202 INVOLUTION

Expand, and test results:

19. (x+2y)% 23. (1—-32%L
20. (Qo—y)° 24. (Do’ — ab)®
o1, (2a—56)% 25. (14 0%
22. (2 —10)% 26. (2aw—0)%

Expand :

5 3
31. (2&-}-%)- ; (Sa-2+g>-
8, [2_1Y (1+€*—‘”“‘
ol

, 8
33, (5‘—3> j 36.
%X

40. Expand (r—s—t)>
SovuTiON
Since (r— s— t)? may be written in the binomial form, (»—s—1)3,
we may substitute (r—s) for g and ¢ for & in
§ 265, (e—z)=a*—3a%+3ar* -2
Then, we have
(r—s—t)=(r—s—t)°
=(r—s)t—3(r—82+3(r—s)t?—1
=13 -84 3rs? —3 —38(r2—273 4 8%) 4+ 302 — 382 — 15
=13 —812 4+ 32— 53— B2+ Orst — 382302~ Jsf2— 8

41. Expand (a+b—c—d)>

Svecestion. (4 +b—c¢—d)3 = (a+b— ¢ + d)3, a binomial form.
Expand :

42. (a+z—y). 46. (a+z+2)%

43. (a—m—mn)® 47. (a—o—2)

44. (a—z+7y)°> 48, (a+2b—3¢)

45. (a—z—y)> 49. (a-+b+z+y)

EVOLUTION

267. Just as (§ 132) one of the fwo equal factors of a number
Iy ifs second, or square, root; so one of the three equal factors of
a number is its third, or cube, root; one of the four equal factors,
the fourth root; ete.

The second root of a number, as a, is indicated by Va; the
third root by Va; the fourth root by va; the fifth root by
Va u; ete.

The sign ~/ is called the root sign, or the radical sign; the
small figure in its opening is called the index of the root.

When no index is written, the second, or square, root is
meant.

R68. The process 2°=2 .2 .2 =8 illustrates involution.

The process v8=~/2. 2.2 =2 illustrates evolution, which
will be defined here as the process of finding a root of a num-
ber, or as the tnverse of involution.

269. You have learned (§ 132) that ewery number has two
square roots, one positive and the other negative.

For example, V25 =+5 or —b.

The roots may be written together, thus: +5, read “plus or
minys five’ ; or F5, read “minus or plus five.

270. The square root of — 16 is not 4, for 4?=4-16; nor
—4, for (—4)*=+416. No number so far included in our
number system can be a square root of — 16 or of any other
negative number.

It would be inconvenient and confusing to regard Vi as a
number only when a is positive. In order to preserve the

generality of the discussion of number, it is necessary, there-
208




204 EVOLUTION

fore, to admit square roots of negative numbers into our num-
ber system. The square roots of — 16 are written

v =16 and —+/ — 16.
Such numbers are called imaginary numbers and, in contrast,

numbers that do not involve a square root of a negative nuin-
ber are called real numbers.

271. Just as every number has two square roots, so every
number Lias three cube roots, four fourth roots, ete.
For example, the cube roots of 8 are the roots of the equa-
tion 2* =8, which later will be found to be
2, —1+vV—3,and —1—~+/—3.

The present discussion is concerned only with real roots:

272. Since 2°=38, {’/g_o
Since (—2)*=—

Since 2= 16 and (— 2)'=

Since =32

Since (—2)*=-—32,

A root is odd or even according as its index is odd or even.

278. Tt follows from the preceding illustrations and from
the law of signs for involution (§ 258) that, for real roots:

Law of Signs.— An odd root of a number has the same sign as
the number.
An even voot of a number may have either sign.

974. A real root of a number, if it has the same sign as the
number itself, is ealled a principal root of the number.

The principal square root of 25 is 5, but not — 5. The principal cube
root of 8182 ; of —8is — 2.

975, Axtom T.— The same roots of equal numbers are equas

Thus, if x=16, Vz=4; if 2 =8, Vz=2; etc.

EVOLUTION

276. Bince (2%)? = 2%* = 26 the principal cube root of 2

Hence, for evolution:

Law of Exponents: — The exponent of any root of a number is
equal to the exponent of the number divided by the index of the
root.

2717. Since (5 a)*=

25 a? is

*= 25 o, the principal square root of

P AT M | o
V2B & =vV25-Va*=ba.
Hence, for principal roots :
PrixcrerLe. — Any root of a product may be obtained by taking

that root of each of the faclors and finding the product of the
results.

278, Since (§>*= IC

216
:_)"‘—ﬁ the principal fourth root of — g

TR S
Hence, for principal roots:

‘16 x/ﬁ _\“/.,7 2
3

.
i

PRrIxcIPLE. — Any root of the quotient of two numbers is equal
to that root of the dividend divided by that root of the divisor.

279. Evolution of monomials.

EXERCISES
1. Find the square root of 36 a%®

SoLuTIoN

Since, in squaring a monomial, § 262, the coefficient is squared and the
exponents of the letters are multiplied by 2, to find the square root, the
Square root of the coefficient must be found, and to it must be annexed
the letters each with its exponent divided by 2

‘The square root of 36 is 6, and the square root of the literal factors is
a’h. Therefore, the principal square root of 36 862 is 6 a”b.

The square root may also be — 6 ¢, since — 6 ¢% x — 6 a'b = 36 adb?,

o V36 abl? = 4 6 ah,




EVOLUTION

2. Find the cube root of — 125 afy™.

SOLUTION

Y/ =125 ©’y*t = — bz?y, the real root.

To find the root of an integral term:

RuLe. — Find the required root of the numerical coefficient,
annex to it the letters each with its exponent divided by the indeu

of the root sought, and prefie the proper sign to the result.

Find real roots:
13. \/(#mb‘)?.
VI8 Y—Bzans 14 Y(=ab).

ab%c®, 8. ¥/ 8d%"-

P, 10. /I 16. —-YaF e

Yares, 1L~/ —aTbP 16. — Y3777

Vagan, 120 23 . 1T — Y198,
2P

Find the ‘cube root of 57 5 5

SorLuTiON
S _Ray _ V82 _—2a8 228
27 mint T Hargip  3mat 3mnt

To find the root of a fractional term:

RuLE.— Find the required root of both numerator and d,enmu-

inator, and prefiv the proper sign to the resulting fraction.

