
EQUATIONS IN QUADRATIC FORM 

358. An equation that contains but two powers of an unknown 
number or expression, the exponent of ~ne p~wer berng twice 
that of t.he other, as a,w,, + bx'1 +e= O, 1n wh1ch 11, represents 
any number, is in the quadratic form. 

EXERCISES 

359. 1. Given x' - 10 x' + 24 = O, to find the value of x. 

Factoring, 

Hence, 

wbence, 

SOLUTION 

x'- IOx' + 2! = O. 

(x'- 4)(x' - íl) = O. 

z2-4 =0 orx2 -G =0; 

x= ± 2 orx = ±VÜ. 

Each of these values substituted in tbe giren equation is found to verify; 

ben ce, ± 2 and ± v6 are roots of tbe equation. 

2. Given ,,½ - .,t - 6 = O, to find the values of x. 

FrnsT SoLUTION 

,¼ _,¼_º=º· 
Let z¼: = m, tben :x:½ = mZ and the equation becomes 

m2-m-6=0. 

Solving by factoring, 

that is, 

Raising to the fourth power, 

m=3or-2; 

,¼=Sor-2. 
x=81 or 16. 
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8ECOND SOtuTION 

Transposing, 

Completiug the square, 

Taking the square root, 

Raising to the fourth power, 

,¾ _,¼ =6. 

.½_,}+(½)'=.Y.
.t_½= ± !-

' ,·. xr = 3 or -2. 

:t= 81 or 16. 

Since X= 1G does not satisfy the given equatiou, 16 is not a root and 
should be rejected. 

or 

Sol ve, and verify each resnlt: 

3. x'-13x' + 36 = O. 9 . ,,t_,,½=6. 

4. x'-18x'+32=0. 10. x+2vx=3. 

5. :i:4 -14 x' + 45 = O. 11. ,,¾ - ,,¼ -12 = o. 
6. 2x' - 10x' + 8= O. 12. (x-3)' +2(:i:- 3)= 3. 
7. 3x4 -llx'+8=0. 

s. .,l - 5 ,,t + 6 = O. 

13. (x'-1)'- 4(x'-1) = 5. 

14. (x'- 4)'- 3(x' -4)= 10. 

15. Sol ve the eqnation re' - 7x + vx' - 7 x + 1~ = 24. 

SoLuno:-; 

X
2

- 7 X+ Yz2 -7x + 18=24. 
Adding 18 to both members1 we ha.ve 

7 2 - ix+ 18 +v'xi _ 7 x+ 18 =42. 

Put m for Vi,i - 7 x + 18 and m2 for :i;,'2 - 7 x + 18. 

Then, transposing, 

Solving by factoring, 

That is, 

m2 +m-42=0. 

m =0 or -7. 

Yz·~ -1x + 18 =6, 

v'z'-7z+ 18=-7. 
Sqnaring (5), z2_ 7:t + 18=:10. 

Solving, x = O or - 2. 

(1) 

(2) 

(3) 

(4 ) 

(5) 

(6) 

Since, in accorclance with § 293, the radical in (6) ca.nnotequal a negative 
nmnbfr, v'xoJ. - 7 x + 18 =- 7 is an impossible equation. 

Ilence, t~e ouly roots of ( 1) are O and - 2. 
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16. 'sol ve the equation J: +'!,-,/.e+ a= '21, an,1 verify result8. 

17. Sohe :if- :{.r + 2-yJ.:! :{.t-+f;= 18, all(l verify results. 

18. Sol ve the eq uatiou a,.u - !) .t,3 + 8 = O. 

l<'actoring, 

Therefore, 

S0LuT10~· 

;t; - llx3+ 8 =0. 

(x8 - l)(.tª- 8) =0. 

.c3- l = O, 

.t3 - 8 =0. 

(1) 

(:!) 

(:JJ 

(4¡ 

If the valnes of x are found by transposing the known term~ in (:3 J ami 
(!) and theu taking the cube root of each member, 011ly CIIH' ralue 111 

. t will \Je obtained from each l'qnation. But if the equations are factored. 
thrre values of;; are obtained for each. 

Ifactoring (:3), 

and (4), 

(x- l)(x~ + :t + 1) = O, 

(x - 2) v~ + .l .t + 4) = O. 

Writing ~ach factor eqnal to zero. and so\vinc:. we llave: 

From ('>). :r = 1, ~ ( -1 + v-':í). ½ (-1 - ✓-:3 ) . (í) 

From (O), :r = 2. - 1 + V-:1. - l - ,q_ (8) 

:N"OTE. - RinrP the values of :r in (i) are ohtainecl by factorin~ 
x8- l = O, they may be re~ardecl as the three culw I·u11ts t(f tlw 11u111IJ1•r 

1. ,\ !so, the vah1es of x in (8) may be reganled as the tlm-e cube root~ 
of thP numl>er 8 (§ 271). 

Rol ve: 

19 .. ,.r. - 28 af + 27 = o. 
21. Fincl the three cube roots of -1. 

22. Fincl the three cuhe roots of - 8. 

23. Sol ve the eqnation x• + 4 x-1 - 8 :1: + :1 = O. 

SOLUTIO)( 

By applying the factor theorem (§ 146), the factors of the first mem
ber are founcl to be :r - 1, :r + 3. and x2 + 2 x- l ; that is, 

(x-1)(:r+ll)(:r2 +2:r-l) =0 . 

Solving. . r = l. - :J. l ± v'ii. 

