EQUATIONS IN QUADRATIC FORM

o

358. Anequation that contains but two powers of an unknown
number or eXPlebbl(Jl] the exponent of one power bell]f" twice
that of the other, as aa® 4 ba* 4 ¢=0, in which n represents
any number, is in the quadratic form.

EXERCISES
359. 1. Given 2 —10a® + 24 = 0, to find the value of .

SorLuTiON
zt— 10 2% + 24 = 0.
Factoring, (a2 —4) (x> — 6) =0.
Hence, Pd—4=00r2-6=0;
whence, z=4+20rz=+V0.
Each of these values substituted in the given equation is found to verify 5
hence, -+ 2 and + VG are roots of the equation.

2. Given 22—zt — 6 =0, to find the values of z.

First SoLUTION
% 1

72 — gt =6=0.
Let m& = m, then z? =m? and the equation becomes

md—m—6=0.
Solving by factoring, m=30r—2;

1

=8 or — 2

x =81 or 16.
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that is,
Raising to the fourth power,
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Secoxp SoruTion
su% - x*‘ =0.
S e
& —zt+ (=25
a:} —i=4%

Transposing,

Completing the square,

Taking the square root,
1

ot =30r —2,
2 = 81 or 16.

Since # = 16 does not satisf i i i
, sfy the given equation, 16 is not a roo
should be rejected. : ’ e

Raising to the fourth power,

Solve, and verify each result:
8. = — 13221+ 36=0. 9.
—182*4+32=0. 10.

4

5. ot —1d 224 45=0, 11. &
6. 22' —102°48=0. 12. (
s
8

z—8)+2(z—3)=3.

3at—1124+8=0. 13. (-1 —4(2*—1)=5.

. & — Bt 46 =0. 14. (a*— 47— 3(x* —4)=10.
15. Solve the equation 2® —Te + Vo — T2+ 18 =24,

SoruTtiox

=T+ Vi —Tr+18=24.
Adding 18 to both members, we have
2 —Tx+4+ 18 42 —Tx + 18 = 49,
Put m for Ve2 — Tz + 18 and m? for 22— Tx 418,
Then, transposing, m2+m—42 =0
Solving by factoring, m=06or =17
That is, Ve —Tz +18 =6,
or Vzi =T+ 1B=—T,
Squaring (5), 72— Tz 4 18 = 36.
Solving, z=90r —92
Since, in/nccrm'dn nee with § 203, the radical in (6) cannot equal a negative
i A ] il ET 1 1 i 3
mumber, Va2 — Tz +18=—7Tisan impossible equation.
Hence, the only roots of (1) are 9 and — 2.
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18. Solve the equation @+ 2+vx+3 =21, and verify results.
17. Solve a’ — 32+ 2v? — 3+ 6 =18, and verify results.
18. Solve the equation a® — 92 +8=0.

SOLUTION
28— 94 8=0. (1)
Factoring, (¥ —1)(2*>—8)=0. (2)
Therefore, B=1=0, (3)
a— 8 =0, (4}
1f the values of x are found by transposing the known terms in (3) and
(4) and then taking the cube root of each member, only one value of
2 will be obtained from each equation. But if the equations are factored,
three values of © are obtained for each.
Factoring (3), (x—1)(2*+e+1)=0, (5)
and (4), (z—2)(x"+ 2z +4)=0. (6)
Writing each factor equal to zero, and solving, we have :
From (5),2=1,3(—14 vV=38),;3(=1- VvV —38). (T
From (6), 2 =2, — 1+ v—3. —1 —y=g (8)
Note. — Since the values of x in (7) are obtained by factoring
78 — 1 =0, they may be regarded as the three cube voots of the nuwmber
1. Alge, the values of » in (8) may be regarded as the three cube 1o0ts
of the number 8 (§ 271).

Solve :

19, 2% 92847427 =0. 20. =t —16=0.
21. Find the three cube roots of —1.
22. Find the three cube roots of — 8.

23. Solve the eguation o* +-40* 82 +3=0.

SorLuTIoN

By applying the factor theorem (§146), the factors of the first mems-
ber are found to be & — 1,  + 3. and 2+ 25— 1 ; that is,
=1 (x+8) @2 +22—1)=0.