TFind real roots :

6L a'o” A - 27 a® "’__
N &1t ‘ \ \/( 64 b'5>

il =) [=ana" 912y
V128 2 N 23ym 1728 ¢

20.

EVOLUTION

280. To find the square root of a polynomial.
EXERCISES

1. Derive the process for finding the square root of
o + 2 ab 4 b%
PROCESS
a* 42 ab 4 bgw
“2
Trial divisor, 2a¢ = [Zab+ 0
Complete divisor, 2 a+b 2ab+0*

ExpraxaTioN. —Since a®+ 2 ab + 12 is the square of (a + b), we know
that the square root of o +2 ab + 0% is a + b.

Since the first term of the root is @, it may be found by taking the
sguare root of g2, the first term of the power. On subtracting «?, there
is a remainder of 2 ab + 2.

The second term of the root is known to be b, and that may be found
by dividing the first term of the remainder by twice the part of the root
already found. This divisor is called a trial divisor.

Since 2ab+ b2 is equal to b(2a +b), the complete divisor which
multiplied by & produces the remainder 2 gb 4 1% is 2a+ b ; that is, the
complete divisor is found by adding the second term of the root to twice
the root already found.

On multiplying the complete divisor by the second term of the root
and subtracting, there is no remainder ; then, @+ b is the required root.

2. Find the square root of 9 #* — 30 ay + 25 »*
PROCESS

92 —30ay+ 25 3e—by
O

Trial divisor, 62 — 50 ay + 25 47
Complete divisor, 62 —5y |—30ay+25¢*

Find the square root of :
8. 497 12249,

LIS A 7. 42442+,
5. 1—4m4+4ms 8. 164-24p4+92%

Since, in squaring a4+ b+ ¢, a+b may be répresented by =,
and the square of the number by 2*+ 2 ¢ + ¢, the square root

6. ¢ —12¢4-36.




208 EVOLUTION

of a number whose root consists of more than the two terms may
be obtained in the same way as in exercise 1, by considering the
terms already found as one term.
9. Find the square root of 4 2 +122* — 3 218z + 9.
PROCESS
4404122 —3a0°—1824+9122'+32—3
4zt ‘
42 [12 2 — o &
12 +33124 494
4 v 02 | —12 zF — 182-+9
4P 6n—3 |—12m9_18:13+9

ExrLaxaTios.—Proceeding as in exercise 2, we find that the first two
" terms of the root are 222 4 3.

Considering (2 «* + 3x) as the first term of the root, we find the next
term of the root as we found the second term, by dividing the remainder
by twice the part of the root already found, Hence, the trial divisor is
4 2 & Gz, and the next term of the root is — 3. Annexing this, as before,
to the trial divisor already found, we find that the complete divisor is
47 + 62— 3. Multiplying this by — 3 and subtracting the product from
— 12 22 — 18 x + 9, we have no remainder,

Hence, the square root of the number is 2 2* 4+ 3z — 3.

Rure. — Arrange the terms of the polynomial with reference to
the consecutive powers of some letter.
Find the square root of the first term, write the result as the first
sterm of the root, and subtract i's square from the given polynomial.
Divide the first term of the remainder by tivice the roct already
found, used as a trial divisor, and the guotient will be the next
term of the root. Write this resull in the root, and annex it to the
trial divisor to form the complete divisor.
Midtiply the complete divisor by this term of the root, and sub-
tract the product from the first remainder.
Find the neat term of the root by dividing the first term of the
remainder by the first term of the trial divisor.
Form the complete divisor as before and eontinue in this man-
ner until all the terms of the root have been found.

EVOLUTION

Find the square root of :
10. 25a*—40a+16. 12. Z4ay+ 1y
11. 900 2% 4+ 60 x4+ 1. 13. 42 —522°+169.
14 9t —122+102° —4 241,
15 a'— 6%+ 1323 — 12a° +4 o~
16. 284 2a%" —a'e*— 2% - ot
17. 2528 +4—122—30 2% 429 2%
18, 1 -2a48 ¥ -4 +38"—22°4 2%
19, %‘—-4—3@—}-4(1‘1-}—“;]
20. Tind four terms of the square root of 1 4 .

—2a.b+?£-

SQUARE ROOT OF ARITHMETICAL NUMBERS

281. Compare the number of digits in the square root of
each of the following numbers with the number of digits in
the number itself:

NUMBER ROOT NUMBER ROOT NUMBER ROOT
1 1 100 10 1'00'00 100

25 5 10'24 32 56'25'00 750
81 9 98'01 99 99'80'01 999
From the preceding comparison it may be observed that:

PriNcipre. — If a number is separated into periods of two
digits each, beginning at units, its square root will have as many
digits as the number has periods.

The left-hand period may be incomplete, consisting of only one digit,

282. If the number of units expressed by the tens’ digit is
represgnted by ¢ and the number of units expressed by the
units’ digit by », any number consisting of tens and units will
be represented by t4-u, and its square by (t+u)*, or £+ 2 tu 4

Since 25 = 20 + 5, 25 = (20 4- 5)? = 207 4 2(20 x §) + 52 = 625.
MILNE'S 18T ¥R, ALG. —14




EVOLUTION

EXERCISES

283. 1. Find the square root of 3844.

FIRST PROCESS :
‘ ExprLaxaTioN. — Separating the
38’44@0—4——2 number into periods of two c:ligits
#= 3600 each (Prin., § 281), we find that
2t=120| 244 the root is composed of two digits,
i - 0 tens and wmts. Since the largest
Pt+u=122{ 244 square in 38 is 6, the teus of the root
E eannot be greater than 6 tens, or 60,
Writing 6 tens in the root, squaring, and subtracting from 3844, we have

a remainder of 244,

Since the square of a numbér composed of tens and units is equal to
(the square of the tens) + (twice the product of the tens and the unils)+
(the square of the units), when the square of the tens has been subtracted,
the remainder, 244, 1s twice the product of the tens and the units, plus
the square of the units, or only a little more than twice the product of the
tens and the units.