BQL\TIOXS IX QL\DR.ATIC FO!DJ 

:Soh·e, aml verify each result: 

24. x-1 + xi- -Le= - 2. 

28. x• + 6 a,.8 + 7 x2 - (:i x- 8 = O. 

29. ,1•◄ + 2 Jr - 10 x2 - 11 X + 30 = Q. 

MISCELLANEOUS EXERCISES 

360. Sol ve, and verify each result: 

l. x• - 2,i a·1 + 144 = O. 
5. X~ -2i-~=Ü . 

2. x4 -4i5 .i2 + 500 = O. 6. 
1 l 

.1 l - 3 ;i;6 = - 2. 

3. 2 X 1 
- 11,L.'.! + 12 = 0. 

• 1 

7. x1 -2x·• =R 

4. ;ix'-U:v2+16=0. 8. x*-lox1+U=0. 
' 

9. (.i-2-1)2- 4(;1:! -1) +;~=o. 

10. (.if!-6)2-i(xi-6)-:30=0. 

11. (x2-2xY-2(.1.2-2x)=,°1. 

12. x-6x½ +8 = o. 16. .v-5+2~=8. 

13. .c+20-9v.1·= O. 17. 2x- 3v'2x+-!í = --5. 

14. 2 xi - 3 x\ + 1 = O. 18. 2a·-Gv'2x-1 =8. 

15. :lJ - 7 xi+ 10 - O 19. X - 3 = 21 - 4 Y X - :t 

20. .r• - 10 a:•+ 35 x2 - 50 x + 24 = O. 

21. ,l;c¾-4,&-7 x2+4x+ 3=0. 

22. lG.c• -8 x-1 -31 x2+ 8 x + 15 =0. 

23. x2 -x--vx·!-x + 4-8=0. 



SIMULTANEOUS QUADRATIC EQU ATIO:NS 

361. Two simnltaneous quadratic equations involving two 
unknown numbers generally leacl to equations of the fourth 
degree, ancl therefore they cannot usually be sol vecl by quad
ratic rnethods. 

However, there are sorne simultaneous equatious involving 
quaclratirs that may be solved by quadratic methou.s, as shown 
in the following cases. 

362. When one equation is simple and the other of higher degree. 

Equations of this class rnay be solved by fincling the value 
of one unlrno,rn 11urnber in terms of the other in the simple 
equation, and then snbstituting that value in the other equation. 

EXERCISES 

363 S 1 h . {X+?J=7, . l. o ve t e equat10ns · 
3x2+u2=43. 

From (1), 

Substituting in (2), 

SoMng, 

SOLOTIO~ 

X+ y= 7. 

3x2 + y2 =43. 

y=7-x. 

3x2+ (7 -x)2 = 43. 

Substituting 3 for x in (3), 

Substituting ½ for x in (!l), 

x=3 or ½• 
tj=4. 

y=l,}-. 

{
when x=S, y=4, 

That is, x and y each ha.ve two ,alues 
when x= ½, 11 = 1(. 
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(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 
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Sol ve, and verify results: 

2. 
[x2+y2 =20, 

6. r2+xy= 12, 
lX=2y. x-y=2. 

3. { lOx+y= 3xy, {1nt_ 3 n2= 13, 
y-x=2. 7. 

m-2n=l. 

4. r=6-y 
x1 +v3=~2. 8. { 3 x(y + 1) = 12, 

3x=2y. 

5. t!J(X-2 !J) = 10, {3rs-10 r=s, 
xy=lO. 9. 

2-s=-1·. 

364· An equatio~ tbat is not affected by interchauging the 
unknown numbers rnvolved is called a symmetrical equation. 

2 x
2 + xy + 2 Y

2 = 4 ªnd x2 + Y2 = 9 are symmetrical equations. 

365. When both equations are symmetrical. 

Th?ug~ equa~ions of this class may usually be solved by 
St1bstitnt10n, as rn §§ 362, 363, it is preferable to find values 
for x + y and x - y and then sol ve these simple equations for 
x and y. 

EXERCISES 

366. l. Solve the equations {x+y= 7, 
xy=lO. 

SOLOTION 

x+y=7. 

xy=10. 
Squaring (1), z2 + 2 xy + y2 = 49. 

!\f ultiplying (2) by 4, 4 xy = 40. 

Subtrictin¡:: (4) from (3\ .. 2 _ 2 xy +y~= 9. 

Taking the square root, x- y=± 3_ 

From (1) + (6), x= 5 or 2_ 

From (1)- (O), !1=2 or 6_ 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 
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{
':Ir+ y2 =_25, 

2. Solve the equations x+y= ,. 

Squaring (2), 

Subtracting (1) from (3), 

Subtracting (4) from (1), 

Taking the square root, 

From (:l) + (U), 

F1·om (2) - (6), 

SOLUTI0N 

xz+ y2 = 25. 

X+ y= Í, 

x2 + 2 .,·y + 1f = 4!l. 

2.,·11 = 24. 

z2 - 2,y + yz = l. 
:>'-//=:ti. 

, = 4 or 3. 

y= 3 or 4. 

Solve, ancl verify each result: 

{-iJ + y~ = 50, 8. l.1·2 +l=8, 
3. l~-.ry+¡/=4. xy = ,. 

4. 
{•c+y=8, 9. 

f X!J = 12, 
•J ., la:- X!/+ .11 = -5. J.~+ !r = 34. 

{~' +11 = 9, (.,·2 +3:1·y + i=31, 
5. 10. 

lxy= º· :i:1 + !/~ = 243. 