Solving, w=1, —8, —14+ V2
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Solve, and verify each result:
P4, @ttt —dge=—2 26. -8+ 52 46=0,
25 wt—da? 4+ 8= —3 27, o' — 6% + 27 2= 10.
28, St b LT — G —R =10

29. *+22°—102°— 11 0+ 30 =0.

MISCELLANEOUS EXERCISES
360. Solve, and verify each result:
1. #*— 25144 =0
2. at —d45a? 4 500 =0.
20 11224+ 12=0.
Hat— 242 + 16 =0, 8. 28 —102f +9-0.
9. (P—1P—d{a*—1)4+3=0
10. (& —6) — T(a* — 6) — 30 =0.

11. (;'7;2 = ﬂ,!‘)"! — :",(."'2 =13 ) = 3.

i =
z—6a°48=10. 16. .13—&3+2\/,]:ﬁ5—___-8.

» 420 —9Va=0. 17. 22—8V2e+5=—5

1 S e A D o S RN
22° —3z*+1=0. 18. 22 —-6v22—1=8.

o

o

ot ot A== ) 19. —3=21—4d+v2—_3.
20. @*—102° 48352 —50m+ 24 —0,

2L 4ot 42 Tl L4 8=0.

22. 162 —8a*—312*+8a+15 : 0.

23. P—a—r'—pfd_8—0.

24. o' b2 — 5o -9 — 10,
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T

361. Twe simultaneous guadratic equations involving two
unknown numbers generally lead to equations of the fourth
degree, and therefore they caunnot usually be solved by quad-
ratic methods.

However, there are some simultaneous equations involving
quadraties that may be solved by quadratic methods, as shown
in the following cases.

362. When one equation is simple and the other of higher degree.
Equations of this class may be solved by finding the value
of one unknown number in terms of the other in the simple
equation, and then substituting that value in the other equation.

EXERCISES
ety=T,

363. 1. Solve the equations {
3o+t =48.

SoLoTION
s+y="1.
S22 =43,
From (1), y=T1—2
Substituting in (2), 8234 (T—x)2 =43
Solving, =3 or}
Substituting 8 for z in (3), y=4
Substituting § for z in (3), y=1x%L
[when z=3, y =4,
That is, « and y each have two valnes iwheu g Ly
264
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Solve, and verify results:

= I.‘ug—i— =20,

l.1=2_y

%
T

{ ‘1
{[ﬂw—i—y:Sxy, m'—3n*=13,
y—e=2 '{ 2

{:?J:G*y, {

el Saz(y+1) =12,
& 40 =12,

dx=2y,

4

(@y(e—2y) =10, 3rs—10r=35,
2y =10. & {2—-3:—1‘.

364. An eqna.tign that is not affected by interchanging the
unknown numbers involved is called a symmetrical equation.

227 L2y + 292 =4 and 22 +¥* =9 are symmetrical equations,

365. When both equations are symmetrical.

’I‘h.ough equations of this class may usually be solved by
substitution, as in §§ 362, 363, it is preferable to find values

for 2+ y and  —y and then solve these simple equations for
# and y.

EXERCISES

386. 1. Solve the equations {* T ¥= A
xy =10,

SorurioN

r+y="1.
ay =10.

Squaring (1), 2242 2y + 42 =49,
Multiplying (2) by 4, 4 zy =40,
Subtracting (4) from (3), 22— 2 Yyt =9.
Taking the square root, T=—y=+3.
From (1) 4 (8), z=5or2.
From (1) — (6), y=2orb.
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2. Solve the equations

Squaring (2),

Subtracting (1) from (3),
Subtracting (4) from (1), 22—2ay+ e
Taking the square root, r—y=+L
From (2) + (6),
From (2) — (6),

x=4or3
y=3or4,
“Solve, and verify each result:

Lﬁ+f=mh (=8

L =T
(@+y=28,
@2+ y2=384
2-y=9,
2?4 3% =243,

{J: Y= Sw
@ +ay + =49

(P —aytii=4
(o =12,

L -~
lo—xy +4y=—95.
(o 4+ 3oy + A=k
=L &y = 6.

[a? 422 =100,
(24 )" = 196.

