gold nugget to its width was
11: 6, but if its length had been + of an inch more, the ratio

would have been 2: 1. Find its length and width.
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18.. The area of the right triangle shown in Fig. 1 may be
expressed either as } ab or as } ch. Form a proportion whose
terms shall be @, b, ¢, k.

Fia. 1. Fig. 2. Fic. 3.

19. In Fig. 2, the perpendicular p, which is 20 feet long, is
a mean proportional between a and b, the parts of the diame-
ter, which is 50 feet long. Find the length of each part.

20. In Fig. 3, the tangent ¢ is a mean proportional between
the whole secant ¢+ e, and its external part e. Find the
length of ¢, if e=9% and ¢=50%.

21. The strings of a musical instrument produce sound by
vibrating. The relation between the number of vibrations
N and N'of two strings, different only in their lengths 7 and /',
is expressed by the proportion

N Nl=i1

A ¢ string and a g string, exactly alike exeept in length,

vibrate 256 and 384 times per second, respectively. If the ¢
string is 42 inches long, find the length of the g string.
22. If L and [ are the lengths of two pendulums and 7'and ¢
the times they take for an oscillation, then
T2 rit =Ll

A pendulum that makes one oscillation per second is approxi-
mately 39.1 inches long. How often does a pendulum 156.4
inches long oseillate ?

23. Using the proportion of exercise 22, find how many feet
long a pendalum wouald have to be to oscillate once a minute.

GENERAL REVIEW

Ot

404. 1. Distinguish between known and unknown numbers.

2. When X, +, or both oceur in connection with 4+, —, or
both in an expression, what is the sequence of operations ?
Nlustrate by finding the value of: T -3 x 246 +2.

3. Name and illustrate three ways of indicating multiplica-
tion; two ways of indicating division.

4. ‘When is 2" — 3" exactly divisible by e 4-y? by z —y?

5. When is a trinomial a perfect square ? When is a frac-
tion in its lowest tering ¥ What are similar fractions ?

6. By what prineiple may cancellation be used in reducing
fractions to lowest terms ?

7. Factor the following by three different methods:

(@ —2) — 2.

8. Define power; root; like terms; transposition; simul-
taneous equations; surd.

9. Express the following without parentheses:
(P —[—=(a®P]; (@ (a%)?; (—a?’
10. What is the sign of any power of a positive number ? of

any even power of a negative number? of any odd power of a
negative number ?

11. How may the involution of a trinomial be performed by
the use of the binomial formula ?

[lustrate by raising @ + 2y — z to the third power.
295
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12. Explain the meaning of a negative integral exponent;
of a positive fractional exponent; of a zero exponent.

13. Define evolution; binomial surd; similar surds; eonju-
gate surds; symmetrical equation.

14 I8 \112 ++/4 asurd? State reasons for your answer.

15. Represent /10 inches by a line.

16. Why is it specially important to test the values of the
unknown number found in the solution of radical equations ?

17. Define cobrdinate axes; imaginary number; axiom;
coefficient; elimination.

18. How is the degree of an equation determined ? What
is the degree of x+b=c¢? of "+ 3a=T? of et ay=117

19. What name is given to an equation of the first degree?
of the second degree ? of any higher degree ?

20. What is a pure quadratic equation? a complete quad-
ratic equation? Illustrate each. .

21, What is the root of an equation? What is the principle
relating to the roots of a pure quadratic equation ?

Illustrate by solving the following:

Ta*—b=23.

929. Give two methods of completing the square in the solu-

tion of affected quadratic equations. When is it advantageous
to use the Hindoo method ?
Solve the following equation by each method:
3’4 5x=22

23. Outline the method of solving quadratie equations by
factoring.
Illustrate by solving the following:

22 —br=12.