Therefore, 244 divided by twice the tens is approximately equal to the
units. 2 x 6 tens, or 120, then, is a trigl, or partial divisor. On dividing
244 by the trial divisor, the units’ figure is found to be 2.

Since twice the tens are 1o be multiplied by the units, and the units
also are to be multiplied by the units to obtain the square of the units, in
order to abridge the process the tens and units are first added, forming
the complete diwisor 122, which is then multiplied by the units. Thus,
(120 4 2) multiplied by 2 =244.

Therefore, the square root of 3844 is 62,

.‘iE(’fOI\_YE) PROCESS
38'44 EZ
2= 36
2t=120] 244
U= 2

= ciphers on the right of the produets.
°f+n—l‘)° 244

Expraxarios. — In practice it is usual

Since any number may be regarded as composed of tens and
units, the foregoing processes have a general application.

Thus, 346 = 34 tens -+ 6 units ; 2377 = 237 tens + 7 units.

to place the figures of the same order in-
the same column, and to disregard the

EVOLUTION

2. Find the square root of 104976.

SoLurioN
10/49'76 324
9
Trial divisor =2:x 80 =60
Complete divisor =604 2 = 62 ‘
Trial divisor =12 % 320 = 640
Complete divisor = 640 + 4 = (44

1
1

Rurs. — Separate the wumber into periods of two figures each,
beginning at units,

Find the greatest square in the left-hand period and write its
root for the first figure of the required root.

Square this root, sublract the result from the left-hand period,
aid. annes to the remainder the next period for a new divi-
dend.

Double the root already found, with a cipher annexed, for a
trial divisor, and by it divide the dividend. The guotient, or
quotient diminished, will be the second figure of the voot. Add to
the trial divisor the fipure last found, m ultiply this complete divisor
by the figure of the root lust Jound, subtract the product from the
dwade-nd, and to the vemainder annex the next period for the next
dividend,

Proceed in this manner until all the periods have been used.
The vesult will be the square root sought.

I, When the number is not a perfect square, annex periods of decimal
eiphers and continue the process.

2. Decimals are pointed off from the decimal point toward the right.

3. The square root of a common fraction may be obtained by finding
the square root of both numerator and denominator separately or by
redueing the fraction to a decimal and then finding the root.

Find the square root of:
6. 57121 9. 2480.04.

7. 42025. 10. 10.9561.
8. 95481, 11. .001225

L),




212 EVOLUTION

Find the square root of :
12. §25.

13. 518,

20. 4. 3, &
21. 4. 23. .6.

ROOTS BY FACTORING

284. The method of finding the cube root of polynomials
and of arithmetical numbers, analogous to the one just given
for square root, is beyond the scope of this text; but a method

~ of finding the cube voot, or any other root, of a nmmbar that is
a perfect power of the same degree as the index of the required
root is here mentioned because of its simplicity.

This method consists in factoring, grouping the factors, and
taking the required roof of each group.

Thus, V42876 = V5-5-5 X 1-7-7T= V5 x 13
also, VA 12— —dz+d=V{—1)Hz+2)?
= (2 —1)(x +2)

=$2+$—2.

5xT=285;

EXERCISES
285. Find, by the method of factoring:
1. Square root of a®— 12 a* + 36.
. Gube root of #* — 1522+ THh 2 —125.
. -Fourth root of *— 8a® + 242* — 322 4+ 16.
. Fifth root of a* — 102 4+ 402® — 80%® + 80 2z — 32.
TFind the indicated root:
7. V262144,

8. \/759375.

5. V3375, 9. ~/1081101.

6. v1296. 10. /16777216,

/

RADICALS

e —

286. Thus far the exponents used have been positive integers
only, and the laws of exponents have been based on this idea;
but since zero, fractional, and negative exponents may oceur in
algebraic processes, they must tollow the same laws as are
given for positive integral exponents; hence, it becomes neces-
sary to discover meanings for these new kinds of exponents,
because, for example, in a’, a% and a3, the exponents 0,— 2, and
% cannot show how many times @ is used as a factor (§9).

287. Meaning of zero and negative exponents.
By notation, §§ 9, 10, @¢=1-a-a. (1)
Dividing both members of this equation by a, the first mem-

ber by subtracting exponents (§ 32) and the second by taking
out the factor @, we have

&)
Dividing (2) by q, . ©)

Dividing (3) by q, : (4)

Dividing (4) by a, (%)

y The meaning of a zero exponent, illustrated in (3), and of a
negative exponent, in (4) and (5), may be stated as follows:
Any number with « zero exponent is equal to 1.
Any number with a negatire exponent is equal to the reciprocal

of the same number with a numerically equal positive exponent.
213




214 | RADICALS RADICALS

288. The meaning of a negative exponent shows that: 22. Find the value of 164,

PrivcieLE. — dny factor may be transferred from one term of FIRET SOLUTION.
a fraction to the other without changing the value of the fraction, 2 %.2. 9 2.2 5@ 2.30)
provided the sign of the exponent is changed. V@ T HE T DE 2@ 2-2)
=2.2.2=28,

289. Meaning of a fractional exponent.

3 4
Secoxp Soruriox. 16t = (16%)8 = 28 =8,

g § 27 @ =t = ; N
AL e, b . In numerical exercises it is usually best to find the root first.

3, B 2 r .
. Vo' =a*"*=as. Thatis e o : e
¥ ety g% Sk Simplify, taking only principal roots:

i " fractional exponent with positive integral = o
The numerator of a fractional ex} {e i It 53, 8t . ak = gt
terims indicates a power and the denominator a root. : )

i . 3 3 91; o =
Since the operations may be performed in either order: 24, 83, 26. 32°. 28. (—8)™~
ractl shole indicates o 7 j E 0, ' o R
The fractional exponent as @ whole indicates a root of a power 29. Which is the greater, 277 or (— 27)75? Mor (1 i

i power of « root. : i 5 ,
or a power of 30. Express Va'be™ with positive fractional exponents.