(i ik,

{f+w+f:ﬂ,
a? 4% = 26.

Lt -yt ey =19,

367. An equation all of whose terms are of the same degree
with respect to the unknown numbers is called a homogeneous
equation.

£t — ay = y? and 32 4 y® =0 are homogeneous equations.

An equation like 2* — ay + 9* = 21 is said to be homogeneous in
the unknown terms.
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368. When both equations are quadratic and homogeneous in the
unknown terms.

Substitute vy for #, solve for »* in each equation, and com-
pare the values of %* thus found, forming a quadratic in ».

EXERCISES

< : (2 —my 42 =21
369. 1. Solve the equations 1 X ._)J +5 ; 1
y—<uwy=—15.

SorLuTioN
22—y + 4 =21

Yi—2ay = —15.
Assume
Substituting in (1),

%= vy.

oyt — oyt 4R =21,

Substituting in (2), ¥ — 2oyt = — 15,

SO]\'il'lg (4) for T i p— ;‘;” -
' v — w41

Solving (56) for 92, g %

Comparing the values of y2, = 3
Zv—1 wvi-p+1
Clearing, ste., o2 — 109 412 =0.

Factoring, (v—3)5v—4) =0.
B
Substituting 3 for v in (7) or in (6), y : (12)
and since x = py, i 3v3. 3
Sthstituting £ for v in {7) or in (6), 5]
and since 3 = Y, X ‘ s
When the double sign is nsed, as in (12) and in (13), it is understood
that the roots shall be associated by taking the upper signs together and
the lower signs together.

X

Hence, 4;2 :3\/:?;
y= v8;
Solve, and verify results:
9 o9
at 43 =84
z{ ' d

29° =3 ay + 2 =100,
‘@Y —y'=8.

af 47 = 125.
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#—ay+y'=21, o2 e

o+ 2yt =21, oy +2y =5

V@ﬂw=& s (PHEY=%
2+ =b. lay—y*=8.
(

2

zy +3y°=20, 9. {mg+‘1‘y=77r
.1_3:1:3]::—8

ay— =12,

370. Special devices.

Many systems of simultaneous equations that belong to one
or more of the preceding classes, and many that belong to none
of them, may be solved readily by special devices. 1t is Impos-
sible to lay down any fixed line of procedure, but the object
often aimed at is to find values for any two of the expressions,
x4+ 1, #— 3, and xy, from which the values of z and y may be
obtained. Various manipulations are resorted to in attaining
this object, according to the forms of the given equations.

EXERCISES
{ 2 +ay=12,

371. 1. Solve the equations
Lay +1'=4

SOLTTION

w4 xy = 12, @))

=4 @)
Adding (1) and (2), 22 +2ay+y*= 16. (3)

aty=+dor —4 4)
Subtracting (2) from (1), g2 =yt =8 (5)
Dividing (5) by (4),
Combining (4) and (6),

g—y=+20r—2. 6)
g=8or—3;y=1lor—1

NotE. — The first value of z — y corresponds only to the first value of
& + y, and the second value only to the second value.

Consequently, there are only two pairs of values of x and .

Observe that the given equations belong to the class treated in § 868
The special device adopted here, however, oives a much neater and sim-
pler solution than the method presented in that case.
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2. Solve the equations [#+9'+aty=14,
SoLuTiON
2 Ptrt+y=14.
. : a2y = 3.

Adding twice the second equation to the first,

24 2oy + 12 2 4 y =20,

Completing the square, (z+9)%+ (z+ ) + (})2 = 202

L i TR

Faking the square root, a+y+i=+14

T T .

o+ y=4or — 5.
Bt = e i :
Lquations (2) and (3) give two pairs of simultaneous equations,

j$+?{=4 and J!'x-i—y:—-ﬁ

Ligy=3 lay=3

Bolving, the corresponding values of » and y are found to be

{zzs; 1; 3(=5+V13); $(— 56— VI);
y=1;8; (= 5—VI3); 1 (-5 +Vi3).

. Symmetr%ca] except as to sign.— When one of the equations
is symmetrical and the other would be symmetrical if one or
more of its signs were changed, or when both equations are of

the latter type, the system may be solved by the methods used
for symmetrical equations (§ 365).

