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126. 1. What are positive numbers? negative numbers?

In the following expression point out the positive numbers;
the negative numbers, Perform the indicated operations:
3ax+Tby—9br4+10by—dar—3bx+4daxr—2ax— 12 by.

2.) What two meanings has the minus sign in algebra?
1f distance north is positive, what is the meaning of —150 miles?
+ 75 miles ?

3, Distinguish between arithmetical numbers and algebraic
numbers,

4. Instead of subtracting a number (positive or negative),
. what may be done to secure the same result? Illustrate by
subtracting —7 from +12. What is the absolute value of
each of these numbers ?

5. What is transposition? Give the principle relating to
transposition.
6 State the law of signs for multiplication; for division.

,/ 7 What is the sign of the product of an even number of
negative factors ? of an odd number of negative factors ?

8. In what respect do (a — D) and (b — a) differ? Expand
(a—b)* and (h— a)® and compare the results.

9. Tor what values of n is 2" +y* divisible by @ +y? by
g—ny? When is 2" — " divisible by x4+ y? by 2 —y?
10 State the law of signs for the quotient when a4 " or
a* — o is divided by @4y or & —y; the law of exponents.

11. What must be added to #*—10 2 to make it the square
of 2—57 to a®+ b to make it the square of a+4b? to
' +a%? 4 o* to make it the square of 2* 47 ?

12. How may a parventhesis preceded by a minus sign be

removed from an algebraic expression without changing the
value of the expression ?
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13. Add 3a+5b—1le,b—2a-+0 2¢+3a—b, Te—b+64q,
50—4a—2¢,b—a,c+b—aandc—4a

14. Subtract the sum of @ — 2y+3z—bHw and Te+w—22
from 10w —y +2z—8w.

15! Ifz=r"+rs—¢, y=2 P4 4rs+246, and z=1r°—3 r8—9
find the value of &+ —%

Expand, and test each result :

16. '(1'3/4- Pty — B8+ 265 (2t 213 59

17. B +6F'm — 120rm + 3 m*) (A" 4+ 3lm+ 2 m?).

18, (at+ ot —dayt £52%0 +3 aty) (8 4 3wty + 32y’ +17)-

Expand by inspection, and test each result:

19. (Ba+TUL)% 23. (Tr44ds)(Tr—4s).

20. (Qw—2v). 24, (Ba—5y+z)

21. (m+2y)(z—2Y) 25. (2e+d)(Be+24a).

22. (a—3)(a+10). 26. (5a—30)(2a+20).

Divide, and test each result:

ot f27 T 5T — S — G2 -|-‘>lr"—."]1)v —dh-{-:

28; St 4 897 — 10yz —8az — 5% ? 110 by «*+2y—3%

29' 4__;84:: i 2() Q;Euy_e ==, 10 lny e ‘ 411. by 2 x‘.—)t — (.) xnyﬂ ot y- :

Find quotients by inspection:
o N TE B
y+1 a+2 c4od
IR o7 I 943 _ 3
a1 ®*—64 33, 9o — 164" 3E. _J: i
x—4 3e+4y S—u
(/3:5‘" Simplify 172 — 13y +4z—[2+ a4+ ax—3a—2y]t.

37, Simplify a+2b—[de+2(@+2b)—b+dc—a]+b
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“+When 2=2, y=—3, and z =5, find the value of:
\38. 22— (x4+y+2). 40. @*—3z(y+2)+ ¥ —2
39. 3@—+2(y—2)—2zy. 41. @E—y([Y+2)—2(y—2).
42. When ¢ =2 and b= 3, prove that
blab+b—2a)=ab*+0*—2 ab.
J Colleet similar terms within parentheses:
ar®—ey+ar—2art 4+ 2ep —av— e + a? ey
.) Collect the coefficients of = and of y in
Tax—3by—22¢°z+day—1Tha+cy—4x+13y.
Solve for x, and test results:
4532 +T(x—2)—13=12 -3z
46. 20=T—5(3 —2)+9(=+2).
47. @ —1l=z(P—2)+a+3+22
48. (x—4)(z+3)=(x+06)*—3+2z.
49. La—-30+a)—ba=Tb+4a—5(+a).
50. (a—x)(b—a)—bir—(a—2)—a}=2"—2bx+ ab.
Solve, and test:

ey [B2+2y=13,

55 {7;1:-;;41,::39,

r—y=4

53. { By =3 56.
Jz—2y=13. bw+Ty=>5T.

Supply the missing coefficients in the following equations:
57. 3a—*b+6a+bb—*ay=*a+b—2ay
68. '+ 2ay+ 317 —[2a+* ="+ *ay.

69. 6m*+9mn—3 n*—[3 m*+*mn]+ n*=*m? — mn — * n2

FACTORING

————

127. In multiplication, we find the product of two or more
given numbers; in factoring, we have given the product to find
the numbers that were multiplied to produce it.

These numbers are called the factors of the produet.

.128. A number that has no factors except itself and 1 is
called a prizme number.

MONOMIALS

129. To factor a monomial.

While in factoring it is usually the prime factors that are
sought, this is not generally true in the case of monomials, be-
cause the factors of a monomial, except those of the coefficient,
are evident.

Thus, 2482 shows its prime factors as well as thongh written
2.q-a-a-b-b, but 812 should be written 3t4%® to be considered
in factored form.

However, it is often desirable to separate a monomial into
two factors, one being given or both being specified in some
way.

EXERCISES

130. 1. In each of the following, if zy is one factor, fiud the
other: 6 2%y, 152%° 2%, o*o%', — mnay, — Y.