24. When is an equation in the guadratic form ? = Illustrate.

GENERAL REVIEW

25. What roots should be associated when the roots of a
system of equations are given thus: #= + 2, y = F 37

26. Lxplain how, in the solution of problems, negative roots
of quadratic equations, while mathematically correct, are often
inadmissible. :

27. What is the advantage of letting o? = y in the graphiec
solution of a quadratic equation of the form as* + bx + ¢ = 0?

28. How does the graph of a quadratic equation show the
fact, if the roots are real and equal? real and unequal ¢
imaginary ?

29. What is the form of the graph of a simple equation ? of
two inconsistent equations ? of two indeterminate equations ?

30. What is the form of the graph of an equation like
ar + o+ c=07? like &* 4 3 = 92?2

31. What is meant by the minimum point of a graph ?

.Solve graphically the following equation and indicate the
minimum point of the graph:

P+ 6x+5=0,
32. How many roots has a simple equation? a quadratic
equation? a system of two independent simultaneous equa-

tions, one simple and the other quadratic? a system of two
independent simultaneous quadratic equations ?

33. Define homogeneous equation; antecedent; consequent;
inverse ratio; proportion.

34. Give and illustrate two principles relating to ratios.
Upon what do these principles depend ?

35. Find the ratio of (» — y)’ to 2 — 2ay + 92,

36. In the following propoertion indicate the means; the
extremes; the mean proportional; the third Proportional :

CY=yz
37. TFind a fourth proportional to 3 q, 9a, and 5 a.
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38, Add zVj+yVa+ Vay, sh— V- Vot Vo
—~ap — Vay, and yVz —2vVLy — VI 2y
. Simplify a— {b—a—[a—b—(2a+b)+(2a—b)—a]—b}.
. Divide #* — y* by @ — y by inspection. Test.
. Separate ¢ — 1 into six rational factors.
. Reduce %H
g i

. Simplify i 14-—;:+ o o
il 1

to its lowest terms.

. Simplify
: G AiEEe
. e to the simplest form: VZ; V25 a'; 1
Reduce T : iz
Solve the following equations for «:

46. 3*— 2w=6b. 48. Vo—9=ve—1

49. ©* 42 +16=14.

224+3y+2=9,
52. $+2y+32=13,
Sx4y+22=11

{ o+ ay =24,
i+ oy =12,

Solve graphically :
— 42+ 932 =36
54. { it 5. { i Py
a? + 17 =16, y=3
Find the value of z in the following proportions:

56. 73:6=u:4}. 57. @:7.2=39:117.

! = ot . =
(a—=b)b—¢) (e—=b)(c—a) (c—a)a—1)
V34+3V2.
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58. The railways of the United States nse annually 150
million tons of coal. If the amount used in drawing trains is
17 a8 much as goes up the smokestacks, how much is used to
draw trains ?

59. In one year about 30,000 vessels passed a lighthouse in
Massachugetts. The number that used steam was to the num-
ber of the remainder as 1:5. How many used steam ?

60. Out of 63 bakeries inspected in a certain city, the num-
ber of ‘absolutely clean’ ones was 3 more than that of the
‘fairly clean’ ones, and the number of ‘unsanitary’ ones was
2 less than twice that of the ‘absolutely clean’ ones. Find
the number of bakeries in each class.

61. The number of parts in a certain manufacturer’s mower
1s twice that in his horse rake and % that in his binder. If
the binder has 3500 parts more than the rake, how many parts
has each machine ?

62. Two men earned $3.50 one day for picking pine needles.
They were paid 25 cents per 100 pounds. How many pounds
did each pick, if one picked % as many as the other?

63. One of the largest rugs ever made in this country con-
tains 3180 square feet. Its length is 7 feet greater than its
width. What are its dimensions ?

64. Alfred the Great measured time by candles lighted in
succession. The number used in a day was } the number of
inches in the length of each candle, and each burned at the
rate of 3 inches per hour. How many candles were used per
day and how long was each ?