EXERCISES :
5

290. Find a simple value for: SoruTtion. L G v
: 9-5 g ) . (a™bq)% . s :
T o gy T Tk Express with positive fractional exponents:

Sl i o alle 81. Vb, 83 (Vay. 35. (Vay)=
9. Which is the greater, (1) or (3)*? (})or (})7°? »

a’hs

b

34. (V) 36. 5va 1y
iite 5 x~%? with positive exponents. W ; 3 : ‘ i
il el e e 1 Express roots with radical signs and powers with positive

=52, exponents :

a3

5 3 : 1 1
Write with positive exponents: 37. as. 39. zt a1. a%", 43. o =2}

SovvTion. — By § 287, Ha %yt = oy =

¢ ~1p— 4 1.2 - a ]
. 2wk 18 a il ; > . x5 40. a:‘bi. 49, a%b i a4, of 2y

12 =D 14, @y Mu]tip]y:

3 ~2 4 r = o
17. Wnte 229 without a denominator. 45. o by a2 . a* by a™ . arhyal
27

46. o by . . abya® ;oh by g
Divide
Write without a denominator: 51. o by o . @by a= -k by "

Sorvriox. — By § 288, %%:;f =8 a2 lxy.

8, 2 10 2% s g2 52. o by a. . @ by o RS TR
by a’ a~b* - )




216 RADICALS
Solve for values of z corresponding to principal roots by
applying axioms 6 and 7 (§§ 261, 275), and test each result:

3 e

b =1 61. = 1=0.

58. #i=8. 62. #1=144.

59. . 63. 250f =1.
60. 1 ! 64. z°4+82=0.

291. An indicated root of a number is called a radical; the
nuinber whose root is required is called vhe radicand.

Y St 1 = .
Vi a, (3:3)%, Vai+ 2, and (x+ y)* are radicals whose radicands are,
respectively, 5 a, &'y a* + 2, and x + .

292. The order of a radical is shown by the index of the
root or by the denominator of the fractional exponent.

Va+zand (b— az)% are radicals of the second order.

993. In the discussion and treatment of radicals only prin-
eipal roots will be considered.

Thus, V16 will be taken to represent only the principal sguare root of
16, or 4. The other square root will be denoted by — V16

294. Graphical representation of a radical of the second order.

In geometry it is shown that the hypotenuse of a right
triangle is equal to the squure root of the sum of the squares of
the other two siles; consequently, a radical of the second order
may be represented graphically by the hypotenuse of a right
triangle whose other two sides are such that the sum of their
squares is equal to the radicand.

Thus, to represent /5 graphically, since it may be observed
that 5=22+1% draw 04 2 units in
length, then draw AB 1 unit in length
! in a direction perpendicular to OA.

é ’ " D.I'B,W 0B, comp}?ting the right-angled
triangle OAB. Then, the length of OB
represents V' in its relation to the unit length.

B

15

RADICALS

EXERCIGES
295. Represent graphically:

1. V2 3, 13, 5. V3L 7. V3.
2. /10. VAT 6. V25. 8 V

13
13,
296. A mllmber. that is, or may be, expressed as an integer
oras a fraction with integral terms, is called a rational num-
ber.
8, 1, /25, and .333 are rational numbers.

237. A number that cannot be expressed as an integer or as
a fraction wi.h integral terms is called an irrational number.

1 =
V3, 4%,14 V3, and V1 + v3 are irrational numbers.

From § 204, it will be observed that the irrational number V5 can ba
represented graphically by a line of ezact length, though it eamuot be

represented exactly by decimal figures, for V5 = 2.236..., which is an end-
less decimal, :

298. When the indicated root of a rational number eannot
be obtained exactly, the expression is called a surd.

V2 is asurd, since 2 is rational but has no rational §uare root.

VI+ Vsis not a surd, beeause 14 V3 is not rational,

Radicals may be either rational or irrational, but surds are
always irrational.

Both /% and V3 are radicals, but only V3 is a surd.

29). A .snrd may contaln a ra'ional factor, that is, a factor
; . .
Whose radicand is a perfect power of a degree corresponding

(o]

to the order of the surd.

The rational factor may be removed and written as tle co-
eflicient of the irrational factor.

i e 3 By S o o 3

A E’l V8 = VI x 2 and V3i= V27 x 2, therational factors are Vi and
V27, respectively ; that is, V& =2 v2 and V51 = 3 V2,

300. In the following pages it will ba assumed that irvational num.

bers obey tlie same law as rational numbers. For proofs of the generality
of these laws, the reader is referred to the author’s Advanced Algebra.




RADICALS

REDUCTION OF RADICALS

301. To reduce a radical to its simplest form.
As the work progresses the student will discover the mean-

ing of simplest form.

EXERCISES

302. 1. Reduce V20" to its simplest form by writing the
rational factor as the coefficient of the irrational factor.

PROCESS
VIR =VEF x5=Vidx V5=2aV5
ExprLANaTION, — Since the highest factor of 20 ¢® that is a perfect square
is 4 a5, V20 o is separated into two factors, a rational factor /4 a%, and

am itrational factor /3 ; thatis, § 277, V2Uas= Via' x V3,
On finding the square root of 4 o* and prefixing the 100t t0 the irrational

factor as a coefficient, the result is 2 a3 V5.
2. Reduce \/— 864 to its simplest form.

PROCESS

Y_Bel= 26 x d=v—216x Vi= — 6~/4

RuLe.— Separate the radical into two factors one of which is
its highest rational factor.

Find the required root of the rational factor, multiply the result
by the coefficient, if any, of the given radical, and place the produet
s the coefficient of the irrational factor.

Reduce to simplest form :

. V12 8. V/32.