2. In each of the following, if abe is one factor, find the
other: a’be, al’e, abe®, —a®V’e®, — a’be, — }abe.

8. Find two equal positive factors of a*; of 9a’*; of 64 mt,

4. Find two equal negative factors of 254*; of 16a’; of 94"
101
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131. A factor of two or more numbers is called a common
factor of them.

132. One of the two equal factors of a number is called its
square root.

Every number has two square roots, one positive and the
other negative.

The sguare roat of 25 is 5 or — 5, for 5.6 = 25 and (—5)(— &) = 25.
In factoring, usually only the positive square root is taken.
133. To factor an expression whose terms have a common

monomial factor.
EXERCISES

1. Find the factors of 3ay — 6 2%+ ay’

Expraxation. — By examining the
PROCESS L e S e !
terms of the expression, it is seen that
Bay— 62’y + 9y the monomial 3xy is a factor of every
=3 zy (1 — 2 3?]) term. Dividing by this common factor
gives the other factor,
Hence, the factors of 3ay — 622y + Day® are Szy and 1 — 22 + 3.
Trst. — The produet of the factors should equal the given expression ;
thus, Say(l — 22+ 3y)=3ay — Oxy + Dxy

Factor, and test each result:
2. ba*—5a% 12, 22l a2t — o,
. 84 2at 13, ac— be—cy— abe.
. dat =06ty 14. 3287 — 3aly  + 12 ay.
4 a?—6 ab. 15. 3m’ — 12 m®n* 4+ 6 mn,
. bm®—3mn. 16. 9’y — 18 al?y® + 24 a®bH)
By —Sat 17. 12a%2% — 16wt — 20258
I 5/
5min — 10 m*nl.

D8t —92— 62

25 *da? ++ 35 *dPxt — 55 cdi.
. 16 a®bct — 24 a®b%® 4- 32 a®hiél.
. 14 a®mn® — 21 @®mPn® — 49 atinn®.

. Sat—=2ath 4+ at . G0 mn®r? — 45 mPn®r® 4- 90 min®=.

FACTORING

BINOMIALS

184. To factor the difference of two squares.

By multiplication, § 94, (a + bj (a—b)y=a*—b%

Therefore, a®—b* =(a + b) (a —b).

Henee, to factor the difference of two squares,

RuLe.— Find the square voots of the two terms, and make
their sum one factor and their difference the other.

EXERCISES

135. Factor, and test each result:

1. &—mk - B 1,
.

2. a®—” 4, a?—3. ¢

7. Faetor a®a®— 4 ¢
SortTiON

al? — 42 =(ar)?2 —(2¢)°
=(ar+ 2¢)(ax— 2¢).

Factor, and test each result:

8. 27—81. 12. o —b 16. 1 —144 m2

9. u*—49. 13. mr—=nl 17. 04—’
14. 81— %" 18. 8la*—100.
15. 9a®—490 19. 121 »*— 367~

10. 2557 —1.
11. m*— 167>

136. To factor the sum or the difference of two cubes.
By applying the principles of §§ 111-113,
13

3 § - =
el g =a*—ab+ b* and =Y ot ab B
a+b a—Db

Then, § 30, 7’ +b° =(a+b)(a*— ab + 6%,
and a* — b* =(a—b)(a*+ ab + b%).

By use of these forms any expression that can be written as
the sum or the difference of two cubes may be factored.
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EXERCISES
137. Factor, and test each result:
1. 2+ 3. m'—1.
2. 2*—g7 4. 1+

7. TFactor z®4 4~

SoLuTION
28+ 90 =) 4+ (17)° = (2 + ¥*) (2* — 2% + ).
8. Iactor @®— 810"
SoruTion
ad — 8% = ()2 — (20)% = (a® — 2b)(a’ + 2a% + 4 b%).
T'actor, and test each result:
9. at—yt 11, & —2T7.
10. 87+ & 12. "+ G415

13. 2™ 41
14. n®— 1000.
By applying §§ 111-113, as in § 136, any expression that

can be written as the sum or the difference of the same odd
powcrs of two numbers may be resolved into two factors.

Thus, a4+ B =(a + b)(at— a’h + a®b? —ab® +bY),
and @b — b =(a — b)(a* + @%b + a*b® + ab® + BY).

'

Factor:
15. m® 4 n’ 17. a* + 32. 19. 14-5%5

16. m®—n’ 18. 32 —d’. 20. ot —y

TRINOMIALS

138. To factor a trinomial that is a perfect square.
By multiplication, § 85,

(a4 b (a+b)=a’+2ab+b%
Then, - a+2ab+b6"=(a+b)(a+b)
Also, §88, (a—b)(a—b=a'—2ab+4b"
Then, a*—2ab+ 6*=(a—b)(a —b).
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These trinomials, a®+ 2 ab+0* and o — 2 ab + 1%, are perfect
squares, for each may be separated into two equal factors.

They are types, showing the form of all trinomial squares,
for a and b may represent any two numbers.

Hence, to factor a trinomial square,

Rure. — Connect the square roots of the terms that are squares
with the sign of the other term, and indicate that the resull is to
be taken twice as a factor. :

EXERCISES
139. Tactor, and test each result:
1. 24 2ay -+~ 8 &+ 2adtdd
2. pP—2pg+. 4, P —Z2tu -+l

5. =2z +1.
6. 2+ 2x+1

140. From the forms in the preceding discussion and exer-
cises it is seen that a trinomial is a perfect square, if these
two conditions are fulfilled:

1. Two terms, as 4« and 4% must be perfect squares.

2. The other term must be numerically equal to twice the
product of the square roots of the terms that are squares.

Thus, 2522 — 202y + 44> is a perfect square, for 252% = (5x)% 442
=(2y)% and — 202y =—2(5 %) (2y).