65. A target used in practice by the United States feet was
1 foot longer than it was wide and 18 feet longer than the
square bull’s-eye. The area of the target exclusive of the bull’s-
eye was 411 square feet. Find the dimensions of each.

66. A good operator usually earns $1.80 a day by binding
derby hats. If she bound 1 dozen more hats and received 5 ¢
less per dozen, she would earn 5 ¢ less a day. How many hats
does she bind a day and how much does she receive per dozen?
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¢7. How far down a river whose current runs 3 miles an
hour can & steamboat g and return in 8 hours, if its rate of
sailing in still water is 12 miles an hour ?

68. A person who can walk n miles an hour has @ hours at
his disposal. How far may he ride in a coach that travels m
miles an hour and return on foot within the allotted time?

9. The first copy of The Sun was printed on a sheet 5%
inches longer than it was wide. If the length lacked 6 inches
of being twice the width, find the dimensions of the sheet.

70, The Lusitania is 26 feet less than 6 times as long as the
Clermont, and 1; of the length of the Lustonia i3 11 feet
more than } of the length of the Clermont. Find the length
of each.

71. A woman has 13 square feet to add to the area of the
rug she is weaving. She therefore increases the length 1 and
the width }, which makes the perimeter 4 feet greater. Find
the dimensions of the finished rug,

79. The inventor of toothpicks sold 16,250,000 during his
first year of business. Had there been 75,000 more toothpicks
in each box, the number of boxes sold would have been 15
fewer. How many boxes did he sell ?

73. Two passengers together have 400 pounds of baggage
and are charged, for the excess above the weight allowed free,
40 cents and 60 cents, respectively. If the baggage had be-
longed to one of them, he would have been charged $ 1.50.
How much baggage is one passenger allowed without charge ?

74, A railway train, after traveling 2 hours at its usual
rate, was detained 1 hour by an aceident. It then proceeded
at % of its former rate, and arrived 72 hours behind time. If
the aceident had oceurred 50 miles farther on, the train would
have arrived 61 hours behind time. What was the whole dis-
tance traveled by the train ?

GENERAL REVIEW 301

405. This page (?ontains the questions given in the Elemen-
tary ﬁAlgeb:'a. examination of the Regents of the University of
the State of New York for June, 1909. il

References show where the text provides instruction neces-
_ sary to answer these questions. I

1. Divide 6+ 112 —1by 3z —1 424 (5§ 38, 108)
b ¥ G
2. TFind the pri A (55134, 155
ind the prime factors of 1 — T (8§ 134, 155), 9 a*— 90 o°

+ 189 ¢? (§§ 133, 142, 155), a*+b° .
Ao A ~ i 4 +b §13() 4t :’\ 29 i
(5 154), aw+ da— 40— 16 (5 145). e E R P

Sa4+8=4y+42,
3. Solve {4z g o
5 =3 (5§ 231, 232).
lee.a.n axiom justifying each step in the solution (§ 224)
4. Fmd a number such that if it is added to 1,4. 9 1.6
respectively, the results will form a proportion (§'403’) Ay

5. Solve Vo+1+Ve—2=v22+3 (5§ 352, 353).

6. Find the square root of %2-1- iﬁ_b_&@ ¥_2b 4

(5 250), b 3 @25 B

7. Simplify three of the following: /12528 +|_—4"

3 3 g 1 SHire :’2‘,13”‘,
\/1:@4 (5 301), V3 x VI (8§ 314,315), /75— 4\/)271%+
2V108 (§§ 311-313).

sy i ok |
& Bolvs [ ;- -l-_, #y=2>55, (Elimination of similar terms
2 —ay=35. page 270.) |

9 If ‘the speed of a railway train should be lessened 4
m,lles im hour, the train would be half an hour longer in zoing
180 miles. Find the rate of the train (§§ 205, 215; o

10. If the greater of two numbers is divi
quotient is 2 and the remainder ?3 -;Wld‘Ed kb
greater number exceeds 6 times the g
Find the numbers (§ 374).