3. Solve the equations { #* 4yt =53,
z—y=0>.

Sorurion

2% 4 y* = 58.
== b.
22 — 2 xy 4 9% = 25,
Subtraeting (3) from (1), 2 oy = 28.
Adding (4) and (1),
Taking the square root,
From (6) and (2),
and

Bquaring (2),

a? + 2oy + y? =81
x+y=+9,
r=T70r—2;
y=20r —T.
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Division of one equation by the other. —The reduction of equa-
tions of higher degree to quadratics is often effected by divid-
ing one of the given equations by the other, member by member.
3t — g =126,

i
Speensrioy, — Dividing the first equation by the second,
a2 ey + =13,

4. Solve the eqnations {

Therefore, solve the system,
@2+ oy + yi =13,
{w—yzi
instead of the given system.

f similar terms. — It is often advantageous to
s in

Elimination o
eliminate similar terms by addition or subtraction, just ai
simultaneous simple equations.

[ @y + =35,

.|

5. Solve the equations )

L agy -+ y=52.
SorLuTION

A (D)
xy + y = 32. (2)
Subtracting (2) from (1), gty =87
whence,
Substituting (8) in (1), @(r— 8) 4z =135,
or 13— 2% = 3b.
i

=4

Solving,

[ or
Substituting (4) in (3), or

— 8.

Solve, using the methods llustrated in.exercises 1-5; verify:

f'in.ﬂ—{—mu: 2 ) . { - =54,

\. mn+nt=—1 o g =6

.'l?'f].+ »=232,

\ any -+ 1= 21.
g —=suks

1302297 =80,

o Hep e
\pg= — 6.
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372. All the solutions in §§ 362-371 are but illustrations of
Il‘xethods that are important because they are often applicabl

The student is urged to use his ingenuity il'-l. duevi;ilxi lt; 9-'

methods or modifications of these Wileue\';;r the gi \-:eni\‘oﬂtiel

does not yield readily to the devices iIlustrated,hor wh:n:ﬁi::'

y=2—3 (3)

5 4)

a simpler solution would result.

MISCELLANEOUS EXERCISES

373. Solve, and verity each result:

(#+y=3,

1 =2,

{ St —dy = At
4@2_3.}/'2 19.

(14+2=y,

ﬁl ;;;2 + ?}'2 = ”I .

.{ at— gy =48,

} &Y — = 12,
a-+ ab+ 28 =0,

{O4+ab+40=0

{.rﬂ + ¥+ +y =26,
‘L‘f)f —_—— 12.

I w? 4 y? = 40,

ley=12.

Ir @ - 9t =28,

‘L @4 Y= 4,

(ay 42t =44,
wy + :,‘jg = — 28.

{ v +-3 Tl — ,’fg = 9:
e+ 2y=4,

{ 4 ay =96 — ",
Lo+ =6,
(22— ay=2§,
Loy + 942 =12,
fa(x+y) =2,
lgle—y) =—1.
(@ +ay+y* =151,
La? 497 =106.
: & -I- r= Y,
L4+4 =5
| :'{“ —_ _?,i4 — P)GQ,
Lot —pP =0,

a* — ay = 6,
[ 2492 = 61,

&z + y= ..r)

Va4 Vy=T.

=19,

+ 3 Yy =y 9,
~75+3J—-3

(
(7 +4y+4t=19,
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Problems

374. 1. The sum of two numbers is 12, and their product is
32. What are the numbers ?

2. The sum of two numbers is 17, and the sum of their
squares is 157. What are the numbers ?

3. The difference of two numbers is 1, and the difference of
their cubes is 91. What are the numbers ?

4. The area of a rectangular mirror is 83 square feet and
its perimeter is 38 feet. Find its dimensions.

5. The perimeter of a rectangular ginseng bed is 18 rods and
its area is 20} square rods. What are its demensions ?

6. It takes 52 rods of fence to inclose a rectangular garden
containing 1 acre. How long and how wide is the garden ?

7. The product of two numbers is 59 greater than their sum,
and the sum of their squares is 170. What are the numbers ?

8. If 63 1S subtracted from a certain number expressed by
two digits, its digits will be transposed ; and if the number is
multiplied by the sum of its digits, the produet will be 729.
What is the number ?