EXERCISES

141. Discover which of the following are perfect squares,
factor such as are, and test each result:

8. 3x*+4 8uy+24°

. 4—4dat o’ 9. 16p*—24p+9,

i P — 8416, 10. o'+ 2 a%P 4

. M —mn 4nt 11. 944212+ 4988

s 144044708 12. 1—=06m*+9m’

. 1—6a*4+9a% 13. 42%® —20 zy 4 25.
. mt L 14. 422 ++123y2 49 y%~

1. 4 6z24+9
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142. To factor a trinomial of the form X° + px +¢.
By multiplication, § 97, '

(z+a)(z+0)= @ +(a+ b)x + ab.
Then, X4(a+bx+ab= (x4 a)(x +b).

This trinomial consists of an &*term, an @-term, and a term
without @, that is, an absolute term. Therefore, it has the type
form &* + pz + q.

Hence, if a trinomial of this form is factorable, it may be
factored by finding tuwo Sactors of q (the absolute term) such that
their sum is p (the coefficient of ), and adding each fuclor of q to .

Thus, 2’48z 4+15=(z+3)(x + 5),
2 —8x +15 = (z—3)(z—8),
4+ 2z—15=(z—3)(x+ 9),

9

2?—2z—15=(z+3)(z—5).

EXERCISES

143. 1. Resolve #* —13 z— 48 into two binomial factors.

SoLuriox. — The first term of each factor is evidently z.

Since the product of the second terms of the two binomial factors is
— 48, the second terms must Liave oppusite signs; and since their alge-
braic sam, — 13, is negative, the negative term must be numerically
larger than the positive term.

The two factors of — 48 whose sum is negative may be 1 and — 48,
2 and — 24, 3 and — 16, 4 and — 12, or 6 and — 8. Since the algebraic
sum of 3 and — 16 is — 13, 8 and — 16 are the factors of — 48 sought,

. 2 187 —48 =(z+ 3)(z — 16).

2. Factor 72 — m* — m.

SoLuTioN, — Arranging the trinomial according to the descending
powers of m,
—mt—m=—mt—m+ 72
Making m? positive, =—(m? 4+ m — 72)
=—(m—8)Y(m+9)
=(-m+8)(m+9
=(8 —m)(0 + m).
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Separate into factors, and test each result by assigning
a numerical value to each letter:

3. ¥+T2+12. 13. #*+baz+06a’
. P —Ty+12. 14. ' —Gax+5a’
. p'—8p+12. 15. y*—4by— 120

3

4

5

6. r+8r412. 16. 3*—3ny— 28w
T

8

9

154+2a —a* 17. £ — anz— 2a’.

VP45 —-12. 18. — a2+ 25 2 —100.

30—r+r. 19. *+19 e +90¢%
10. ¢¢—c—T2. 20. o+ 12 ax*+20 @
11. ¢—-de—14 01, #°— 11 1% 4+ 24 bY

12. o'—ax—110. 92. n% — 11 nay + 30y

144 To factor a trinomial of the form ax’+bx +e.

EXERCISES

1. Factor322+112 —4.

Sortmion. —If this trinomial is the product of two binomial factors,
they may be found by reversing the process of multiplication illustrated
in exercise 32, page 73.

Since 3 2 is the product of the first terms of the binomial factors, the
first terms, each containing z, are 3¢ and .

Sinee — 4 is the product of the last terms, § 78, they must have ur like
signs, and the only possible last terms are 4 and —1, —4 and 1, or 2
and — 2.

Henee, associating these pairs of factors of — 4 with 32 and z in all
possible ways, the possible binomial factors of 3224 11z — 4are:

3z4+4) S3x—1]) Sx—4) 3241 fI:r+2]’ ‘%x—:l]r
B s di xal]’ w4 z—2) x+2)

Of these we select by triol the pair that will give + 117 (the middle
term of the given trinomial) for the aleebraic sum of the ¢ cross-products,’
that is, the second pair.

.'.3x“+11:c-4:(_:31—1)(:n+4).
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By a reversal of the law of signs for multiplication and from POLYNOMIALS
the preceding solution it may be observed that:

1. When the sign of the last term of the trinomial is +, the last
terrzs of the factors must be both + or both —, and like the sign
of the middle term of the trinomial. EXERCISES

2. When the sign of the last term of the trinomial is —, the 1. Factor az 4 ay + bz + by.
sign of the last term of one fuctor must be +, and of the other —.

145. To factor a polynomial whose terms may be grouped to
show a common polynomial factor.

SorrTioN

Factor, and test each result: az + ay + br+ by = (az + ay) + (bx + by)
2. 243 y+41. 10. 22242 —15. =a(z+y)+blz+ )
3. b2+ 0a—2, 11. 52+ 132 +0.
4 322 —Tx—0. 12. 322—17z+10.
5. 472 4+8r43. 13. 622—112—35. SovoTion
6 6a'—Ta+2 14. 152 417Tz2—4. ar+by—ay —br=ax—ay — bz + by
7
8
9

=(a+b)(z+y).
2. Factor az+ by — ay — ba.