{X+ !I = 8, 11. 
{.l'2 + !/ = 100, 

6. 
• t 2 + X!J + y2= 49. (a:+ y)2 = 196 . 

{ x2 + xy +y2= 31, 12. 
{ .i? + 1/2 = 1:~, 

7. 
X~ +y2 =26. x2+ Jl+xy= 19. 

(1) 

(2) 

(:,) 

(-!) 

(~) 
(ü) 

367 . .Au equation all of whose terms are of tbe same degree 
with respect to the unknowu nmnbers is called a homogeneous 

equation. 

.e" - xy = y" and 3 ,xJ, + ys = O are homogeueous equations. 

An eq nation like x2 - xy + y2 = 21 is said to be homogeneous in 

the unknown terms. 

snw1:rASEOU::i QliAJH{,\'l'IC l<:QlíATIIIXS 2ti'i 

368. When both equations are quadratic and homogeneous in the 
unknown terms. 

Substitnte vy for x, sol ve for y2 in each eq t· d ua 10n, an com-
pare the v:i,lues of y2 thus found, forming a q uadratic in v. 

EXERCISES 

369. 1. Sol ve the equations Í xt - xy + 1/ = 21, 
l f - 2 ,C!/ = -15. 

A~sume 

Substituting in (1), 

SulJstituting in (2), 

Solving (-!) for y~, 

Solving (5) for y2, 

Sou,T10x 

z2 - xy + y~ = 21. 

Y2 - '!. xy = - 15. 

X= Vy. 

o2y2 - vyt + y2 = 21. 

y2 - 2 vy2 = - 15. 

y2 = 21 
v2 -v+l 

y2 = ~-
21! - l 

Comparing the values of y2, 16 21 
2 V - 1 = v2 - 11 + 1 • 

Clearing, etc., 
Factoring, 

6112 
- l!l 1) + 12 = o. 

(v-3)(ii11-4)=0. 

.·. 11 = 3 or !, 
Rubstitnting 3 for 11 in (i) or in (6), y= ± v'3 1 

ancl since x = vy 3~ r:. f , X=± y;3, 

St.~stituting Í for v in (7) or in (6), y= ± 5 1 
a:·d smce x - 11y ~ - , X= ±-l. 

(1) 

(l!) 

(3) 

(4) 

(ij) 

(U) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

l 
When the clnuhle sign is used, as in (12) ancl in (13) it is understood 

t iat the roots shall tw assoc·· t d b k' ' 
tb 1 

. llt e Y ta mg thc u¡¡pr•r si,,ns to"'ether and 
e ower s1gns tog-ether. 

0 0 

Hence, f :I'. = 3 v'~ ; 
t y= ve; 

Sol ve, and veri f:v results: 

2. {x2+3.1/=8-1, 
xy-y2=8. 

-3v3; 
- v'3; 

4; -4; 

6; -6. 

3. { 2 :¡;2 - 3 X?f + 2 y2 = 100, 
x2 + Y2 = 121). 
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4. l"" _ xy+ y'= 21, 7. {""+""J=12, 
x'+2y'=27. X)/+ 2 y' =5. 

6. 
{ x(x-y)= 6, 8. {"'+ 2y'=44, 

x'+y'=5. xy-y'=8. 

6. 
(xy+3y'=20, 
l x'-3 "'1j= -8. 

9. { 'r + X1J
0 

= 77, 
xy-y· =12. 

370. Special devices. 
l\fany systems of simultaneous equations that helong to one 

or more of the preceding classes, and many tbat belong to none 
of them, may be solvetl readily by special devices. lt is impos
sible to lay down any fixed line of procedure, but the object 
often aimed at is to find values for any two of the expressions, 
x+y, x-y, antl xy, from which the valnes of x and y may be 
obtained. Various manipulations are resorted to in attaining 
this object, according to the forms of the given equations. 

EXERCISES 

S I h . {x'+xy=12, 371. l. o ve t e equat10ns 
xy+y'=4. 

SOL'CTION 

x2 +xy=12. 
xy+y'=4, 

Adding (!) nnd (2), x' + 2 xy +y'= 16. 
.·.x+y=+4or-4. 

Snbtracting (2) from (1) 1 

Dividing (5) by (4) 1 

Combining (4) and (6), 

z2-y'l.=8. 

x-y=+2or-2. 
:x=3or-3¡ y=lor-1. 

(1) 

(2) 

(;J) 

(4 ) 

( ó) 

(6) 

Non. -The first valne of x - y correspondtci only to tho first Yalue of 
x + y, am\ the second value only to the second ,nlne. 

Consequentl•¡, there are only two pairs of 111.tlues of x and y. 
Observe thnt the given equations belong to the cla1-s treated in § 868. 

1'he special device adopted here, bowever, gives a mucb neater and sim
pler solution tllan tlle method presented in tbat case. 
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2. Sol ve the equations { x' +Y'+ x +Y= 14, 
xy=3. 

SOLUTION 

x'+y2 +x+y=l4. (!) 

. . xy = 3. (2) 
Addmg tw1ce the second equation to the first , 

z2+ 2xy+y2+x+ Y== 20. 

Completing the sqnare, (x + y)' + (x + y) + (½)' = 20}. 

Taking the square root, x + y+ ½ == ± J. 
.·.x+y=4or-5. (3) 

Equations (2) and (3) give two pairs of simultaneous equations, 

an , {
x+y=4 d rx+y=-ó 

xy==3 lxy=3 

Sol ving, the corresponding val u es of x and y are found to be 

{ 
x = 3 ; 1 ; !( - 6 + v'I3); ½( _ 5 _ v'lii); 

y= 1; 3, H-ó-v'I3J; H-6 +v'Tii). 