9. The smallest of the printed muslin flags made in this
country has an area of 5} square inches. 1If the width were 1
of an inch less, the length would be twice the width. TFind the
length and width.

10. A man’sice bill was $18. If ice had cost $ 1 less per ton,
he would have received £ of a ton mcre for the same money.
How many tons did he use and what was the price per ton ?

11. The car of the airship America is 107 feet longer than it
is wide. If its length were 1 as great, the area of the floor
would be 184 square feet. Tind its dimensions.

12. A Chinaman received $1.60 for rolling joss sticks.
Had he been paid 8 cents more for each lot of ten thousand,
he would have had to roll one lot less for the same amount of
money. How many such lots did he roll and how much was
he paid per lot ?
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~ 13. Theareaof a wall painting in a restaurant in Philadelphia
13 340 squarve feet. If its length were 12 feet less and its width
12 feet greater, it would be square. Find its length and
width. 2

14. Before the reduction in letter postage between the
United States and Great Britain, it cost 10¢-t0 send a certain
letter that now would just go for4 ¢  What is the weicht of
the letter, if the postage was reduced 3¢ an ounce ? |

15. If each of a farmers maple trees had yielded 2
pounds more of sugar, he could have made 750 pounds. If he
had had 50 trees more, he could have made 600 pounds. TFind
the number of trees he had and the yield per tree,

16. A woman in Saxony received 1¢ an hour more for
making chiffon hats than for weaving straw hats. If she re-
ceived 21 £ for her work on the former and 20¢ for her work
on the latter, working 14 hours in all, how much did she re-
cerve per hour for each ?

17. An Illinois farmer raised broom corn and pressed the
6120 pounds of brush into bales, 1f he had made each bale 20
pounds heavier, he would have had 1 bale less. How many
bales did he press and what was the weight of each ?

18. If the length of the platform of an elevator were 9 feet
less and its width 9 feet m ore, its area would be 361 square feet,
IFits length were 9 feet move and 1ts width 9 feet less, its 21['-9‘1
would be 87 square feet. Find its dimensions. , :

19 A man bought 4 more loads of sand than of gravel, pay-
ing $-50 less per load for sand than for gravel, Tl;(z s;m(’l cost
him $9 and the gravel $10. What quantities of each did
he buy ?  What prices did he pay ?

20. The capital stock of a Creamery company is § 8850. If
there had been 10 times ag many stoclilloltlél's, cach man’s
share would have been $45 less. How many stockholders
were there and what was each man’s share ?

MILNE'S 18T YR. arg. —18
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21, Mr, Fuller paid $2.25 for some Italian olive oil, and
$2 for 1 gallon less of Freuch olive oil, which cost $.50
more per gallon. How much of each kind did he buy and ab
what price ?

29.. In papering a room, 18 yards of border were required,
while 40 yards of paper 1 yard wide were needed to cover the
ceiling exactly. Find the length and breadth of the room.

23. The water surface area of a tank at Washington, D. C,,
used in testing ship models is 20,210 square feet. If the
length were 3 feet greater, it would be 11 times the width.
What are the dimensions of the water surface ?

94. If the elm beetle had killed 500 trees less one year in
Albany, New York, the total estimated loss would have been
$10,000; if the value of each tree had been } as much, the
total loss would have been $38750. How many elm trees
were killed ?

25. The total avea of a window screen whose length is 4
inches greater than its width is 10 square feet. The area
inside the wooden frame is 8 square feet. Find the width of
the frame.

926. A rectangular skating rink together with a platform
around it 25 feet wide covered 37,500 square feet of ground.
The area of the platform was 7 of the area of the rink. What
were the dimensions of the rink?

27. The course for a 36-mile yacht race is the perimeter of a
right triangle, one leg of which 1s 3 miles longer than the other.
How long is each side of the course?

98. At simple interest a sum of money amounted to $2472
in 9 months and to $ 2528 in 16 months. Find the amount of
money at interest and the rate.

29. Two men working together can complete a piece of work
in 63 days. If it would take one man 3 days longer than the
other to do the work alone, in how many days ean each man do
the work alone ?