§ 117, Prin. 2, =(azx — ay)—(bz — by)
‘ s 3 =a(x—y)—h(x—y)
- 1084t —3. 16. 22°+3ay—2y°. =(a—b)(z—1y).
e o .8 o | o8 . : )

. 6n*—13n+0. 17. 3a2°—=10zy + 3~ Rexark. — The given polynomial must be arranged and grouped in
such a way that after the monomial factor is removed from each gr
e 7 v ; : \ al 1o § group

When the coefficient of 2? is a square, and when the square the polynomial factors in all the groups will be alike in every respect. 4
root of the coeflicient of #* is exactly contained in the coeffi-
cient of z, the trinomial may be factored as follows:

. 22 —ba—12. 15. 15 —142—8.

Factor, and test each result, especially for signs:

2 y 3. am— ai MmET — N, 14. ar —rs—

R L4 ne. 4. ar —rs—ab + bs.
v be— bd + cx —dz. 15. @+ 2+ x4+ 1.
SoruTioN

4+
022 +30z + 16 S e R 16. "+ —3y—3.
=(32)2+10(32)+ 18 6. ay — by — ab + b% 17. o+ 2"+ + 1.
=@z +2)(3z +8). 7. @—ay—5z45y. 18. 2—n*—2n+4nd
Separate into factors, and test each result: 8B — Be +ttl-J B, R T
19. 92 -9z +2. 25. 492'—422—5b. 9
20. 42*—42—15. 26. 252°4+256z—24
21. 9 —422440. 27. 16*—32x+15.
92. 2 +152+2. 28. 6422 —-322-TT.
23. 1622+ 162 + 8. 29. 1002+ 402 4 3. | 12 22y +4a—2ay. . 3% —97r+ ar—Sat.

24. 362° =362+ 0. 30. 812'—108 z+435. '  2p4+q+6p°+ 3py. . ap—a—bz+b—cr+e

. 2+ 2y — ax — ay. 20. 12a*—8b—3a®+ 2 ab.
10. —4¢tac—4a 21. 8az 4 G6ay —4bx— 3 ly.

11. 1 —m 4 n—mn. .32 —=1524+10y —22%,.




110 FACTORING

146. To factor by the factor theorem.

Zero multiplied by any number is equal to 0.

Couversely, if a product is equal to zero, at least one of the
factors must be O or a number equal to 0.

If 52 =0, since 5 is not equal to 0, 2 must equal 0.

If 5(x—38)=0, since 5 is not equal to 0, 2 must have such
a value as to make z—3 equal to 0; that is, =3.

If 5(x — 3), or 5a — 15, or any other polynomial in & reduces
to 0 when =3, #— 3 is a factor of the polynowial.

Sometimes a polynomial in @ reduces to 0 for more than one

value of . For example, 2 — 5z + 6 equals 0 when =3 and"

also when 2=2; or when # —3=0and 2—2=0. Inthis case
both 2 — 3 and x — 2 are factors of the polynomial.

% 332—5;t+0:(.1:—3)(m_2)_

147. Factor Theorem. — If a polynomial in @, having positive
integral exponents, reduces to zero when v is substituted for , the
polynomial is exactly divisible by @ —r.

The letter r represents any number that may be substituted for z.

EXERCISES

148. 1. Factor 2’ —a*—4x+4.

SorLurTioy. — Whenz =1, #—22—4r4+4=1—-1—-4+4+4=0.

Therefore, » — 1 is a factor of the given polynomial.

Dividing &3 — 22 — 4% + 4 by x — 1, the quotient is found to be z%— 4,

By § 134, 2—4=(x+2)(c—2).

bt dptd=(x-1)(z+2)(x—2)

Sucesstions. — 1. Only factors of the absolute term of the polynomial
need be substituted for z in seeking factors of the polynomial of the form
% — r, for if 1 — # is one factor, the absolute term of the polynomial is
the produet of » and the absolute term of the other factor.

9. Iu substituting the factors of the absolute term, try them in order
begiuning with thie numerically smallest.

2. Factor 4+ —-92—9.

Sucorstion. — Whenz= 1, 28 + 22— 9z —9=—16.

Therefore,  — 1 is not a factor of the given polynomial.

When z =—1, # -0z —9=0.

Therefore, & — (—1), or +1, is a factor of the given polynomial.

FACTORING

Factor by the factor theorem:
8, 132°—ba—8 10. @*—19 x4+ 30.
4. ?—T2x+06. 11. 2*—6Ta—126
5. 2®—92°+23x¢—15. 12. W+ 7 m*+ 2 m—40.
6. @®*—42°—T 24+10. 13. a*— 25 2% 4 60 = — 36.
7. @ — 62— 92+ 14, 14, o' +132° — 5&a +40.
8 —11 2?4+ 312—21. 15, ¥4 22 2% 4 27 2 —50.
9. *— 10 2*+29 2 — 20. 16. ot —9a2'+ 21 2* 42— 30.
17. Factor 2 22 +a®y — S ay®+ 2 2
Svecestion. — When x =y,
Qa3 L aty-5at+ 2P =293 + P —byP + 22 =0.
Therefore, & — y 15 a factor of 2 23 + 2% — Sy + 297
Factor by the factor theorem:
18. @ —13ay*+12~
19, 2*— 31 ay*— 30 2°

20. 2*—9a%? 412z — 444
21, a*—9ahi—4af+ 1294

MISCELLANEOUS EXERCISES

149. In the exercises under the preceding cases, except
those under the factor theorem, the expressions given have
been completely factored by one application of a single case, but
frequently it is necessary to apply fwo or more cases in suc-
gession or one case more than once to factor the given expres-
sion completely.

Monomial factors should usually first be removed, as they
often disguise a familiar type form.