The square of the
quare of the less by 25.
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State of New York Regents’ examination for June, 1910: 406. The following questions were asked in the Minnesota

High School Board examination for Elementary Algebra in

1. Simplify

(§ 200).

i | o’ —
a+1+a

2. Find the prime factors of four of the following: a*—16

(8§ 134, 149); 202° — 60 ay + 45 y* (§§ 133, 138); 6ax+10ay
_ 91 be—35by (§ 145); o —y+3 (§ 138); 1;% (§136).
(x4 by =m,

ib:u +ay=mn (§ 233).

4. Reduce each of the following to its simplest form:
(V34+5v2)(2 V3+3v2) [§ 315]; V108 = V32 (§ 317);
V3 (§ 302); VI8 + VB0 — /72 (§ 813); VZ x V4 (§ 315).

5. It required as many days for a number of men to dig a
trench as there were men; if there had been 6 men more the
work would have been done in 8 days. Find the number of
men (§§ 166, 354).

6. Solve 2®+5 ax=14a® (§§ 350, 351).

Z2at+ay=24

7. Solve { s ?,';' 25 ’(§ 368).

8. The length of a picture at the inner edge of the frame
is twiee its width; the frame is 4 inchies wide and has an area
of 328 square inches. Find the dimensions of the picture
(3§ 125 and 215 or § 234).

9, Solve vz + T4+ Vz=T (§§ 333, 334).

10. The area of a certain square is 4 of the area of a certain

other square and its side is } of a yard less. Find the side of
each square (§ 374).

3. Solve

11. Two quarts of alechol are mixed with 5 quarts of water.
Find the number of quarts of aleohol that must be added to
make the mixture three fourths aleohol (§ 215).

12. Define exponent, surd, term, reciprocal, elimination
(88 9, 298, 3, 196, 224, respectively, and. the glossary).

1 a
g a+1 (a + 1) June, 1910,

1. Simplify a—[—{—(—8a—2Za—1b)}] (§ 116).

2 A’s age exceeds B’s by 20 years. Ten years ago A was
twice as old as B. Find the age of each (§§ 125, 215; also
§ 234).

3. Faetor:

(1) 6bz—15ab—4dw + 10 ad (§ 145).
(2) ot —16y* (§§ 134, 149).

(3) 1 18— 63a* (§ 144).

(4) 64a°+8 (§§ 133, 136).

(5) o*— 27 (§ 136).

4, Find the algebraic sum of *—¥_ 2—@ , y—b
(§ 191, 192). 2y we+bx - ay+ by

5. Find the product of @ + 27 W Sk 4 2k
P @—16" @—3a+9 (5§ 193, 194).

6. Find the quotient of T- =(a—10b) (§§ 172, 195-198).

7. Seven men and 5 boys earn $11.25 per day and at the
same wages 4 men and 12 boys earn $11 per day. Find the
wages of each per day (§§ 104, 234).

8. Simplify v16a+v8La+ VI (§ 313).

9. Multiply 4v8 — V82 + 2v/50 by V2 (§ 315).

19. The_distance from Chicago to Minneapolis is 420 miles.
By inereasing the speed of a certain train 7 miles per hour,
the running time is decreased 2 hours. Find the speed of the
train (§ 354).

11. Find two numbers in the proportion of 3 to 5 whose
sum 18 160 (§ 403).

3+—
m

12. Simplify (§ 200).
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Minnesolta. High School Board examination for May, 1907 :
1. Define any five: Algebra, term, root, power, binomial,
reciprocal (glossary).
9, Trom the sum of a®+2a% + 5ab®+ 3% and 2a* —3a
+ 3ab®— 15, take their difference (§§ 62, 63, 66).
3. Express in simplest form:
—de—Ty+d—|—20—@By—dy—a+4)} (§ 116).

4. Divide 32+ 1822 1415222 4+ 9™ by 2 + 32"

(§ 108).