. Symmetrical except as to sign. - When one of the equatious 
1s symmetrical and the other would be symmetrical if one ur 
more of its signs were chauged, or when both eqnations are of 
tbe latter type, the system may Le sol ved by the methods used 
for symmetrical equations (§ 365). 

3. Sol ve the equations { x' +Y'= 53, 
x-y=5. 

Squaring (2), 

Sul.itracti11g (!l) from (1), 

Adding (4) nnd (1 ) , 

Taking the square root, 

From (6) and (2), 

aud 

8oLUTION 

x' +y'= 53. 

x-y =6. 

x2- 2xy + y2 = 25. 

2X1J=28. 

x2 + 2 xy + y2 = 81. 

•+Y=±O. 
:t=7or-2¡ 

Y=2or-7. 

(1 ) 

(2) 

(~) 
(4 ) 

(ó) 

(6) 
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Division of one equation by the other.-The reclurtion of equa
tions of higher degree to quatlrntic:s is often effettetl by clil'id
ing one of the giYen equatious by the other, mem/Jer by 1/(ember. 

{ 
x1 -y1=26, 

4. Solve the eqnations 2 x-y=. 

SuGc;f:sTJO~. - Dividing the fir,t equation by tbe second, 

y_2 + X!) + !)2 = 13. 

Therefore, Rolvr the system, 
f :c2 + xy + y~ = 13, 

l., -Y= 2. 

insteacl of the giYen system. 

Elimination of similar terms. - It is often advantageous to 
eliminate similar terms by atldition or subtractiou, just as in 

simultaneous simple eqtHttions. 

{ 
.l'!J + .i; = 3.· 5, 

5. Solve the equations 
,!;!/ +y=32. 

Subtracting (:l) from (1), 

whence, 

8ubstituting (3) in (1), 

or 

Solving, 

Rubstituting (4) in (3), 

SoLOTI0~' 

xy + J; = 36. 

xy +y= 32. 

x-y=8; 
y=x-!l. 

x(:r - 3)+ X= 35, 

x2 - 2-.t = 85. 
,. = 7 or - 5. 

y-= 4 or - 8. 

(1) 

(2) 

(3) 

(4) 

Rol ve, using the mcthods illustrate<l in exercises 1-5; verify: 

6. 
r~112+ r,w = 2, 9. 

{ ¡•, _ s, =.5-!, 

mn+,12 =-1. r-s=G. 

7. 
< p2 + ,¡2 + ¡i + q = 14, 10. 

( ~?/ + ;C = 32, 
{ 1 :r.y + ?I = 27. l¡u¡=-H. 

8. 
{ a2 + b2 =1:m, 11. 

{ 2x2 3?P=5, 

a -b =2. :~ x2 - 2 7/ = 30. 
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372. Ali the solutions in H 362--Jil are but illnstrations of 
n~ethods that _are important because they are uften appfüable 
1 he student is urged to use bis ingenuity in rlevising othe. 
methods or modifications of these wheuever the · t 

1 

l . . !,'1 ven sys em 
e o~s not y1eltl read1ly to the devices illustrated or wh~never 
a s1mpler solution would result. ' 

MISCELLANEOUS EXERCISES 

373. f-\olve, and verify each result: 

{
x+y=3, l. { .J. :i,y = 96 - x)f, 
:17¡=2. 11. x+y=6. 

2. 
{5x2 -4y2 =4-I, 

4x2-5 y2= 19. 
12. 

{ w - :c.,¡ = 8, 
X// + .1/ = 12, 

s. { 1 +x=y, 
.c2+ y2= 61. 

13. 
f x(x + !!) = ;i;, 

l y(.v - !!) = -1. 

4. 
{ X2

- Xf/ = 48, ( W +XI/+ 1f = 151 
X!f-?J2= 1'.!. 

14. < • • ' 

,w+ l= 106. 

5. r + ab + 28 = O, 
b+ub+40=0. 

15. 
; 1 +X= JI, 

t-1 +4.i-'=!f. 

{ • + ·• 
6. 

r y· + .1· + !I = 26, 1 x• - .11• = 369, 
X.lf= -12. 

16. 
tw-J/=9. 

7. 
{ .,:2+J/=40, {W-XJ/=6, 

·''JI== 12. 
17. 

w+u2=G1. 

8. 
( .i-

1 + y'=28. 
j 
l x+y=4. 

18. { x+y=25, 

-v'.r + .../ii = 7. 

9. 
{xy+x2=44, { x2 +~y+y2 = 19, 

XJJ+Y2 = -28. 
19. 

x-'-Jf3=19. 

10. 
{ W + !1 .l'!/ - !f2 = 9, { x2 + 3 X]/= ?l + 9, 

x+iy=•!. 
20. 

x+3y=5. 
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Problems 

374. l. The sum of two numbers is 12, and their product is 
32. What are the numbers '/ 

2. The sum of two numbers is 17, and the sum of their 
squares is 157. What are tbe numbers? 

3. The tlifference of two numbers is 1, antl the t!ifference of 
their cubes is 91. What are the nurnbers? 

4. The area of a rectangular mirror is 8S sq_uare feet n.nd 
its perimeter is 38 feet. Find its dimensions. 

5. Tbe perimeter of a rectangular ginseng bed is 18 rods and 
its urea is 20} sqnare rotls. "\Vhat are its demensions? 

6. It takes 52 rotls of fence to inclose a rectangular garclen 
containing 1 acl'e. How long and how ,vi<le is tho garden? 