1. Factor 2®*4 32— 10x.

SoruTION
By § 133, 2348t — 10z =222 + 32 —10)
By § 142, =x(x+6)(x—2),




FACTORING
2. Tactor a®— 2/

SorvTioN
Writing the expression as the difference of two squares, we have,

2 — = (2¥)2— (1)?
= (@ + 9@~ 1)

= (& -+ 1) (@ =y + 97) (@ — ¥)(* + 2y + ¥7).

3. Factor a® —92

SoLuTION
By successive applications of § 134,
& —yf = (et 4yt (2t —yh)

(et + o) (2 + ) (22 — %)
(et +y) (2 +y7) (2 + ¥) (2 —1).

Factor completely, and test each result:

4, 2 —myf, 6. a*—0h 8. w'*—8L. 10. 28 —1.
5.

m— mt. 7. ¥ —1. 9. 38 —3t.
12, 4o —4 g -Lat 16. #4203 nt—86.
13. 28+ 5y 4242 17. ¥ + 27+ 574 10.
14. 1027 — 202} 10. 18. 18 a’b 4 60 ab®+ 50 0%
15. 11 a’x— 55 az+4 G6 2. 19. o 4 nw® 4 va® 4w,
20. af—t 23. dar+2ar’—48a.
21. P—161 24. 18 m*—3 m — 36.
22. 31 —35% 25. y+100%+ 2504

26. 27 n-fn'.
27. 64=2¢F.

29. 21 a* —a—10. 35. @ — 12241 2 —30.
30, o' —4a-}45.

31. 1627 + 202 — 66.

32. 364" — 48— 20.

33. *—21 ay*+20 1~

34. 3%’ —3a’bx— 6a’h.

. 30 —m— 6 m? + md.

. 38— 9 rs® 4 br— 3 bs.

.t —— T 4= w4 6.
. omt— 15 m? 410 m 4 24.

28. m m*n’

A5 —9Pn—351+21In.

FACTORING

SPECIAL APPLICATIONS AND DEVICES
150. The method of factoring by grouping the terms of an
expression in certain ways is very important. Polynomials
may offen be arvanged insome one of the type forms already

stadied, and even many of these types themselves may be
factored by grouping to show a common polynomial factor.

151. To factor a polynomial that may be grouped to form the
difference of two squares.

Just as, § 134, @®—6°=(a+b)(a—¥),
80 &' — (b4 =[a+ b+o)]la— B+e)]
=@+b4c)(a—b—q).

EXERCISES
152. Factor:

L (a+bP—c 32— (y—2)"
2. P—(+0% 4 (+mpP—n

7. Factor ' — (32 — 2 4)%

5. (a—2b)*—c
6. 1—(v+4+w)?

SoruTioN

32 —2y) ][22 — (322 —29)]
St —29)(*— 322 +2y)
422 —29) 2y —22?%)
2(22% —y)2(y —27)
4(22% — p) (y — 27).
Tesr. — When o =2 and y =3,

B=(B—2y)t =91 (3.20—2.5)°= 16— (12— 6)?=16— 36 = — 20,
and 4(2 22 — y)(y— 22) =4(2- 2 — 3) (3 — 22) = 4(8 — 8) (3= 4) = — 20.
Factor, and test each result:
8. 4¢*— (b4 o) . 497 — (5r—4s)
9. (2(5-{-?))"'—7)2. . 96— (Bz— {47 ot

10. 92— (2¢—5) (6w — 3E)*— 64 1%
1. 250* —(b+¢). (Bm~48n):—16m*.

MILNE'S 1sT YR, aLG,—8




FACTORING

16. Factor a®*+4—c*—4a.

SueeesTioy,—The given expression contains three square terms and a
term that is not a square. The latter may be the middle term of a trino-
mial square. If so, it contains as factors the square roots of two of the
square terms and these are the other terms of the trinomial square.

Then, arranging and grouping terms, we have

@@+d—t—da=(a*—4a+4)-¢& =(a—2)?—¢%

Nore.— It will be observed that the term that is not a perfect mono-

mial square furnishes a key 10 the grouping.

Factor, and test each result:

17. a®—2azx 4+ o —n’ 21, ¢'— a*— U —2ab.
18. V4+2by+y —n’ 22. I —a*— 9+ 2ay.

19. 1—4 qg+4¢ -2’ 23. 4E—a—y — 2xy.
20. -2+’ —16¢ 24, Da*—Gab+ 0 —4c.

153. The principle by which the difference of two squares is
factored may be extended to expressions that may be written
as the difference of two squares by adding and subtracting the
same monomial perfect square.

EXERCISES

154. 1. Factor a* 4 a’0° + %

SUGOESTION, — Since ab + a®h?4 bé lacks + a®b? of being a perfect
square, and since the value of the polynomial will not be changed by add-
ing a*? and also subtracting a2h?, the polynomial may be written

a + 2 ah? + bt — a?b?, or (a@*+ b1)? — a?b

2. Factor 2* — 21 2* 4 36.

SuceEsTION. — This expression has two square terms, but in order that
it shall_be a perfect trinomial square it must fultill another condition,
namely (§ 140), the other term must be numerically equal to twice the
produact of the square roots of the terms that are squares; that is, the
middle term must be either 4 12 2% or —12 a2,

Hence, the number to be added and subtracted is either 3822 or 9 2%,
but the former will not give the difference . two squares, for 33 x2 is not
a perfect square ; then, 92* is the number to be added and subtracted,
giving

at—1222 4 86— 027, or (22— 6)2— Do

FACTORING

Separate into prime factors, and test each result:

8. 242y + ot 8 #4++1.