GRAPHIC SOLUTIONS

QUADRATIC EQUATIONS —TWO0 UNKENOWN NUMBERS
EXERCISES

375. 1. Construct the graph of the equation 2*+ y° = 25.

Sorurion. — Solving for y, 4 = + V25— 22

Sinee any value numerieally greater than 5 substituted for 2 will make
the value of y imaginary, we substitute only values of z between and in-
¢luding — 5 and + 5. The corresponding values of Y, or of +vP5—at
are recorded in the table below, - i

It will be observed that each value substituted for x, except & 5, gives
two values of y, and that values of & numerically equal give Lhe’ 23111;3

values of y; thus, when 2=2, y= + 4.6, and also when z= —2
¥ =4 4.6, i ,

Tge valljur)srg_{iven in the table serve to locate twenty points of the graph
of 924 y*=25. Plotting these points and drawine a smooth Lém've
thirough them, the graph is apparently a eirele. It may be rovea b
geometry that this graph is a cirele whose radius is 5. : .

The graph of any equation of the form 2+ yi=ris a circle
whose radius is » and whose center is at the origin. ;
: 275
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9. Construet the graph of the equation y* =32 + 9.

Sorurtoy, — Solving for g, ¥y = £ V8z + 9.

It will be observed that any value smaller than —3 substituted for
will make y imaginary ; consequently, to point of the graph lies to the
left of 2= — 3, Besinning with z = — 3, we substitute values for @ and
determine the corresponding values of y, as recorded in the table :

s

o=
W =X

=z
(2]

o o

W He B B R

\

Plotting these points and drawing a smooth curve through them, the
graph obtained is apparently a parabola (§ 356).

The graph of any equation of the form yi=uax+4c is 4
parabola.

3. Construct the graph of the equation 9 3 2547 = 225,

SoruTioN. — Solving for y, ¥ = + § V25 — a2

Sinee any value numerically greater than 5 stibstituted for z will make
the value of y imaginary, no point of the graph lies farther to the right
or to the left of the origin than 5 units ; consequently, we substitute for
only values between and including — b and + 5.

Corresponding values of » and y are given in the table:

=

-1 2

+.

F

H_
N T —_ o

o =

K e He b B
o e e

H-
18

'
£
T
=]
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Plotting the twenty points tabulated on the preceding page, and draw-
ing a smooth curve through them, we have the graph of 9z 252
= 225, which is called an ellipse.

The graph of any equation of the form 6%+ a%* = a%® is an
ellipse.

4. Construct the graph of the equation 4 2°— 9 2= 36.

SoLuTioN

Solving for g, y=- & Var— 1,

Since any value numerically less than 8 substituted for z will make
the value of y imaginary, no point of the graph lies between 2 = -+ 8 and
&= —3; cousequently, we substitute for z only + 3 and values numer-
ically greater than 3.

o EC ) ; . .

Corresponding values of  and y are given in the table:

1) 5 e
EE ey o

L
|

: Plotting these fourteen points, it is found that half of them are on one
Si.de of the y-axis and half on the other side, and since there are no points
of the eurve between.» = + 3 and ¥ = — 3, the graph has two separate
tiranches, that is, it 8 discontinuous.

Drawing a smooth curve through each group of points, the two branches
thus constructed constitute the graph of the equation 42— 0y2 =386
which is an hyperbola. ; ,

The graph of any equation of the form 6°x* — a%* = a®$? is an
hyperbola.

An hyperbola has two branches and is called a discontinuous
curve.




GRAPHIC SOLUTIONS

5. Construct the graph of the equation oy =10.
SoLuTioN. — Substituting values for » and solving for y, the corre-
spending values found are as given in the table:

|

=0
[y e
|

-3 @ G e 20 B

FrEE
oo

9

— 10 =) 1‘!‘

el e T et 2 SR

Plotting these points and drawing a smooth curve through each group
of points, the two branches of the curve found constitute the graph of the
equation xy = 10, which is an hyperbola.

HH u

The graph of any equation of the form xy = ¢ is an hyperbola.
Construct the graph of :

8. 922416y = 144.
9. 9a* 163" = 144.

6 24yt =0

10. zy = 12.
11. ay = — 6.