7. '!'he product of two numbers is 59 greater t.han their sum, 
and the sum of their squares is 170. What are the numbers? 

8. If 63 it snbtractecl from a certain nnmber expressed by 
two digits, its digits will be trausposed; and if the number is 
multiplied by the sum of its digits, the protluct will be 729. 
What is the nmnber? 

9. The smallest of the printed musliu ílogs rnacle in this 
country has an area of 51 square inches. If the. width ,vere ¼ 
of an inch less, the length woulcl be twice the wi<ltb. Fincl the 
length antl wiclth. 

10. A man's ice bill was $18. If ice hacl cost $1 less per ton, 
he woultl have receivecl ¾ of a ton mere for the sama money. 
How man y tons dicl he use ancl w hat was the pricc per ton ? 

ll. The car of the airsbip Amel'ica is 107 feet longer !han it 
is ,wi<le. If its length were .¡. as great, the area of the floor 
would be 18! square feet. Fincl its tlirnensions. 

12. A Chinaman receivecl $1.60 for rolling joss sticks. 
Had he been paid 8 cents more for each lot of ten thousand, 
he would have bad to roll one lot less fo1· the sarne amount of 
money. How many such lots did he roll ancl how much was 
he paid per lot ? 

SL\JUL'l'AliEUL:8 (¿[;AUIUl'H.: 1-:Q[;ATIO.'IK 

. 13. The area of a wall painting in a restaurant in Philadelphia 
IS 340 square feet. If its length were 12 feet less and its width 
12 feet greater, it woultl be square. Fincl its lenzth and 
wWili. " 

14, Before the recluction in letter posta~e between the 
Uuitecl States antl Great Britain, it cost 10 ¡! ;o sencl a certain 
letter that now would just go for 4 /!. What is the wei~ht 

0
¡ 

the letter, if the postage was reducecl 3 ¡i an ounce ? • 

15. If each of a farmer's maple trees liad yielded 2 
pountls more of sugar, he could have made 750 pounds. If he 
hatl had 50 trees more, he could have niade 600 pountls. Fintl 
tl,e u111Dber of trees he hacl and the yieltl per tree. 

16. A woman in Saxony received 1 F an hour more for 
making chiffon hats than for weaviug straw hats. If she re
ceivetl 21 /! for her work on the former ancl 20/1 for her work 
on the latter, workiug 14 how·s in all, how much <lid she re
ceive per hou.1· for each? 

17. An Illinois farmer raisecl broom corn and pressed the 
6120 pounds of brush iuto bales. If he had matle each bale 20 
pounds. heavier, he woulrl have ha<l 1 bale less. How many 
bales d1tl he press antl what was the weight of each? 

18. If the length of the platform of an elevator were 9 feet 
less antl its wiclth 9 feet more, its area would ba 361 square feet. 
If 1ts length were 9 feet more ant.! its witlth 9 feet less, its area 
woul<l be 37 sqnare feet. Find its dimensions. 

. 19. A man bought 4 more loads of sand than of grave], pay
rng $ .50 less per load for sand than for grave!. The sancl cost 
h1m $ 9 and the grave! $10. What quautities of each tlicl 
he bny? What prices did he pay? 

20. The capital stock of a creamery compauy is $ 8850. If 
there had been 10 times as many stockholders, each man's 
share would hare been $45 less. How many stockholders 
were there and what was each man's share? 

MIL:Sf.c's lsT YB., ALO, -18 
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21. )[r. Fuller paid $ 2.25 fo1· sorne Italiau olive oil, and 
S 2 for -/r gallan less of French olive oil, which cost $ .50 
more per gallon. How much of each kind did he buy aml at 

what price? 
22. In papering a room, 18 yarcls of border were required, 

while 40 yards of paper } yarcl wide were necded to cover the 
t·riliug exactly. Finu the length and breadth of the room. 

23. The water surface area of a tank at Washington, D. C., 
us<•d in testiug ship moclels is 20,:H0 square feet. If tbe 
len~th were 3 fcet greater, it would bfl 11 times the wiclth. 
\Yhat are the climensions of the water surface ? 

24. If the elrn beetle hacl killed 500 trees less one year in 
Albany, X ew York, the total estimated loss would have been 
S 10,000; if the value of each tree had been } as urnch, the 
total loss would have been $ 3750. How many elm trees 

were killed? 
25. The total area of a window screen whose. length is 4 

inches greater than its width is 10 square feet. The area 
inside the wooclen frame is 8 square feet. Find the width of 

the frame. 
26. A rectangular skating rink together with a platform 

around it 25 feet wide coverecl 37,500 square feet of ground. 
Tbe area of the platform was ¼ of the area of the rink. What 
were the dirnensions of the rink? 

27. The course far a 36-mile yacht rare is the perimeter of a 
right triangle, one leg of which is 3 miles longer than the other. 
IIow long is each side of the course? 

28. At simple interest a sum of money amounted to $2472 
in ü months and to S 2328 in 16 months. Find the amount of 
money at interest and the ra.te. 

29. 'fwo men working together can complete a piece of work 
in ü} clays. If it wonltl take one man 3 days longer than the 
other to do the work alone, in how many days can eaeh man do 
the work alone ? 