& at+a'b+ 10 9 nfi4nisl.

5. 9t 4+ 200%* + 1067 10. 162 + 4277 + A
6. da'+ 11 a0+ 904 11. 25a* — 14 a®b* + %
7

16a* — 17 a?2* 4 2. 12. 9a*+ 26a%* 4 250
13. Factor a*+4.
SuccesTioN., a't4=a'+4a+4-4at=(a+2)2—4a%
Factor completely, and test each result:
14. a'+40%
15. m' -+ G4.

16. a®—16.
17. 4a*+ 81.

18. m® 4+ 4mnt
19. o+ 4

155. The method of factoring by grouping to show a common
polynomial factor applied to cases already solved by other methods.

The student has learned how to factor several type forms
by special methods. He will now see how many of these forms
may be factored by the method of § 145, which is of impor-
tance because its application is so general,

EXERCISES
156. The forms a*+2ab+b* and a*—2ab+ 17
1. Factor 2° 4+ 22y +9°; also 9a*m®— 6 am + 1.
Sorutioy ™ SoruTion
:):'f + 2xy + 1° Da*m?—Gam+1
=224y +ay+ it a*m2—3am—3am+ 1.

=z(z+w)+ulz+y) =3am(3am—1)—(3am—1)
=(x+y)(z+%). =Bam—1)Ban—1).

Factor by separating and grouping; test each result:
2. P4+141449.
3. *—=18r4 81,

4. 42+ 122y 4942

5. 16a*—24ab+4- 9%
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The form a®— b
6. Factor ?— y?; also 977 —4.6°

SoLuTIOoN SoLuTion
23— g 92— 442
=2 — ay+ay—yt =072 —Grs+ Grs—4g2
=ax(x—y)+ylz—y) =3r(3r—238)+2s(8r—23)
=(z+y) (& —1) =Br+28)(Br—2s).

Factor by grouping; test each result:

g — 9. nt—1, 11. 3622 —26%

8. r—4 10. 9z* —25. 12. 492 —10025.

The form 2*+ px+ q.
18, Factor 2° +8a+15; also 2*—22—15.
SoLuTION SoruTioN
48z +15 22— 2x—15
=gt 5z +32+156 =a2—br+3x—15
=x(+ 6)+3(x +5) =ux(x —b5)+ 3(x — 5)
=(x+3)(x+5). = (z+8)(z — b).
Factor by separating and grouping; test each result:
14, * 41224 20. 18. y*+ 8y —20.
15. m*+ 9 +18. 17. w—bn—14

The form az®+ br 4 c.
18. Factor 222+ 112+ 12; also 22° + 2 —15.
SoLuTioN SoLUTION
222+ 11+ 12 234 x—15
22+ 8x+ 3412 =252 L Bx—bx—15

2a(e+4)+3(x+4) =2z(z+3)— 5@ +3)
2a+ 3)(e+4). =2z —5)(x +3).

Factor by separating and grouping; test each result:
19. 2224321 21. 3m'+5m— 22.

20. 9y*421 y+10. 29 107 —3rs—18s%

FACTORING

Factor by separating and grouping:
23. 122°+431n+9. 25. 202+ 13 zy— 159"
24. 522 +482—17. 26. 14a0*—23ab—300%

REVIEW OF FACTORING

157. Summary of Cases.— In the previous pages the student
has learned to factor expressions of the following types:

Monomial Factors

. Of monomials; as a*b’c. (§ 129)
. Of expressions whose terms have a common factor; as
nx +ny + nz. (§ 133)

Binomials

. Difference of two squares; as
a— b (§§ 134, 151, 155)
. Sum or difference of two cubes; as
a*+ b° or a® — b : (§ 136)
. Sum or difference of same odd powers; as
a"+b* or a* — b (when = is odd). (§ 131

Trinomials

. That are perfect squares; as

a4+ 2ab+b"and a* —2ab+ 6% (5§ 138, 155)
. Of the form r©+px+g. (8% 142, 155)
. Of the form ax'+bx+e. (§5 144, 155)

Polynomials.

IX. Whose terms may be grouped to show a common poly-
nomial factor; as

ax +ay+ bx +by. (8§ 145, 155)
X. Having binomial factors (Factor Theorem). (§ 146)
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158. General Directions for Factoring Polynomials.—1. Re- ' Factor, and test each result:
move monomial factors if there are any. 42. 9.2+ 21 2+10. 55. 1°+ bht 4yt
9. Then endeavor to bring the polynomial under some one of
the cuses I1I-1X.
3, When other methods fail, try the factor theorem.
4. Resolve into prime factors. 45. 8a*—21ab—9 % 58, 9 —a2— 4+ Zay.
Each factor should be divided out of the given expression as soon as 46. 92*—152—50. 59. o’ —a'e —4 'z —4 aba.
found in order to simplify the discovery of the remaining factors. A7 - 30 % — 87 @ TT. 60. b2 —9ah— b — 6ald

43. 57— 20 my+ 57 56, zy—3y+ax—31~
44. 1416 ay — 36 o”. 57. au®— axy — ax+ ay.

48, 227428 2° + 66 a. 8l. ab*—4a*—12a°c—9ac’.
49. @’ 40— ' —2ab. 62. @*—cr+2dx—2cd,
159. Factor, and test each result: 50. g2’ + 10 ax — 39 a. 63. oy-+4a’y—3lay—T0y.
.- 8 142z% 15. 8—27 a’2®. 51. n*+n’a’! + a'b® 64. 2*—3ar+4be—12 ab.
2 2o 9. y—a'y. 16. 3Zm=2a o N e B R B 65. ar*—9ax’+26ax— 24 a.
i g B 10. @y —y' 17. 604424 §3. at—16a"—17. 66. 12 aw—8bx — 9 ay 4+ 6 by.