4. \/T5. 9. V18d . V128 &b,

V243 a2

10. V/250. ; (a3+5u-'3)"5.
11, . V182z—9.

12. V0. . NP—2 2

RADICALS

18. Reduce o B .
) 3 0 1ts simplest form; that is, to a radical
having an integral radicand.

PROCESS

@ _\/ a*x2y oy i LB
\23/" ZJ’XE_VWX \/Z.t;:ryz\/gy

' d[j,xpl,‘\.\:_ut.ux.—Siuce- the denominator must be removed from the
La n,a.(lj, and sulmc the radical is of the second order, the denominator must
e(:)m ea ;.-serieut square. The smallest factor that will do thisis 2y

n multiplying both terms of the fraction by this factor, the largest
g ge
rational factor of the resulting radical is found to be ,\f_ili or
dgpt” Ly

Therefore, the irrational factor is V2 y and its coefficient is -~

; i 2y

Reduce to simplest form ;

19. V1.

s 24. \/*‘)E 27 o 2
20. /3. -

b

21. V3. 25. \/37*/

e 2 a?
22. V4. =
26, A% 29.

3 =

23. \/—r".j. v i 50 Lﬁ

E 3}03. Allthough # =1, it does not follow that 64% — 64%, for

t-lz;,c 1 fractional exponent denotes a power of a root of 64, and

> 8 roots and powers taken are not the same for 644 as for 64
N t‘nal, however, it is found that each number is equal to 8;

and in general it may be proved that ,
A number having a fractions ' '

. er having r:i._f: actional exponent is not changed in value

tucing the fractional exponent to Ligher or lower terms.

EXERCISES

3_04. ; Reduce VO to its simplest form; that is, to a
radical having the smallest index possible.

PROCESS

VI@=YBap=Bat=3at= ¥3a
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2. Reduce /6L oD to its simplest form.

PROCESS

VBT = YT = b(2 ab)’ = b(2 ab)? = bV TP

Simplify:
8. Vb 5. v/ 1600.
4. v25. 6. V21 &

7. VIl
8. V121 %"

305. The student has doubtless discovered that:

A vadical is in its simplest form when the index of the root
is as small as possible, and when the radicand is integral and
contains no factor that is a perfect power whose exponent
corresponds with the index of the root.

/7 is in its simplest form ; but vV is not in its simplest form, because

% is not integral in form ; V8 is not in its simplest form; because 4, a

6 —

e Al 7 -
factor of 8, has an exact square root; V2, or 25', is not in its simplest

=
form, because 26° = (b*

MISCELLANEQUS EXERCISES

308. Reduce to simplest form:

1. VG600, 5. V189, 9. /144
2. V5H00. 6. V&L 10. V81
g Vit - 1. V72 11, /388,
4. V3000. 8 V1% 12. V259

18. VB =201 20. AU

16. V405 a’yh

17. (135 7). 19. VI £4 21 (16z— 16k
307. A surd that has a rational coefficient is called a mixed
surd.
23, a V%, and (@ — b) Va + b are mixed surds.

RADICALS 221
308. A surd that has no rational coefficient except: unity is
called an entire surd.

= A ——
V5, V11, and Vai - z* are entite surds,
309. To reduce a mixed surd to an entire surd,

EXERCISES
1. Express 2aV/5 b as an entire surd.

PROCESS
5] = N 9 =y e = DI ok
2aV3b=vViaVSh =VEZ X bb =v20 ab
. RuLe. — Raise the coeflicient to a poeer corresponding to the
index of the given radical, and introduce the result under the
radical sign as a factor.
Express as entire surds:
2 2V32. 5. 3+/3. 8.
3. 35. 8. 43. 9.

4 52 7 iy 10.
310. To reduce radicals to the same order.

EXERCISES

4405 o e .
1. Reduce V'3, V2, and V1 to radicals of the same order

PROCESS

1 4
3 413

RuLe. — Expres 7 q
; ULE. Express the given radicals with fractional exponents
Wving a common denominator.
Raise each number to the prwer indizated by the numera‘or of

s fracting P " il l
v Jractional exponent, and indicate the root expressed by the
COmmon denominator.
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Reduce to radicals of the same order:
. V2 and V3. 7. Y13, /5, and V4.
. /5 and V6. 8 Vi /5, and \4/—_,?
. VT and VI0. 9. /ab, Vab?, and V2.
. Y10, V2, and V5. 10. Va, Vb, Va, and Vy
. ¥4, Y2, and V3. 11. Va+band vV +y.
12. Which is greater, V5 or V27 V4 or V3?
13. Which is greater, /3 or VA? 3v/2 or3 V4?7

Arrange in order of ascending value:

14, Y3, /2, and V7. 17. /3, Y5, /25, and V4
15, /2, V4, and V5. 18. /7, VA8, V4, and V63,
16. V2, ¥/3, and V/30. 19. ¥4, V5, V15, X/150.

ADDITION AND SUBTRACTION OF RADICALS

311. Radicals that in their simplest form are of the same
order and have the same radicand are called similar radicals.

Thus, 23 and 7V/3 are similar radicals.

312. PrixoreLe.— Only similar radicals can be wunited into
one term by addition or subtraction.

* EXERCISES

313, 1. Find the sum of V50, 2v/8, and 6vL

Exrranarios. — To ascertain whether the given
¥y : expressions are similar radicals, each may be re-
VE) = 5vYZ duced toits simplest form. Sinee, in their simplest
o38 = 22 form, they are of the same order and have the samé
6\/£ — '8:/D radicand, they are similar, and their sum is obtained
T by prefixing the sam of the coefficients to the com-=
Sum =10v2 mon radical factor.

PROCESS

RADICALS

Find the sum of:

2. V50, V13, and +/98. 5. V28, v/63, and /700
3. V2T, V12, and /75. 6. V250, v'16, and /54

4. /20, V/80, and /45, 7. /128, /686, and VI

8. \S/E’S, V520, and V/625. :
9. V500, v/108, and ~/— 32.

10. V1, Vizi, Vi, and V11,

11. V1, V75, 33, and VI2.

12. V3, }/3, V9, and VI47.

13. /40, v/28, V25, and V/175.

14. V147, 4+/20, V/75, and /605,

15. /192, v/80, 4+/45, and 5+/72L.,

Simplify :

16

17

18.
19.

20.