GRAPHIC SOLUTIONS 

QUADRATIC EQUATIONS- TWO UNXNOWN NUMBERS 

EXERCISES 

375. l. Construct the graph of the equation a,.2 + y2 = 2i5. 
SOLUTJO',. -Solving for Y, y= ± v25- :i;2, 

Si:1ce any v~lue ~umerically greater thau 5 substitutetl for y will make 
the ~alue of y m1agmary, we substitute only values of x between anti ¡11_ 

dudmg - 5 and + 5. The corresponding values of y, or of ± vÍ!5-,e2 
are recorded in the table below. ' 

It will be observed that each value substituted for x except ± · · t . ¡ , ,J, g1ves 
."º va ues of y. and that values of x numerically equal give the same 

,alues of y; thus, when x = 2, y=± 4.U, and also when x __ •1 
y=± 4.6. - ~, 

1 1 1 1 

_,· 1 y 
1 ,., ~J= 
1 • 1 

. {/ 1--
~•,", ~ 

1 ···1,, ... 
o ±5 

± 1 ± ·1.9 

1 1 \ 
! 1 1 
1 1 1 

±2 ± 4,6 
±3 ±4 

t ' 
~ ~. 1 

±4 ±3 
± ,3 o 

1 ~ ' 1 ,f 
1 1 "- 1 
1 1 . i 
1 1 1 j ; 1 ·---

f The values given in the table serve to locate twenty point~ of the gra h 
0

1 
x2 + Y2 = 25. Plotting these point, and drawin" a smooth cu:Ve 

t' irough them, t~e graph_ is apparently a circle. It ~ay be proved b 
¡:eometry that th1s graph IS a circle whose radius is 5. y 

The graph of any equation of the form x2 +y2 = r2 is .., • 1 wl ad' · d ... erre e 
iose r . ms is r an whose center is at the oricrin. 

• 27ñ . ~ 



276 GRAPIITC SOLUTIONS 

2. Construct the graph of the equation y'= 3a, + 9. 

SoLUTIO~. -Solving for y, y = ± V8 x. + U. 
It will be ob3erveJ that any value smaller than - 3 suhstituted for :e 

will make y imaginary; conseqllently, 110 point of the graph lies to ti.le 
left of x = - 3. Beginning with x = - :.;, we substitute values for x aud 
determine tl.J.e corresponding values of y, as recorded iu Lhe table : 

1 

z y 1 

•• !<_ 

-3 o -
-2 ±1.7 
-1 ±2.4 

o ±3 
1 ± 3.5 
2 ± ~.o 
3 ±4.2 '--

Plotting these points and drawing a smooth curve through them, tbe 
graph obtained is apparently aparabola (§ 356). 

The graph of auy equation of the forro y'= ax + e is a 

parabola. 

3. Construct the graph of the equation !) .,, + 25 y'= 225. 

Sou:rT1os. -Solving far y, y;::: ± ¾ V2J - x,2, 
Sincc any raluc nnmerically greater than 5 substituted for 'J'. will m:\ke 

the vah10 of y imaginary 
I 

no point of the grnph lies fartber to the right 
orto thc leftof the ori,;in tha,n 5 units; consequently, wesubstitute for x 

only values between and includin_; - 5 and + 5. 
Corresponding_ values of x and y are given in tbe table: 

1 
X y 

1 1 

' ' ". 1 
o ±3 

±1 ± 2.0 

-... .,..,_, 

1 

±2 ± 2.7 
±3 ± 2.4 
±4 ± 1.8 
±ó o 1 

' 1 
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. Plotting tbe twenty points ta,bulated on the preceding page, and draw
mg ~ sm~oth. curve through then1, we have the graph of oxi + 25 y" 
= 22", wh1ch 1s called an ellipse. 

The graph of any equation of the forro b!x' + a:,v' = a'b' is an 
ellipse. 

4. Construct the graph of the equatiou 4 .,, _!)y'= 36. 

SOLUTIO~ 

Solving for y, 

Since any value numerically less than 3 substituted for x will make 
the value of !J imaginary, uo point of the graph lies between x; + 3 and 
~ = -3; cousequently, we substitute for z only ± 3 aud values numer
H!ally greater than 3. 

Correspouding values of X anrJ. y are given in the table: 

1 
1 

1 1 

·' 
1 

lj 
~/fl>.-1-

~-~~ ~~ 

±3 o ' 
±4 

1 

±18 
±5 ± i.í 
±G ± 3.!'i 

;'> 

--· ,., 
1 
1 

Piotting these fourteen points, it is founcl tbat half of them are nn one 
side of the y-axis and half on the other sirJ.e1 and since there a.ro no points 
of tbe curve between x = + 3 and z = - 31 the graph ha3 two separa.te 
branches, that is, it is di.~continuous. 

Drawing a smooth curve through each group o[ points, tbe two branches 
thns constructed constir.ute the graph of the eqna.tion 4 zZ _ o y2 = 36 
which is an h!fperbola. ' 

The graph of any equation of the form h2x2 - a2y2 = a2b2 is an 
hyperbola. 

An hyperbola has two branches and is called a discontinuous 
curve. 
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5. Con~truct the graph of the equatiou xy = 10. 
Soi.uTro~. - Substituting values for :i; and solving for Y, tbe corr&

sponding values found are as given in tbe table: 

., y X y 

---- ----
1 llJ -1 -10 

" ;¡ -~ -6 ~ .,, 
:I 31 -3 -3! 
4 2½ -4 -2½ 
:, 2 _;,_ 5 -2 
6 1¡ -Ü - lj 
¡ 1} -7 - lf .,,, 
8 I¼ -8 -1¼ 
9 1, -9 - ll 

10 1 -10 - 1 

Plotting these points and drawing a smooth curve through each group 
of points, the two branches of the curve found constitute the graph of tbe 
equation xy = 10, which is an hyperbola. 