376. Summary. — The types of equations and their respee-
tive graphs, here given, will aid the student in plotting graphs,
but he will meet other forms of equations that will have some
of the same kinds of graphs, the varieties in equations giving
rise to varieties in form, size, or location of the graphs.

For example, § 375, exercises 4 and 5 are both equations of the hyper-
bola, but they are differently located and of different size and shape,

It is possible to determine many characteristics of the vari-
ous graphs from their equations alone, but a discussion of this
is beyond the: province of algebra. In the study of graphs,
therefore, the student will rely principally on plotting a suffi-

GRAPHIC SOLUTIONS

cient number of points to determine their form accurately, The
following types have been studied :
L ar+by=c (§ 248) Straight line
IT. ¥4pi=p Circle
L y=ax*+ bx+ e (§ 356) Parabola
1V, y=axr+o Parabola
V. ¥+ oy =at?
VI. 6% — %" =a%*
Ay=e

Ellipse
Hyperbola
Hyperbola

SIMULTANEOUS QUADRATIC EQUATIONS

377. The graphic method of solving simultaneous equations
that involve quadratics is precisely the same as for simulta.
neous linear equations (§252). Construct the graph of each
equation, both graphs being referred to the same axes, and de-
termine the cotrdinates of the points where the graphs inter-
sect. 1f they do not intersect, interpret this fact.

Nore. —The student should construct the following graphs for himself.
Roots are expected to the nearest tenth of a unit. To obtain this degree

of aceuracy, numerous points should be plotted and a scale of about 4 inch
to 1 unit should be used.

EXERCISES
2 G
378. 1. Solve graphically {'l Ty ='Z'i’
e—y= —1.
Sorurion. — Construeting the
graphs of these equations, we find
the first, as in §3875, exercise 1, to be
a circle ; and the second, as in § 248,
a straight line.
The line intersects the eirele in two
points (— 4, — 3) and (3, 4),
Hence, there are two solutions

2=—4y=—38 and x=3,y=4.

Test.— The student may test the
roots found graphically by performing
the algebraic solution,




GRAPHIC SOLUTIONS

Oa® 1 2597 = 225,
y=2 ‘

2. Solve graphically {

SoLution.—On construeting the
graphs (for the first, see exercise 3,
§ 275), it'is found that they intersect
at the points 2 =31, y =2 and 2 =
-3 u=2

Sinece the graphs hayve these two
points in common, and no others, their
coirdinates are the only values of xand
y that satisfy both equations and are
the roots sought.

Observe that ilie pairs of values x =
| 3.7, y=2 and z=-3.T,p=2 are

real, and different, or unequal.
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Not. — The roots are estimated to the nearest tenth ; their accuracy
may be tested by performing the algebraic solution.
: (a4 25 4" =225
3. Solve graphically {L ¥ +t s
Soruriox. — Imagine the straight line y = 2 in the figure for exercise 2
to move upward until it coincides with the line y = 3. The real unequal
roots represented by the codirdinates of the points of intersection approach
equality, and when the line becomes the tangent line y = 3, they coincide.
Hence, the given system of equations has two real equal roots © =0,
y=8andz=0,y=3.
2 (92% 4 2597 = 22b
4. Find the nature of the roots of -}y i Y i
Sorvtioy.— Imarine the straight line y = 2 in the figure for exercise 2
to move upward until it coincides with the line y = 4, The graphs will
cease to have any points in common, showing that the given equations
" have no ecommon real values of & and y.
It is shown by the algebraic solution of the equations that there are
two roots and that both are imaginary.

A system of two independent simultaneous equations in @ and ¥,
one simple and the other quadratic, has two roofs.

The roots are real and unequal if the graphs intersect, real and
equal if the graphs are tangent to each other, and imaginary if the
graphs have no points in COMMON.