5. Factor any five: (a) 2”—102"416 (§§ 142, 159);
(B) 22 —y® (§§ 134, 136, 149); () 1227+ 22y — 2y (35 133,
144); (d) @*+15a°—2—15 (§§ 145,134); (¢) *—164+U"+2ab
(8 151); (f) «*+4y* (§§ 153, 154).

6. Expand by the binomial formula, showing all the steps:

(2 a—x)® [§§ 265, 266].
7. Bolve for x:

§§ 231, 232).
2 ' 16 ka5 2ok 540
8. One half of A’s money is equal to B’s, and five eighths
of B's is equal to (’s; together they have $1450. How muech
has each ? (§§ 47, 75, 125, 205, 215).
1 1

_— e i
9. Simplify 1“ i (§ 200).

T—a 1¥% ‘ .
10. A man bought a suit of clothes for $.24 a.ndl paid for it
in two-dollar bills and fifty-cent pieces, giving twice as n;fl‘ny
coins as bills, How many bills did he give ? (§§ 125, 215, 234).
11. Five years ago the sum of the ages oiE A fmd B was 42
years. B is now four times as old as A. What is the presen
age of each ? (§§ 125, 215; also § 234).

FACTORS AND MULTIPLES

s

407. This chapter gives a brief treatment of highest common
factor (§ 183) and lowest common multiple (§ 189) for the
benefit of any who may desire a little more work in these
topies than their application affords in fractions, the only
place in elementary algebra where they are applied.

HIGHEST COMMON FACTOR

408. An expression that is a factor of each of two or more
expressions is ealled a common factor of them.

409. The common factor of two or more expressions that
has the largest numerical coefficient and is of the highest
degree is called their highest common factor.

The common factors of 4 a®b% and 602 are 2, q, b, a2, 2@, 2 by 202,
ab, 2 ab, a®b, and 2 a2 with sign + or —. Of these, 2 4% (or — 2 a%h)
has the largest numerical coefficient and is of the highest degree, and is
therefore the highest common factor,

The highest common factor may be positive or negative, but usually
only the positive sign is taken.

The highest common factor of two or more expressions is
equal to the produet of all their common prime factors.

410. Expressions that have no common prime factor, except
1, are said to be prime to each other.

EXERCISES
411. 1. Find the h.e.f. of 12 a*d% and 32 a21°c.

SoLuTtion
The arithmetical greatest common divisor or highest eommon factor of
12 and 32 is 4.  The highest common factor of ab% and of q25%s is a?b?e.
Hence, h. e f. =4 a2%.
MILNE'S 1T YR, ALG.—20 305
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Rune. — To the greatest common divisor of the nwmerical co-
efficients annex each common literal factor with the leust exponent
it has in any of the expressions.

Find the highest common factor of:
2. 10a%7, 10 277, and 15 ay'z.

. T0 ¢ 21 o', and 35 a'l’.

. 8m"?, 28 mfut, and 56 m n’

. 4 Bed, 6 1%, and 24 abc®.
3(a+0)* and 6(a+b)"
6(a + b)* and 4 (a + b)(a—b).
12 (a — @), 6(a — )", and (o —2x)*

. 10(2—y)*%2* and 15(z —y) (z — y)*
What is the h.c.f of 32°— 3 ;1.';.;,'2 and 6 2* — 12 2%y + G zy??

PROCESS
3o — 3y’ =3 a(z+y)(r—1)
62— 122+ 6y =2-3ax(z—y)(E -y
shief.=3x(2—-y)

ExpraxATION, — For convenience in selecting the common factors, the
expressions are resolved into their simplest faetors.

Since the only eommon prime factors are 3, z, and (x — y), the highest
common factor sought (§ 409) is their product 3z (z — ¥).

Find the highest common factor of :
11, ¢*— 2 and a®’—2azx 4+ 2%
12. a®>—0%and a*4 2 ab+ %
13. o* 49 and 2° + 22y + o~
14. 2°— 22 —15 and 2*— 2 —20.