The graph of any equation of the form xy = e is an hyperbola. 

Construct the graph of : 

6. x' +y'= 9. 8. 9x'-+16y"= 144. 
1. y'=5x+8. 9. 9~'-16y'=144. 

10. o;y = 12. 
xy= -6. 

376. Summary. -The types of equations and their respec
tive graphs, here given, will aid the studeut in plotting graphs, 
but he will mee\ other forms of equations that will ha ve some 
of the same kinds of graphs, the varieties in equations giving 
rise to varieties in form, size, or location of ·the graphs. 

For example, §375, exercises 4 and 5 are botb equations of the hyper
bola, but they a.re differently located and of different size and shape. 

It is possible to determine many characteristics of tbe vari
ous graphs from tbeir eqnations alone, but a discussion of this 
is beyoud the province of algebra. In the study of graphs, 
therefore, the student will rely principally on plotting a suffi-
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cient number of points to determine their form accurately. 
following types have been studied : 

The 

I. ax + 61 = e (§ 248) 
II. x'+y'=r 

III. J = ax•+ bx + e (§ 356) 
IV. y'=ax+c 
V. b'x' +aj,'= a'b' 

VI. b'x' - a','= a'b' 
VII. xy=c 

Straight line 
Circle 
Parabola 
Parabola 
Ellipse 
Hyperbola 
Hyperbola 

SIMULTANEOUS QUADRATIC EQUATIONS 

377. The graphic method of solving simultaneous equations 
that involve quadratics is precisely the same as for simulta
neous linear equations (§ 252). Construct the grapb of each 
equation, both graphs being referred to the sarne axes, and de
termine the coordinates of the points where the graphs inter
sect. If they do not intersect, interpret this fact. 

NOTE. -The student should construct the following graphs for hirnself. 
Root.s are expected to the nearest tenth of a unit. To obtain this degree 
of accuracy1 numerous points should be plotted anda scale of about t inch 
to l unit should be used. 

BXERCISES 

378. l. Solve graphically - ' {
x'-+y'-25 
x-y= -1. 

SOLUTION. - Constrncting the 
graphs of these equations, we find 
the first, as in § 3i5, exerciso 1, to be 
a circle ; and the second, as in§ 248, 
a straigbt line. 

The line intersects the circle in two 
points (- 4, - 3) and (3, 4). 

Hence, there are two solutions 

z = -4, y =-3 and x= 3,y=4. 

TEST.- The student may test the 
roots found graphica.lly by performing 
the algebra.ic solution. 

1 

1 
1 • 

t--t-- •~:x 

,' 

/ 

1 
1 

1/ 
1/1'-' 
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2. Solve graphically iº"' + 25y' = 225, _ 
y=2. 

1 1 1 1 i 
1 1 1 1 1 

' 1 1 1 ! 

1 ~ 

1 1 
1 

1 1 1 1 
1 l 1 1 
, ,,,.41 1 

\y-:. 
,,.:. ~ 

,~ ~~ 
·IJ'~ 

11:1:·-ls" 

1 
1 
1 

Sou:T1os. -On constrncting the 
graphs (for the first, ::.ee exercise 3, 
§ :}i5), it i:; found tlmt they intersect 
at thu poinls x = 3.71 y= 2 ancl x = 
-=t71y::::2. 

Since the gra.rhs ba,e these two 
points in common. ancl no others, their 
coCrdinales are the only vnlues of x and 
y that satisfy both equations and are 
t\Je roots sought. 

Observe tlmtthe pairs of va.lues x = 
3.7,y=:.l and x:::::-3.7,y=2 are 
real, aml different, or uneqttal. 

NoTF:. -The roots are estimnted to the neart"st tenth; their accurncy 
may be tested by perforrning the algebra.ic solution. 

. \º"'+ 25y' = 225, 3. Solve graph1cally y= 3_ 

SoLuTtox.-Imagine the f:traight line y= 2 in the figure for exercise 2 
to move npward until it coincides with tbe line y = ~- The ~eal uneqnal 
roots represented by the coürd;nates of the points of mtersect10n ap~ro~ch 
equality, ancl when the line becomes tbe tangent line y= 31 they comcide. 

Hence, the given system of equatious has two real equal roots :t ::::: O, 

y=3andx::::01 y::::8. 

¡9x'+ 25y'= 225, 
4. Find the nature of the roots of ,y= 4. 

Sor.CTIO~.-TmMine the straight line u= 2 in the figure for exercise 2 
to mnve npward until it coinciJes with the line y = 4. 'l'~ie graphs _will 
cease to have nny points in common, showing that the g1ven equat1on¡;; 
ha.ve no com-mnn rMl values of :t and y. 

It is shown by the algebraic solution of the equations that there are 

two roots and that both are imaginary. 

A syRtem, o.f two inclependent simultaneous equations in x and y, 

o"Jie simplP and the othei· qnadratic, has tKo roots. 
The root.~ ate real and uneq,wl {f the gtaphs intersect, real ancl 

equal (f the g,-aphs are tcmgent to each other, and imagi-nary if the 
graphs have no voints in comm.on. 

GRAPHIC SOLUI!Q)i!S 

5. Solve graphically 

{
4,:'-0y'=36, 
o,'+y'=25. 

S0LoT10~. -'fhe graphs (see ex
ercises 4 and 1, § 375) show that 
both of the given e4uations are satis
fied by Jo1tr difforent pairs of real 
values of ;e and y : 

¡x~4.5; 4.ó; -4.ó; -45; 
y= 2.2; -2.2; -2.2; 2.2. 