. V245 — 5 45 a
- VA0S + VA5, 5 \E+ \Ig_ a
. V12 +3vT5 — 2VTT. L
. s e 3 TA —3
5v72 +3v18—vB0. 22 \E _ /B
1 e by bf
/128 + /686 — /5L, S g
. N | a /] ;
S s, Nt \Qé * \hﬁ'
24. Vi{a+be— Via—1b)e.
25. aba — Vaiba + V8 b
V3B +3022 L The — Vo — 64+ 3x.

. VB L300 a* 45 @b — VP — 40 o* + 80 oP.
L VB0 4+ VO — 4V V—Zh+ V2T — V/6a.
. VE+6VE— VIS + V36— VI + V125 -2V 2
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MULTIPLICATION OF RADICALS

1 1 2 !
314 at XCL?‘=a‘%+d=a%+“ —ab,
: e T R T
Thatis, “Vax Va=Vdx Vad=Vd.

Since fractional exponents to be united by addition must be
expressed with a common denominator, radieals to be united
by multiplication must be expressed with a common root index.

EXERCISES
315. 1. Multiply V7 by V5; 5v3 by 2V15.
PROCESSES
VT x VB=~Txb=3
5/3 % 2VIB =5 X 2V3 X 15 =10v45 =10v9V5=30v5
2. Multiply 2v3 by 3V2.
PROCESS
2% — 3/
1=2x3V2T x4=6v108
Ruie. — If the radieals are not of the same order, reduce them

to the same order.
Multiply the co:ficients for the coefficient of the product and the

radicands for the radicul fuctor of the product ; simplify the re-
sult, if necessary.
Multiply :
3. V2 by V8. 8. 2v/3 by 3v/45. .
4. V2 by V6. 9. 2V by 3V0.
5. V3by Vi5. - 10. 3V3 by 2V5.
. 2+/5 by 8v10. 11. 2V/21 by V8.
. 320 by 2V2. 12. V2zy by 3V

RADICALS

Find the value of:

13.
14,
15.
16.
17.

20,

Van X N mn x N/ mik,
V2 azxy x Vay x V.
Va—b x Val* x \4/((; — )

VEX VEX Vi 18. 16 x 2% x 328,
V3 x V3 x VI 19. 274 x 9} x 81,
Multiply 2v2 4 33 by 5vV2 = 2V3.

SOLUTION
232 4+ 3v3
5vZ—2v3
20 +15v6
— 4vH—18
20 +11V6—18=2 + 11V6.

Multiply :

21.
22.
23.
24.
25.
26,
2.

28.

V5 4+ V3 by V5= V3.

VT + V2 by V7T — V2.

V6 — 5 by V6 — V3.

65— /5 by 1+ /5.

4T 4+1 by At —1,

22 + V3 by 4VZ + V3.

@ — abv2 + U by a® + abVZ + b
ez~ ey +yVae—yvy by Va+ V.

Expand :

29.

30.

(V3 + \-'.-3)(\!;} —va) 8L (Vo4 v‘ﬂ:)(\'lﬁ e V"‘ﬁ)_

(Vo + VB (V9 — v6)- 32. (\'fé <x+(¢\/5)(\(571—av5).

MILNE'S 18T ¥R. ALG. — 15
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DIVISION OF RADICALS
316. at +a¥ =utt = ol = ol
Thatis, Va+ Va=vd+ V= vVi+ = va.

In division, when one fractional exponent is subtracted from
another, the exponents must be expressed with a common
denominator. When one radical is divided by another, the
radicals must be expressed wilh a common roof index.

EXERCISES
'317. 1. Divide V60 by V/12.
PROCESS
V60 -+ V12 = V60 + 12=+/5
2. Divide V2 by V2.

PROCESS
V2+V2=Vi+VB=V}= V3]

Ruere. — If necessary, reduce the radicals to the same order.

To tle quotient of the coefficients annex the quotient of the radi
cands writ'en under the common radical sign, and reduce the
result to its sitmplest form.

Tind quotients:
3. V50 + /8. 9. vI6+ /32
1, V72 +2v6. 10. VZal®+ V't
. 45+ A0 . 1. ViR + V2.
. BT /126, 12. VO =+ /3 ab.
18, VIz?+ V2uy.

14 Va—b=Va+b

RADICALS

. Divide vI5 — /3 by V3.

. Divide V6 —2v3+4by V2.

. Divide V2 +2 4+ 1 V42 by 1 V6.

. Divide 54/2 45 ‘\/u by V10 + V15.

. Divide 54 580 4 36 by V3 + 2V6.

INVOLUTION AND EVOLUTIOW OF RADICALS

318. In finding powers and roots cf radicals, it is frequently
convenient to use fractional exponents.
EXERCISES
319. 1. Tind the cube of 2 vaz’.
i oA S 3 13 —

Sorurion. (2 Var?)®=2%(¢z?)* =8¢ r’¥ =8va s = 8axr"Var.

. 65
2. Tind the square of 3/’

Sovution, (BVa):=10 (r )2 =923 = 0¥ =0z Y2,

Square: Cube:
8. 3+/ch. 7. 24/5.

Involve as indicated:
. (—2v2ab).

8 37 2. (= \/-4 \f@;

B, o VI 9. 2V . (=2 Ve,

6. #*VLD. 10. Vil 4. (—2Vz vy

15. Obtain Ly the Linomial formula the cube of V2 4 1.

4. 2"\,()34.

Borvzion, (V24 1)P= (V)2 48 (Va2 14832412
=2vV24+6+3V2+1

Expand :

16. (24 V0)

17. (24 V2)%

18. (2+ V)" - (VT =6
19. (2—+/3)% . (2V2 =3
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22. What is the fourth root of V2a?
Somon.  VvZz=[@nit = et = Vi
Find the square root of:: Find the cube root of:

23. V2. 25. Ve 21. Viz. 29, — 2TV
24. /5. 26. VB 28, V8ma. 30. —064V .
Simplify the following indicated roots:

i e
31. V~/da, 32. \/\/a,‘-’a;*. 33. (V8d'w)’.

320. A binomial, one or both of whose terms are surds, is
called a binomial surd.

V2 4+ /3, 24 VB, V241, and 3 — V2 are binomial surds.

321. A binomial surd whose surd or surds are of the second
order is called a binomial quadratic surd.

V2 + /5 and 2 + /5 are binomial quadratic surds.