GRAPHIC SOLUTIONS

5. Solve graphically

[43}5—9.?/?:3 y
2 =25

SorvrioN, —The graphs (see ex-
ercises 4 and 1, § 375) show that
both of the given equations are satis-
fied by four different pairs of real :
values of ¢ and y: =5

[x=45; 45; —45; —45; : ; {5 AT

=23 — 2. 20 93 e

6. What would be the nature of the roots in exercise 5, if
the second equation were 2* + =972

SorurioN. —Imagine the circle 22+ 92=25 in exercise 5 to hecome
smaller and smaller uniil it coincides with the circle 2?4-22=9 (see
dotted circle in the cut). The four real unequal roots represented by the
coi.i.rdilmtes of the points of intersection of the graphs come togetll.er in
pairs at the points (3, 0) and (—3, 0) wheve the circle a2472=0 is
tangent to the hyperbola 422 — 9y?=36; consequently, the equations
4 22— 9 y? =36 and 22 4 y% = 9 have two pairs of equal real roots, namely :

(£=8,8, —8, —3;
g=, 0SS

A system of two tndependent simultaneous quadratic equations
in @ and y has four rools.

An intersection of the graphs represents a real root, and a

point of tangency, a pair of equal real vocts. If there dre less
than four veal roots, the other roo's are imagindary.
_ It is not possible to solve any two simultaneous equations
i @ and y, that involve quadratics, by quadratic methods,
but approximate values of the real roots may always be found
by the graphic method. ; :

.l‘-md by grrlt}'ﬁnc methods, to the nearest tenth, the real roots
of the fOl]O‘:’r’H’lg, and the number of imaginary roots, if there
are any. Discuss the graphs and the roots.

7. {4m2—£)y'5=36, (4 2% —09*= 36,
m—Sy:I |4?/=312~16.

{4. @' —9 y* = 36, 10 92+ 1692 =144,

9.




9a° 416 ygm—— 144,
12.
= 2 — :L,

2 Cle=@+ D@ +4).
x 18 {ZJ=‘5°“°'—55L‘+4’

13.
. r=1—4y+3.

14

{
{
{
{

ay =

379. Another graphic method of solving quadratic equations in
one unknown number (§ 356).

Tt has been seen that the real roots of simultaneous equations
are the codrdinates of the points where their gmph.s inters?ct
or are tangent to each other, and that when there is no point
in comiuon, the roots are imaginary. )

In §§ 356, 357, it was found that the real roots of a quadratic
equation were the abscissas of the points where the gr‘aph O_f
the quadratic expression crossed or tolu(‘.hed the @-axis, and
that when it had no point in common with the z-axis, the roots
were imaginary. 7063

TIn other words, the solution of a quadratic equation m & was
made to depend upon the solution of the simultaneous system,

y=ax’ 4+ bx + ¢, (a para‘,‘mﬂa)‘
{y =i, (a straight line)

(D).

the second being the equation of the a-axis. - :
In the following method, by substituting y for 2* in the given

equation,
1 ax? +be+e=0,

the equation is divided into the simultaneous system,

{ ay +bx+ec=0, (a straight line)

(1II). il ; (a parabola)

The solution of this system for 2 gives the required roots of
axt +bw+ec=0,

GRAPHIC SOLUTIONS

It will be observed that whether system (I) or (II) is used,
the solution requives the construction of a puraboly and a
straight line, but the advantage of using (1) instead of (L) lieg
n the fact that the parabola y = a? is the same for all quadratic
equations in @ and when once constructed can be used for soly-
ing any number of equations, while with (1) a different parabola
must be constructed for each equation solved.

EXERCISES
380. 1. Solve graphically the equation a? — 2 — 8 — 0.

SOLUTION
Substituting y for z2, we have
y—=2x—8=40,

Consequently, the values of »
that satisfy the system,

{' y—2x—-8=0,

{y=a?
are the same as those that satisfy
the given equation.

Constructing the graph of
y=1u% we have the parabola
shown in the figure.

Constructing the graph of
¥ — 22— 8 =0, a straight line, we
find that it intersects the parabola
atx=—2and r=4. 18 B | I I

Hence, the roots of the equation =1 IF ! ~|—LL
2 — 22 —8=0are —2 and 4. e

] f“.F

Solve graphically, giving roots to the nearest tenth:

LB e—2=0, 8. ;

. B —2—-6=0. 9. 20— x—1¢

N PO P 10. 3284+ 52— 28
=22 —15=0. 11. 6a®— Tz —20=0.
B4 14=0. 12. 82+ 142 —-15=0.
LB —=Tae4+18=0. 13. 15622+ 22 —920=0.