15. *+T7a-+12 and &4+ 5a+ 6.

FACTORS AND MULTIPLES

Find the highest eommon factor of :

186.
17.
18.
19.
20.
21,
22.
23.
24.
25.
26.
27.
28.
29,
30.

2+ 2% + v and 2° 4+ a2y 41~

o+, of + of, and 2Py + ayt.

@4+ at 0t and 3a®— 3 al®+3 bt

gz —y+ay—aand ag' 2’y —a—y.

@b —b—wle+cand ab—ac—b+c

1—42%1422 and 4 ¢ — 16 az>

21 2%+ 8 2% and 8 2% — 8 %yt

6 4x—2and 22— 11 2+ 5.

1T abe’@® — 51 a®be*d? and abe’d® — 3 a®be’d.

38 wyz — 95 a%y2® and 34 ay*z — 85 2%y,

6¢"+10 s —4 1% and 29 4+ 2% — 445,

= =222t — 222 —32% and ' — 328 —4 22
TUCH35UC+4218 and T 1P + 21 PP — 28 1> — 8418,
o —0'+2 ax, 2® —a* + 0042 bx, and 2 —a®—2—2 ab

w*—B6r+band P —524+T2—3.

SuceesTioN, — Apply the factor theorem to the second expression.

31

32,

'—4 243 and 2+ a2 — 3T 2+ 35.

9 —nPand n2—n—06.

Succrstion. — Change 09— a2 to — (02 — 9)=—(n + 3)(n — 3).

33.

34

1—a*and 2 — 62— Qx4 14.
(9—2)and a?+ 22—~ 92 —18.

SccoestioN. (0 — )2 =(22—9)%

35.
36.
37.
38.
39,

d—c?and A+ 9¢-+26 ¢+ 24.
xy —y% — (' —a%), and 2% —
16— 25 —¢% and 8* —4 54,
yr—at @4yt and P 2yx 2

(—2)'(n—m)® and (2% — ) (m*n — 2mn? 4 nd).
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LOWEST COMMON MULTIPLE

412. An expression that exactly contains each of two or
more given expressions is called a common multiple of them.

6 abz is a common multiple of @, 81, 22, and 6abz. These numbers
may have other common multiples, as 12 abx, 6 a*b%, 18 a®bs?, ete.

413. The expression having the smallest numerical coef-
ficient and of lowest degree that will exactly contain each of
two or more given expressions is called their lowest common
multiple.

6 abx is the lowest common multiple of q, 35, 2, and 6 aba.

The lowest common multiple may have either sign + or —, though
usually only the positive sign is taken.

The lowest common multiple of two or more expressions is
equal to the product of all their different prime factors, each
factor being used the greatest number of times 1t occurs in any
of the expressions.

EXERCISES
414, 1. What is the . c. m. of 122%z2*, 6 a’x1?, and 8 any2®?

Sorurion

The lowest common multiple of the numerical coefficients is found as
in arithmetic, Tt is 24

The literal factors of the lowest common multiple are each letter with
the highest exponent it has in any of the given expressions. They are,
therefore, a2, 22, y?, and 2%

The prodnct of the numerical and literal factors, 24 a®x?)?z4, is the
lowest cominon multiple of the given expressions.

Find the lowest common multiple of :
2. @y, oy, and axly.
3. 10.a%%? 5 ab’, and 25 b*c'd®.
16 a’tPe, 24 *de, and 36 a’b’d*e’.

18 a®br?, 12 p*¢’r, and 54 ab®p’q.

FACTORS AND MULTIPLES 809
6. What is the L e.m. of 2* — 2 ay 4, v* —«°, and 2* 4-4° 7

PROCESS
o —2ay + 9 =@-y@—y)
Y—o=—(@—y)=—(@+y(—1)
G =@+ )@ —zy+9)
coleomo = (2 —y)Me + ) (@ — 2y + 35
= (-9 +y)

Rure. — Factor the expressions into their prime factors.