EXERCISES

Lo g 11, a® — ab™ 18, @ +4+27 a2 bd. a’r*—4azx+3. 67. 26— 99— 24 yz—16 2.

Sl 12. 64 —29° 19, b*—196. 68. 20% — 3 ab®+ 2 biv— 3 abz.
. U 4+b. 13. T —Tn. 20. 450—2 a* 69, a'y 414 2’y + 43 zy+ 30 4.
. P4 14, 4ot —4d 2 21, Tyt—176. 70. 2’y —160% +38ay —24 9.
. @ —ay— 132~ 32. @*—ax—T2a% 71. by’ + 3 aba® — abx— 3 ab.
. at—3ar—4a 23. m? —an— 90, 72. 3bmxz+2 bm — 3 ane— 2 an.
a5t —6 . 34. a’h’+ ab— 56. 78. 20ar*—28 ax’+5 o’ —T o’
. 327+ 30+ 2T, 35. a”—2a" + o™ .« (a+b)y—1. 79. oF — ot — ot 428
. 128 a®— 250 . 36. 20 a* 4602y +36 % - @' —2al+1. 80. o' —ay—a'y+ g
. 622 —19x+15. 37. 6ax*+ 5 axy—06ay’ . BP—402 4 8. 81. 1274322 —82—2,
Lot 2y -y, 38. 169 a*— 26 ax® 4 a*% . 3ab+96a. 2088410z Fax+ba.
P—TTay — 842 39. a'c*+ &’ + b4 . 84— 06a°—35. 83, m® 4 m?— mn — mn’
2 95 ya + 136 2% 40. 16 a* +4 22" + ot . Factor 16 + 5 @ — 11 &* by the factor theorem.
92— 24y +162 41, Me—13bc+42¢ : . Factor a® — 6 ba* + 12 &% — 8 b® by the factor theorem.
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Solve, and verify results:
2. #'+3=128. . ¥ 43=84
160. Equations thus far solved have been such as involved, S ot B e
when in simplest form, only the jfirst power of the unknown TR . o —24 =120.
number. 4. #*—5=059. . '+ 11 =180.
Such equations are called simple equations. . & R 9. [ e

10. Solve o + 42 =45.

EQUATIONS SOLVED BY FACTORING

161. A valuable application of factoring is found in the
solution of equations that involve the unknown number in R
powers higher than the first. afpdyp= 48

An equation that in simplest form involves the second, but Transposing, At I

no higher, power of the unknown number is called a quadratic Factoring, § 142, (z—B)(x+9)=0.
equation. ~ience, z—b=00rz+9=0;
whence, z=>5o0r =9,

Thus, 22 = 4 and #? + 2z 4 1 =0 are quadratic equations; but x4 3z
— 2 1+ 4 is a simple equation, for in its simplest form, 3 2 = 4, it has only |
the first power of x. 11. 2’ — 6z =40, 16. ' 4+42=13y.

12. 2 —8ax=48. 17. #4+63=16¢%

Solve, and verify results:

162. An equation that contains a higher power of the
unknown number than the second is called a higher equation. 13. * —bp=—4. . P—60=11u.

14 2 +L4243=0.
15. ﬂg—{—GT-I—SzO - :i‘2+10$=56.
EXERCISES 21. Solve 622 +55—21=0.

1. Find the values of = that satisfy 2*+1=10.

163. To solve quadratic equations by factoring.

SovuTIoN

SoruTIox 6?2+ br—21=0.
@ 3 1=10. (1) Factoring, § 144, 2z —3)(Bx+T7)=0.

Transposing so that all terms are in the first member and uniting terms, Hence, 22—3=00r824+7=0;
22— 9=0. (2) Whence, x=go0r =4

Factoring the first member, § 134,
(x —8)(x+3)=0. (3
Since the product of the two factors is 0, one of them must equal 0; 22. 32422 —1=0. 27. 2" —-99—-85=0.
that is, the equation is satisfied for any value of = that will make either 5
factor equal 1;10 0. ; . 48 62+ d0—1=0. 28. 6y°—22y+420=0.
r—-8=0,2=3;ife+3=0,2==3. ) 24, 3‘1']2—}-!;'_10_—_0 29, 622_112_2120
Hence, the values of & that satisfy (3) and therefore (1) are 3 or — 3. 25, T ; L ’ a
VERIFICATION, — When z = 8, (1) becomes 9 + 1 =10, or 10 = 10. stz +62—-1=0. 30. 422 —1524+14=0.
When % =— 3, (1) becomes 9 41 = 10, or 10 = 10. 26. 2424 92— 18=0. 81, 52— 84— 90 =0

Solve, and verify results:
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Solve, and verify results:

32. ¥*—21=4 . 82 —a?=128.
. 65 —2*=16.

33, ©*—0b6=8.
284, 27 —9z=280.
. 32=4w4uwt
. 35=88—¢

160 =2 — 6.
. dy=y"—192.

. 3yt —4y—4=0. , 32+ 132—30=0.
. 4y +9y—9=0. 4o’ +132—12=0.
50. (2z+38)(22—5)— Be—1)(@—2)=1.
51. (22—0)(Bz—2)—(Bz—9) (x—2)=4

Other methods of solving quadratics will be given in §§ 336-348,

85, o +11z=206.
. 2t =12 2=4b.
. f—=1by=>54
. 47— 21 y=46.