322. Two binomial quadratic surds that differ only in the
sign of one of the terms are called conjugate surds.

8 + VB and 3 — Vb are conjugate surds ; also V3 + V2 and V3 — V2.

323. The square root of a binomial quadratic surd by inspection.
The square of a binomial may be written in the form

(a4 D) = (¢® + %)+ 2 ab.
Thus, (V2 + V6= (2 + 6)+2V12 =8+ 2/12.
Therefore, the terms of the square root of 8 4212 may be

obtained by separating V12 into two factors such that the
suin of their squares is 8. They are V2 and V6.

That is, N8 + 2vVI2=v2 4+ V6.

PriNcIPLE. — The terms of the square voot of & binomial
quadratic surd that is a perfect square may be obtained by divid-
ing the irrational term by 2 and then separating the quotient into
two factors, the swm of whose squares is the rational ierm.

RADICALS

EXERCISES
324. 1. Find the square root of 14 + 8+v/3.
SoLuTIoN
14 +8vV8 =14 4 2(4v/3) =14 + 2V18,
Since VA8 = V6 x VBand 14 =6 + 8,
V14 +8vV3=VE+ vVB= VG +2V3.
2. Find the squaré root of 11 — 6v/2.
SoLuTIoN
Vil - 6v2 =Vl —2vi8 = V- vZ=3— V3,
Find the square root of :
3. 1242V/35. 7. 11 4+ 2+/30. . 12 4 44/5.
4. 16— 2~/60. 8. 7T —2+/10. . I 47
BOEE 1 270, 9. 12 — 63 . 15— 6/6.
6. 16— 2+/35. 10. 17 +12+/32. . 18 4+ 6+/5.
RATIONALIZATION

325. Suppose that it is required to find the approximate

value of —1:, having given V3 =1.732 ...
V3
1.732 ++.[1.000000[.57T --- 3)1.73
5660 5T

We may obtain a decimal approximately equal to i__-, as in

the first process (incomplete), by dividing 1 by 17%7! ; but
4 great saving of labor may ba effected by first ch‘mcrm" the

fraction to an equal fraction having a rational denominator,
thus ;

T

V3 V3.v3 8

and employing the second process.
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326. The process of multiplying an expression containing a
surd by any number that will make tho product rational is

called rationalization.

397. The factor by which a surd expression is multiplied to
render the product rational is called the rationalizing factor.

328. The process of reducing a fraction having an irrational
denominator to an equal fraction having a rational denomi-
nator is called rationalizing the denominator.

EXERCISES

399. TFind the value of each of the following to the nearest
third decimal place, taking V2 =1.41421, V3 =1.73205, and
V5 =2.23607 :

y B 3 10

V2 " Ve | Vi
k% 15_

V8 - /50

3 i 34 1
vb V12 V125
Rationalize the denominator of each of the following, using
the smallest, or lowest, rationalizing factor possible:

Ive, e ML
Vby Vi1
V6 Va+b,
12 Vo —1b
Va e
~ aa \:r-g-‘."

& JTasil
"N

T (@—0)?

10. —s 14.

RADICALS

330. The product of any two conjugate surds is rational.
For, by § 94, (Va + vb)(Va — vb) = (Va)?r— (VB)?=a—b.
; Hence, a binomial quadratic surd may be rationalized by mul-
tiplying it by its conjugate.
EXERCISES

331. 1. Rationalize the denominator of —
e
SoLuTION
2 __ 28+ V5
8—vE (38— Vi)(3+ Vh)

2. Rationalize the denominator of —;G—f_
\,.f " + -\’f(j
SoLurion
il S5 B(VT — V3) _6(VT— VB _3(vT— V)
T T e S = R S

Rationalize the denominator of ;
3. - 3 T 8. _l e L
24-/3 V3 — /2 a+2vh
s LR Va+\y
b= 3 g N2 l \/:_c—\/;/.
_178 & Rl S 3—ab,
V3 +V5 V6 —2+/3 3+ Vab
12. 19 : M —
3V3 —2v/2 &4V —1
TR ot 3, e
= 9 fo
Va+142 Va+y+ vVe—y
Reduce to a decimal, to the nearest hundredth :

1. —744%

345
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RADICAL EQUATIONS

332. An equation involving an irrational root of an un-
known number is called an irrational, or radical, equation.

1 e S e
22=3, Ve +1l=Vz—4+1, and Ve — 1 = 2 are radical equations.

333. A radical equation may be freed of radicals, wholly or
in part, by raising both members, suitably prepared, to the same
power. If the given equation contains more than one radical,

involution may have to be repeated.
When the following equations have been freed of radicals,

the resulting equations will be found to be simple equations.
Other varieties of radical equations are treated subsequently.

EXERCISES 1

334. 1. Given V2 + 4 = 10, to find the value of z.

SoLuTiON

\/..7:‘ + 4.= 10,
Transposing, VZx=0.
Squaring, 222380
s Y
VeRripicaTION. — Substituting 18 for x in the given equation and
(§293) considering only the positive value of V2 %, we have V30 +4 = 10;
that is, 10 = 10 ; Lence, the equation is satisfied for z =18,

9. Given vz —7 +Va2 =T, to find the value of .

Sorurioy

Vi —T4+Ve=T
VE—T=1-Vz

Transposing,
40 — 1Vz + 2.

Squaring, -1 =
Transposing and combining, 14V = 86,
Dividing by 14, Ve =4,
Squaring, x = 16.

V ERIFICATION.

VIB—T4+VI6=V9+VIi6=8 +4=T; thatis, 7=T.

RADICALS

3. Solve, if possible, the equation V& — 7 —vVz =17,

SoLuTioN
Transposing, squaring, simplifying, etc.,
Vae=—4
Squaring, a =16
VEriFicarion. — Substituting 16 for z in the given equation and

(§ 298) considering only the positive value of vz — 7 and of Va, the
first member becomes

\/1_[3—7—\/]_'\;:\/5—\,"%:3__4:_].

bl

but the second member of the given equation is 7; hence, # = 16 does
not satisfy the equation.
That is, the equation has no root, or is impossible.