Find the product of all their different prime factors, using each
Juctor the greatest number of times it occurs in any of the given
exPIessions.

The factors of the 1. e. m. may often be selected without separating the
expressions into their prime factors.

Find the lowest common multiple of :
7. 2t —1P and 2+ 2wy 4+~
8. o*—y and o® — 2oy + 1~
9. @ — i, &+ 2ay+ o7, and 2 — 2wy 4 92
10. @ —n’and 8 @’ + 6 a’n + 3 an’.
11 2*—1 and P -0 — % — bt

12. a®*+1, ab —0b, @’ +a, and 1 —a®

13. Za+y 2ay— 7, and 4a° — o7,

14 14a, 00— 140% and 2° (1 — @),

15. 2242, be—5, 30—38, and a®—1.

16. 160 —1, 120+ 3 b, 20b — 5, and 2 b.

17. 1 -2 +2%, (1 —2p, and 1+ 22+ 2%

18. bf‘—ﬁb-}—ﬁ, b* — 70410, and H*— 1006 4-16.
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,

Tind the lowest common multiple of:

19.
20.
21.
22.
23.
24,
26.
26.

28.

SvceEsTioN.— In solving the following, use the factor theorem.
29.
30.
31.
32.
33.

24+ Te—8,2°—1,z+2" and Sa’ —bax+3a
2 —a% a—2%, a*+ 2 ax, and @ — 30*r 2 ar’.
m® —a®, m® + ma, m*+ mz + 2% and (m 4 ) 2%
2_8a+a%®+da+4, 2" +32+2 and 1 —a
w? — 1, a2 o, 2497, and 2 4 ay 4 oA

2 oty + oy + o0 and @® — 2%y 42 —
a?+4da+4, a*—4,4—d and a* — 16,

@ — (b4, ¥ —(c+a)’, and & — (a 4- D)™

2 (ax® — 22, 3 2 (¢’r — 27 and 6 (a’2® — a¥).

(y2? — ayz)?, o (a2 — 27), and 2%% 4 2 22° 4 2%

=024 11le—06and 2 —92° 4262 — 24
o —baf—4d w420 and 22+ 2 * = 25 2 — b0,
P4+ bx—2and 2*— 84 21 »— 18,

B bet Tt 3and ®— T a2— 5zt 75,

P20 —4p—8, 0 —22—8uw 12, 2° +42* — 32— 18

GLOSSARY

Abscissa. A distance measured along or parallel to the z-axis.
Absolute Term. A term that does not contain an unknown number.
Absolute Value. The value of a number without regard to its sign.
Addends. Numbers to be added.

Addition. The process of finding a simple expression for the algebraie
sum of two or more numbers,

Affected Quadratic. A quadratic equation that contains both the second
and first powers of one unknown number.

Algebra. That branch of mathematics which treats of general numbers
and the nature and use of equations. It isan extension of arithmetic and
it uses both figures and letters to express numbers.

Algebraic Expression. A number represented by algebraic symbols.

Algebraic Numbers. Positive and negative numbers, whether integers
or {ractions.

Algebraic Sum. The result of adding two or more algebraic numbers.
Antecedent. The first term of a ratio.

Arrangement. When a polynomial is arranged so that in passing from
left to right the several powers of some letter are successively higher or
lower, the polynomial is said to be arranged according to the ascending
or descending powers, respectively, of that letter.

Axes of Reference. Two straight lines that intersect, usually at right
angles, used to locate a point or points in a plane.

Axiom. A prineciple so simple as to be self-evident,

Binomial. An algebraic expression of two terms.

Binomial Formula. The formula or principle by means of which any
indicated power of a binomial may be expanded.

Binomial Quadratic Surd. A binomial surd whose surd or surds are of
the second order.
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