,, 

r-r,::7-"fl 
r1 
1 1 
1 1 

1 1 1 1 
1 1 .,,!).CI , .. 
• 1,, .. 0 

:,c;'¡ 
, 1 

1 

jt-, 
' 

' 
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..:~ 
' , 

rr 

"' 
, 

6. What would be the natnre of the roots in exercise 5, if 
the second equation were ,,, +y'= g? 

Sor.uT10~.-Imagine tbe circle x'J+y'!.=23 in exercise 5 to become 
smaller aud snrnller unl il it coincides with the circle x2 + y2 = O (see 
dotted circle in the cut). The four real unequa.l roots represe1:ted by the 
cotirdinates of the points of intersection of tbe gra,phs come together in 
paira at the points (3, O) and (- 31 O) wbere the circle x2 + y2 = O is 
tangent to the byperbo\a 4 .z2 - O y!= 36; consequentJy, the equations 
4 x2 - O y2 = 36 and x2 + y2 = O have two pairs of cqual real ,·oots, uamely: 

ÍX=3, 31 -3, -8; 
iv=O, O, O, O. 

A system o.f two independent shnultaneous q1tadtatic equations 
in a: ancl y lur,s four mots. 

An intersection of the graphs represents a nal root, and a 
point of ta11genr,y, a pair of eq,,al real roct.,. If there are less 
titan fúur real roots, the other 1·oo's are irnaginm·y. 

It is not possible to solve any two sirnu1taneous equations 
in x and y, that involve quadratirs, by quac1'ratic metlwd.,;

1 

but approximate values of the real roots may alu:ays be found 
b.'I tlie gmphic metlwd. 

Find by grapbic methods, to the nearest tenth, the real roots 
of the following, ancl the number of imaginary roots, if there 
are any. Discnss the graphs all(l the roots. 

7_ {4"'-9y'=3G, 9. /4:i:'-911'=36, 
"-3y=1. ¡4y=x'-16. 

8_ {4x'-9•1'=36, 
4x'+91f=36. 

10. {
9x'+1Gy2 =144, 
3o,+4y=12. 
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{9x'+16y'=144, 15. ri' + y'=9, 
11. 

,,, +y'=Y· y=x'-52'+6. 

{.,,+y' =_4, 16. 
{ x' + y'=9, 

12. x = y'+5 y +6. x=y-o. 

{x'-4y'=4, 17. r=""-4, 
13. 

x!+y2 =4. x =(y+ l) (y + 4). 

r-y=2, 18. 
{y=x'-5x+4, 

14. 
xy=-1. x=y'-4y+3. 

379. Another graphic method of solving quadratic equations in 

one unknown number (§ 3:56). 
It has been seen that the real roots of sirnultanemts equations 

are the coordinates of the points where their gra.phs intersect 
01· are tangent to each other, and that when tbere is no point 
in common, the roots are imaginary. 

In §§ 356, 357, it was fonnd that the real roots of a quadralic 
equation were the abscissas of the points where the graph of 
the quadratic expression crossed Ol' touched the x-ax1S, and 
that when it bad no point in corn111on with the re-axis, the roots 

were imaginary. 
In other words, tbe solntion of a quadratic equation in x was 

macle to depend upon the solution of the simultaneous system, 

{
y= ax'+ bx + e, (a parabola) 

(!). y= O, (a straight line) 

the second being the eqnation of the x-axis. 
In the following method, by snbstitnting y for x" in the given 

equation, 
aa? + bx+ e= O, 

the equation is divided into the simultaneous system, 

{
ay+ bx +e= O, (a straight line) 

(II). y= x'. (a parabola) 

'l'he solution of this system for x gives the reqnired roots of 

ax' +bx +e= O. 
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It wiU be observed that w hether system (!) or (II) is u sed, 
the solut10n requ1res the coustruction of a JJan.dJu la. and a 
straigl,t lme, but the advautage of nsing (ll) insteat! uf (l¡ Jies 
m the fact that the parabola y= x' is the same foral! quatlratic 
equations in x aud wheu once constructed can be used for solv
mg any number of equations, while with (1) a difieren\ parahola 
lllust be constructed for each equatiou solved. 

BXERCISBS 

380. l. Solve graphically the equation x" - 2x- 8 = O. 

80LUTION 

Substituting y for z2, we have 

y-2x-8=0. 
Consequently, the values of .,· 

that satisfy the system, 

p-2x-8=0, 
l Y=xz, 

are the same as ~hose that satisfy 
the given equation. 

Constructing the graph of 
y= x2, we have the parabola. 
shown in the figure. 

Constructing the graph of 
11 - 2:r- 8 = O, a straight line1 we 
find that it intersects the parabola 
atz=-2ancl:t=4. 

Hence, the roots of theequation 
:t2 -2:t-8= O are -2 and 4. 

.-. 
/ 

• 
• 

TI 

Solve graphically, giving roots t,o the nearest tenth: 

2. x'+x-2=0. 8. 2x'- a:=6. 
3. .,,_ x -6=0. 9. 2x2 - x-15 = O. 
4. x'-3a:-4= O. 10. ~x'+5a:-28=0. 
5, x'- 2 x-15= O. 11. 6x'-7x-20=0. 
6. x'+.5x+14=0. 12. 8 x" + 14x-15 = O. 
7. x'-7"'+ 18= O. 13. 1.5x' + 2x - 20 = O 

1 