164. To solve higher equations by factoring.

Any higher equation may be solved by the method just
given for quadratic equations, whenever the expression ob-
tained by transposing all of its terms to ome member 1s

factorable.
EXERCISES

165. 1. Solve the equation 2* —24*— 524 6=0.

SoruTioN
o — 22— 50 +6=0.
T'actoring, § 146, (z—1)(z—38)(=z+2)=0.
Ienee, g—1=00rz—83=00rz+4+2=0;
whence, z=1or3or —2.

2. #—152+T1z—105=0. 4. ©*—1224-16=0.
3. ¥4 10824+ 112—70=20. 5. 22— 1%90—30=0.
6 4P —2at—a+20=0.

% x‘—?ar3+m2+('33::490=0.
8 z—10° 4852 — 6024+ 24=0,

FACTORING

Problems

166. 1. A sealing fleet carries 4000 men, and the number of
men on each ship is 40 less than 8 times the number of ships.
Find the number of ships and the number of men on each ship.

SoLUTION

Let o = the number of ships in the fleet.

Tlhen, 8 & — 40 = the number of men on each ship,
and x(8 x — 40) = the total number of men with the fleet.

oo B —40) = 4000.

Expanding, diviling by 8, and transposing,

x> — 5 u—H00 = 0.

Factoring, (x—25)(z+ 20)=0.

Hence, z—25=00rz+20=0;
whenee, x=250r — 20,
and 82 — 40 = 160 or — 200,

The second value of = and of 8. — 40 is evidently inadmissible, since
neither the number of ships nor the nuwmper of men on a ship can be
negative,

llence, there aro 25 ships in the fleet, and 160 men on a ship.

Solve the following problems and verify (§ 125) each
solution :

2. The gold mined in a recent year would fill a square room,
the height of which is 1 foot less than its length. If the area
of one wall is 90 square feet, find the dimensions of the room.

3. Certain wooden paving blocks ave twice as long as they are
wide and the thickness of each is 4 inches. TFind the length
and width, if the volume of each block is 128 cubic inches.

4. Arectangular swimming tank on board a ship is 3 times
a5 long as it is wide. 1f it were divided into 3 square tanks,
the area of each would be 225 square feet. Find the dimen-
sions of the tank.

5. A man bought as many tons of ernde borax as it is worth
dollars.a ton, and crude borax is worth 1 as much as refined
borax. 1If the same amount of refined borax would be worth
$ 2800, find the value of erade borax a ton.
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6. A farmer keeps his chickens in a rectangular lot that is
4 times as long as it is wide. If its area is 2500 square feet,
find its length and width.

7. At a luncheon with Menelik of Abyssinia there was a
pile of bread containing 448 cubie feet. Its height was twice
its width and its length was 14 feet. Find its height and
width.

8. A large rectangular freight station in Atlanta, Georgia,
covers an area of 41,750 square feet. If the length is 16.7
times the width, what is the width of the station ?

9. An automobilist paid $3.60 for gasoline. If the num-
ber of cents he paid per gallon was 2 less than the number of
gallons he bought, find how many gallons he bought and the
price per gallon.

10. St. Louis has the largest steam whistle in the world.
The number of times it is blown each day is 3 more than the
number of dollars it costs to blow it once. IHow many times is
it blown a day, if the cost for 12 days is $48°7

11. In the Panama Canal Zone a washerwoman washed as
many dozen pieces as she received dollars a dozen for her labor.
1# she had washed 2 dozen more, she would have received $ 15.
How much did she receive a dozen ?

12. The number of pounds of duck feathers that a man
bought was the same as the number of cents that he paid a
pound for them. If he had bought 10 pounds more, they would
have cost $20. How many pounds did he bay ?

13. The area of one of the largest photographic prints ever
made is 180 square feet. Its dimensions are 18 times those of
the picture from which it was enlarged. Find the dimensions
of the pieture, if its length is 2 inches greater than its width.

14. The cages holding canaries imported into this country
are arranged in rows in crates. The number of rows ina crate
is 2 less than 5 times the number of cages in a row. If there
are 231 cages in a crate, how many rows are there ?

FRACTIONS

167. Inalgebra, an indicated division is called a fraction.

The fraction IE means ¢ <+ b and is read ¢ a divided by b.’
)

168. The dividend, written above a line, is the numerator;
the divisor, written below the line, is the denominator; the nu-
merator and denominator are called the terms of the fraction.

An arithmetical fraction also indicates division, but the arithmetical
.nol.ion is that a fraction is one or more of the equal parts of a unit: that
15, in arithwetic, the terms of a fraction are positive integers Wh,ile in
algebra they may be any numbers whatever. ’

‘ 169. The student will find no difficulty with algebraic frac-
tions, if he will bear in mind that they are essentially the same
as the fractions he has met in arithmetic. He will have ocea-
sion to change fractions to higher or lower terms; to write in-
tegral and mixed expressions in fractional form; to change
f}'actionls to integers or mixed numbers; to add, subtract, nn?]-
tiply, and divide with algebraic fractions just as he has learned
to do with arithmetical fractions, except that signs must be
considered in dealing with positive and negative numbers.

Signs in Fractions

170. There are three signs to be considered in connection
with a fraction ; namely, the sign of the numerator, the sign of
the denominator, and the sign written before the d1v1d1n0 line,
called the sign of the fraction.

=T ! K s ’ 3
n = the sign of the fraction is —, while the signs of its terms are +.
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