General Directions. — Transpose so that the radical term, if
there is bit one, or the most complex radical term, if there is more
than one, may constitute one member of the equation.

Then raise each member to a power corresponding to the order
of that radical and simplifiy. ;

If the equation is not Jreed of radicals by the first involution.
Proceed again as at first, : :

Solve, and verify results, denoting impossible equations:
4 Vri1=3 18. Va 16—z =2
b vz -5 —4. 14 VZ2a—-V2a— a1

N ==, 15. 2.1:-{—\/’2_.?:—73:1.

Vo —al=b. 16.

Vz—1=2, 17.

{/m =a. 18.

Vi + b =g, 19. 2Ve 4z —11 =1.

1+vz=05. 20. 5 —Vz + 5=z

S =6 Vo, 21 N Bl TP
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Solve, and verify results, denoting impossible equations:

23, V3r—54+V3x 4 =86.
VApH b —2vr—1=9.
25, V2z—1+ V2z+4=">.
26. Viz—1-1=+52+16.
27. \T+3V50—16—4=0.
98. 22— \12— VIbF—T=1
29. Viz—Vz=V9z — 32

30. V2(2* + 3x—5)=(z+2) M2,

31. V2@+1)+V2z—1=+v8z+1.
3

SN ST a1 !
82. Solve the equation V22 N2 —7 T

Sucersrion.— Clear the equation of fractions.
V3w4+15_ V3x46
V3x+ 5 szl
SHAY y reduci ion to

SreeestioN. — Some Jabor may be saved by 1et1m,mgl each fractio
a mixed number and simplifying before eleqving of fractions.
o - W ge S

5

,lo e e
V3x 45 V3x 41
Canceling, and dividing both members by 5,

33. Solve the equation

Thus, 1

Solve and verify: 25

Ve—1_ Va—3§ VZr+9_ V22420
Vaib Va-1 ' VIe-1 V2212
Vi—3 _Vi—4 C Vz418 32 "

Vit 9 VE+2 Va4

34.

REVIEW

REVIEW

335. 1. Distinguish between involution and evolution,

2. Give the law of exponents for involution ; for evolution.

3. For what values of » between 1 and 12 is (— 2)* posi-
tive ? negative? What is the sign for any power of a positive
number?

4. How is a fraction raised to a power? How is the root
of a fraction found ? Raise % to the second power, Vg =?

5. How is the power of a product found ? the root of a
produet ?

6. What operation is indicated by a radical sign? In
what other way may this operation Le indicated ? IMustrate.

7. How many values has v/25? What is the principal
Square root of 257 What is the principal cube root of — 82

8. What is the index of a root?

What index is meant
when none is expressed ? 5

9. Distinguish between real and imaginary numbers and
illustrate each.

10. What is the sign of an odd root of a number ? of an even
raot of a number 7

11. What is the meaning of 2°?

12. When a number has a fractional exponent, what does the
bumerator of the exponent show ¢ the denominator ?

13. What is the meaning of #-2? How may any factor Le
transferred from one term of a fraction to the other ?

5
a %

14. Expand (z —)° by the binomial formula. How does
the number of terms correspond with the exponent of the
Power? What is the coefficient of the first and last terms ?

of the second term? How are the coefficients of the other
terms obtained ?

Hlustrate by writing without a denominator :
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15. Define and illustrate radical, radicand, entire surd, and
mixed surd. ‘

16. What is meant by the order of a radical? Illustrate
by giving radicals of different orders.

17. How may a radical of the second order be represented
graphically ?

[llustrate by representing graphically v/26.

18. What is a rational number? an irrational number ?

From the following select the rational numbers:

8; 3; V3; V8; —T%; V25; 5

19. Are /15 and V142 radicals? surds? Are all
radicals surds ? Are all surds radicals ?

20. How may the coefficient of a radical be placed under
the radical sign ?

Express as entire surds: 1v2; 9Vbe; 3N,

21. When is a radical in its simplest form ?

Tlustrate by reducing V0 0%, V3, and V4, each to its sim-
plest form.

1

99. What are similar radicals? When numbers have frac-
tional exponents with different denominators, what must be
done to the fractional exponents before the numbers can be
multiplied ? Find the value of 53 x 10% x 6.

23. What is a binomial surd ? a binomial quadratic surd?
What are conjugate surds ?

24. Define rationalization; rationalizing factor.

How may a binomial quadratic surd be rationalized ?

Bt iulitioe he denaminator o< =
1Z e denominator of - ——— =+
va+ Vb

25. What is a radical equation? Give general directions
for solving a radical equation.

Solve and verify: Vz+ V3 +z=38.

QUADRATIC - EQUATIONS

N

] 336. Tﬁe quat‘lon @ — 2 = 0 is of the first degree and has one
oot, & = 2. Nimilarly, s — 3= 0 is of the first degree and has
one root, & = 3. Consequently, the product of these two simple
equations, whieh is

(2—2)(@—8)=0,0r2* — 5z + 6=0,

15 of the second degree and has two roots, 2 and 3

&

337. An equatio W implifi

o quation that, when s

P oo . A ?mzphhe(], contains the square
: snown number, but no higher power, is called an equa

ion of the second degree, or a quadratic equation

; 1t 18 evident, therefore, that quadratic equations may be of
wo kinds — those which contain only the second powe;* of the
unknown numbeér, and those which contain both the second and

first powers,

2= 15 = 1 S50 S ) e X i i
i = 15 and 3 &* 4 20 = 4 are quadratic equations.

PURE QUADRATIC EQUATIONS

338. An equation that contains only the second power of the
unknown number is called a pure quadratic.

202 — 2 5 42
T =8 and 4 37 — 2 2 = 16 are pure quadratic equations.

: 339, The equation 2*= 16 has two roots, for it may be re-
- }:med to_the form (x— 4)(z + 4) = 0, which is eq uivva]ent to
& two simple equations, P

2—4=0and 244 =0,

each of which has one root, namely, +4 and — 4. That is
Prixerpre. “

Every pure quadratic equation has two roots
numerically equal but opposite in sign.
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